
Pijanìthtec II

Telik  Exètash, 27 IounÐou 2011

1. (2 BajmoÐ) 'Estw ìti oi X, Y èqoun apì koinoÔ puknìthta

f(x, y) =

{
2x
y2

an 0 < x < y < 1,

0 diaforetik�.

(a) Na deiqjeÐ ìti h f eÐnai pr�gmati puknìthta.

(b) Gia poi� y ∈ R orÐzetai h desmeumènh puknìthta fX |Y (· | y)? Gia èna tètoio stajerì y,
na upologisteÐ h desmeumènh puknìthta x 7→ fX |Y (x | y).

(g) Na upologisteÐ h mèsh tim  E(logX |Y = y) gia y ∈ (0, 1).

2. 'Estw (Xi)i≥1, (Yi)i≥1 dÔo akoloujÐec tuqaÐwn metablht¸n ston Ðdio q¸ro pijanìthtac ¸ste
oi {Xi : i ≥ 1} na eÐnai anex�rthtec metaxÔ touc kai me tic {Yi : i ≥ 1}, kai

E(Xi) = −1, E(X2
i ) = 2, E(Yi) = 1, E(Y 2

i ) = 3 gia k�je i ≥ 1,

Cov(Yi, Yj) = a gia k�je i, j ≥ 1 me i 6= j,

ìpou a ∈ R eÐnai mia stajer�.

(a) (3 BajmoÐ) Na deiqjeÐ ìti gia k�je jetikì akèraio n isqÔei

V

(
n∑

i=1

XiYi

)
= 5n + n(n− 1)a.

(b) (0.5 BajmoÐ) Na deiqjeÐ ìti a ≥ 0.

3. (2 BajmoÐ) 'Estw (Xi)i≥1 akoloujÐa anex�rthtwn tuqaÐwn metablht¸n, pou kajemÐa akoloujeÐ
thn omoiìmorfh katanom  sto (0, 1). 'Estw kai N tuqaÐa metablht  anex�rthth apì tic {Xi :
i ≥ 1} kai h opoÐa akoloujeÐ thn katanom  Poisson me par�metro 3. Na upologisteÐ h mèsh tim 
E(X1X2 · · ·XNXN+1).

4. (3 BajmoÐ) 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n, me
E(X1) = 3, E(X2

1 ) = 10. Gia k�je n jetikì akèraio jètoume Sn = X1 + · · · + Xn. Na
upologistoÔn ta parak�tw ìria

(a) limn→∞ P (Sn < 3.5n),

(b) limn→∞ P (Sn > 4n),

(g) limn→∞ P (Sn > 3n).

5. (1.5 BajmoÐ) 'Estw (Xn)n≥1 akoloujÐa anex�rthtwn kai isìnomwn tuqaÐwn metablht¸n, me
X1 ∼ N(−3, 10). Na deiqjeÐ ìti me pijanìthta 1 isqÔei limn→∞(X1 + X2 + · · ·+ Xn) = −∞.
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LÔseic

1. (a) 'Eqoume f ≥ 0 kai∫∫
R2

f(x, y) dxdy =

∫ 1

0

∫ y

0

2x

y2
dxdy =

∫ 1

0

y2

y2
dy = 1.

'Ara h f eÐnai ìntwc puknìthta.

(b) H desmeumènh puknìthta fX |Y (· | y) orÐzetai akrib¸c gia ta y ∈ R gia ta opoÐa fY (y) > 0.
Kai epeid 

fY (y) =

∫
R
f(x, y) dx =

{
0 an y ∈ R \ (0, 1),∫ y

0
2x
y2

dx = 1 an y ∈ (0, 1),

ta zhtoÔmena y eÐnai ta shmeÐa tou sunìlou (0, 1). Gia èna tètoio y èqoume

fX |Y (x | y) =
f(x, y)

fY (y)
=

2x

y2
1(0,y)(x) =

{
2x
y2

an x ∈ (0, y),

0 an x ∈ R \ (0, y).

(g)

E(logX |Y = y) =

∫
R

log x fX |Y (x | y) dx =
1

y2

∫ y

0

2x log x dx = · · · = log y − 1

2
.

Qrhsimopoi same olokl rwsh kat� par�gontec.

