
1. σ-Algebrec

'Estw X èna opoiod pote sÔnolo. Onom�zoume s-�lgebra sto X opoiod pote sÔnolo A èqei

tic ex c idiìthtec.

(i) Ta stoiqeÐa tou A eÐnai uposÔnola tou X. Dhlad  A ⊂ P(X).

(ii) ∅, X ∈ A.
(iii) An A ∈ A tìte X \ A ∈ A.
(iv) An An ∈ A gia k�je n ≥ 1 tìte ∪∞n=1An ∈ A.

Epeid  ta stoiqeÐa tou A eÐnai sÔnola, antÐ sÔnolo sunhjÐzoume na lème to A kai oikogèneia.

'Omwc autìc o ìroc den shmaÐnei tÐpota parap�nw apì ton ìro sÔnolo.

O pio p�nw orismìc lèei loipìn ìti h A eÐnai kleist  sta sumplhr¸mata kai stic arijm simec

en¸seic (idiìthtec (iii), (iv)).

ParadeÐgmata

1) 'An èqoume èna sÔnolo X, tìte oi oikogèneiec

A1 : = {∅, X},

A2 : = P(X),

eÐnai s-�lgebrec. H pr¸th eÐnai h el�qisth dunat  kai h deÔterh eÐnai h mègisth dunat  s-�lgebra

sto X.

2) X = {1, 2, . . . , 10}. Jètoume B1 := {1, 2, 3}, B2 := {4, 5, 6}, B3 := {7, 8, 9, 10}. H oikogè-

neia

A = {∅, X,B1, B2, B3, B1 ∪B2, B1 ∪B3, B2 ∪B3}

eÐnai s-�lgebra sto X. Gia par�deigma, to sumpl rwma tou B2 eÐnai to B1∪B3 to opoÐo brÐsketai

kai autì sthn A. AntÐjeta h

A1 = {∅, X,B1, B2, B1 ∪B2}

den eÐnai s-�lgebra giatÐ en¸ eÐnai kleist  se en¸seic den eÐnai kleist  se sumplhr¸mata. Ta

sumplhr¸mata twn B1, B2, B1 ∪B2 den perièqontai sthn A1

3) X = R. H oikogèneia

A := {A ⊂ R : A arijm simo   R \ A arijm simo}

eÐnai s-�lgebra (eÔkolh �skhsh). To kenì eÐnai arijm simo en¸ to R èqei arijm simo sumpl rwma

(to kenì), �ra an koun sthn A.

Prìtash 1. An {Ai : i ∈ I} eÐnai èna sÔnolo apo s-�lgebrec sto X, tìte kai h tom  touc

∩i∈IAi = {A ∈ P(X) : A ∈ Ai gia k�je i ∈ I}

eÐnai s-�lgebra.

Apìdeixh. Profan¸c ta ∅, X an koun sthn tom  giatÐ kai ta dÔo eÐnai stoiqeÐa k�je s-�lgebrac

sto X. An A ∈ Ai gia k�je i ∈ I, tìte epeid  k�je Ai eÐnai s-�lgebra, èpetai ìti

X \ A ∈ Ai gia k�je i ∈ I,
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dhlad X\A ∈ ∩i∈IAi. 'Omoia apodeiknÔoume ìti h ∩i∈IAi eÐnai kleist  stic arijm simec en¸seic.

'Epetai loipìn ìti eÐnai s-�lgebra. �

2. Paragomenh σ-algebra

An C ⊂ P(X), dhlad  eÐnai èna sÔnolo pou èqei wc stoiqeÐa k�poia uposÔnola tou X, tìte

orÐzoume

H := {A ⊂ P(X) : A ⊃ C kai h A eÐnai s-�lgebra}

to sÔnolo twn s-algebr¸n sto X pou kajemÐa touc perièqei thn oikogèneia C.

Orismìc: s-�lgebra pou par�getai apì thn C lème thn tom  ìlwn twn s-algebr¸n pou periè-

qoun thn C. Thn sumbolÐzoume me σ(C). Me sÔmbola,

σ(C) := ∩A∈HA.

Dhlad  h σ(C) perièqei akrib¸c ìla ta sÔnola B ⊂ X me thn idiìthta

B ∈ A gia k�je s-�lgebra A sto X me A ⊃ C

H σ(C) eÐnai pr�gmati s-�lgebra ìpwc èpetai apì thn Prìtash 1, kai perièqei ta stoiqeÐa thc C.
M�lista eÐnai h mikrìterh s-�lgebra pou perièqei thn oikogèneia C, giatÐ opoiad pote s-�lgebra
A perièqei thn C eÐnai stoiqeÐo tou H, opìte σ(C) ⊂ A.
Profan¸c, an h C eÐnai s-�lgebra tìte σ(C) = C.