2. (a) Apì ton tÔpo gia thn diaspor� ajroÐsmatoc, èqoume

V

(
n∑

i=1

XiYi

)
=

n∑
i=1

V (XiYi) + 2
∑

1≤i<j≤n

Cov(XiYi, XjYj). (1)

T¸ra gia i ∈ {1, 2, . . . , n},
V (XiYi) = E(X2

i Y
2
i )− (E(XiYi))

2 = E(X2
i )E(Y 2

i )− (E(Xi)E(Yi))
2 = 2× 3− 1 = 5,

en¸ gia i, j ∈ {1, 2, . . . , n} me i 6= j èqoume

Cov(XiYi, XjYj) = E(XiYiXjYj)− E(XiYi)E(XjYj)

= E(Xi)E(Xj)E(YiYj)− E(Xi)E(Yi)E(Xj)E(Yj)

= E(YiYj)− E(Yi)E(Yj) = Cov(Yi, Yj) = a.

Qrhsimopoi same thn anexarthsÐa twn {Xi : i ≥ 1} apì tic {Yi, i ≥ 1} kai thn anexarthsÐa twn
{Xi : i ≥ 1} metaxÔ touc. To deÔtero �jroisma sthn (??) èqei

(
n
2

)
ìrouc, kajènac Ðsoc me a,

opìte

V

(
n∑

i=1

XiYi

)
= 5n + 2

n(n− 1)

2
a = 5n + n(n− 1)a.

(b) Apì to (a), gia k�je n jetikì akèraio èqoume

5n + n(n− 1) a ≥ 0.

An a < 0, tìte gia meg�lo n h teleutaÐa posìthta ja  tan arnhtik . 'Atopo.

3. DesmeÔoume wc proc thn tuqaÐa metablht  N (ìpwc k�noume kai me to �jroisma tuqaÐou
pl jouc tuqaÐwn metablht¸n)

E(X1X2 · · ·XN+1) = E(E(X1X2 · · ·XN+1|N)) = E(m(N)),



ìpou h sun�rthsh m orÐzetai gia n mh arnhtikì akèraio wc

m(n) = E(X1X2 · · ·XN+1|N = n) = E(X1X2 · · ·Xn+1|N = n) = E(X1X2 · · ·Xn+1)

= E(X1)E(X2) · · ·E(Xn+1) = (1/2)n+1.

Sthn teleutaÐa isìthta thc pr¸thc gramm c qrhsimopoi same thn anexarthsÐa thc N apì tic
{X1, X2, . . . , Xn}. 'Ara h arqik  mèsh tim  isoÔtai me

E((1/2)N+1) :=
∞∑
n=0

(
1

2

)n+1

e−3
3n

n!
=

e−3

2

∞∑
n=0

1

n!

(
3

2

)n

=
e−3

2
e3/2 =

e−3/2

2
.

4. Epeid  E(X1) = 3 kai V (X1) = E(X2
1 ) − E(X1)

2 = 1, èqoume apì ton asjen  nìmo twn
meg�lwn arijm¸n kai to kentrikì oriakì je¸rhma ìti

Sn

n
→ 3 kat� pijanìthta (2)

Sn − 3n√
n
⇒ Z ∼ N(0, 1) (3)

kaj¸c n → ∞. 'Ara amèswc blèpoume ìti to ìrio sto (a) eÐnai 1 en¸ sto (b) eÐnai 0. To (g)
jèlei lÐgo parap�nw skèyh.

(a)

P (Sn ≥ 3.5n) = P

(
Sn

n
≥ 3.5

)
≤ P

(∣∣∣∣Sn

n
− 3

∣∣∣∣ ≥ 1

2

)
≤ P

(∣∣∣∣Sn

n
− 3

∣∣∣∣ > 1

4

)
→ 0

kaj¸c n→∞ lìgw thc (??) kai tou orismoÔ thc sÔgklishc kat� pijanìthta. 'Ara to zhtoÔmeno
ìrio eÐnai 1.

(b)

P (Sn > 4n) = P

(
Sn

n
> 4

)
≤ P

(∣∣∣∣Sn

n
− 3

∣∣∣∣ > 1

)
→ 0

kaj¸c n→∞ lìgw thc (??).

(g)

P (Sn > 3n) = P

(
Sn − 3n√

n
> 0

)
→ P (Z > 0) = 1− Φ(0) =

1

2

kaj¸c n→∞ lìgw thc (??).

5. Apì ton nìmo twn meg�lwn arijm¸n èqoume ìti me pijanìthta 1 isqÔei

lim
n→∞

X1 + · · ·+ Xn

n
= −3.

'Ara me pijanìthta 1

X1 + · · ·+ Xn = n
X1 + · · ·+ Xn

n
→∞× (−3) = −∞

kaj¸c n→∞.