3. Ta sunola Borel

'Estw X metrikìc q¸roc1, kai O to sÔnolo twn anoiqt¸n (open) sunìlwn tou X. SÔnola

Borel ston X onom�zoume ta stoiqeÐa thc s-�lgebrac

B(X) := σ(O).

H B(X) eÐnai h mikrìterh s-�lgebra pou perièqei ta anoiqt� sÔnola.

Genik� h oikogèneia O twn anoikt¸n sunìlwn den eÐnai s-�lgebra. Giautì thn megal¸noume

ìso pio lÐgo gÐnetai ¸spou na p�roume mia s-�lgebra.

Prìtash 2. K�je anoiktì   kleistì uposÔnolo enìc metrikoÔ q¸rou eÐnai sÔnolo Borel.

Apìdeixh. Apo ton orismì twn sunìlwn Borel èqoume O ⊂ σ(O) =: B(X). An F eÐnai kleistì,

tìte X \ F ∈ B(X) ¸c anoiqtì. All� h B(X) eÐnai s-�lgebra, opìte prèpei kai to sumpl rwma

tou X \ F na perièqetai sthn B(X). 'Ara F ∈ B(X). �

Prìtash 3. K�je upodi�sthma tou R eÐnai sÔnolo Borel.

Apìdeixh. Ta di�fora sen�ria gia èna upodi�sthma eÐnai

(−∞, a], [a,∞), (−∞, a), (a,∞), (a, b), [a, b], (a, b], [a, b)

Ta pr¸ta dÔo eÐnai kleist� sÔnola, ta epìmena trÐa eÐnai anoiqt�, to [a, b] eÐnai kleistì. Gia to

(a, b] gr�foume

(a, b] = R \ ((−∞, a] ∪ (b,∞)).

1
Στο μάθημα θα έχουμε το X να είναι κάποιος χώρος Rn

.
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Epeid  h B(R) eÐnai s-�lgebra kai (−∞, a], (b,∞) ∈ B(R) èpetai ìti (−∞, a] ∪ (b,∞) ∈ B(R)

kai R \ ((−∞, a] ∪ (b,∞)) ∈ B(R). 'Omoia deÐqnoume ìti [a, b) ∈ B(R). �

Epeid  h B(R) eÐnai s-�lgebra kai perièqei ìla ta diast mata, èpetai ìti ìla ta sÔnola pou

fti�qnoume xekin¸ntac apo diast mata kai efarmìzontac arijm simo pl joc for¸n tic pr�xeic

thc ènwshc, tom c, sumplhr¸matoc ja eÐnai epÐshc stoiqeÐa thc B(R).

'Omoia, sta R2,R3, ìla ta sunhjismèna sq mata (kÔkloi, omalèc kampÔlec, orjog¸nia, hmÐ-

qwroi) eÐnai Borel wc kleist�   anoiqt� sÔnola   epeid  prokÔptoun apo kleist�   anoiqt� me

efarmog  twn pr�xewn thc ènwshc, tom c, sumplhr¸matoc arijm simo pl joc forèc.

4. Tuqaiec metablhtec

A) 'Eqoume èna q¸ro pijanìthtac (Ω,A, P ). TuqaÐa metablht  se autì ton q¸ro lème k�je

sun�rthsh

X : Ω→ R

tètoia ¸ste

X−1(A) ∈ A gia k�je A ∈ B(R) (1)

GiatÐ apaitoÔme apì thn X na èqei thn idiìthta (1)?

DÔo lìgoi

1) Jèloume na mporoÔme na mil�me gia pijanìthtec thc morf c

P (X ∈ [a, b]) = P ({ω ∈ Ω : X(ω) ∈ [a, b]}), (2)

dhlad  P (X−1([a, b])). Prèpei epomènwc to X−1([a, b]) na an kei sto pedÐo orismoÔ thc P , to

opoÐo eÐnai to A. Ara qreiazìmaste thn X−1(A) ∈ A sÐgoura gia A upodi�sthma tou R. Autì
ìmwc eÐnai isodÔnamo me to na to zht soume gia k�je sÔnolo A ∈ B(R) (�skhsh).

2) Jèloume na mporoÔme na orÐsoume thn mèsh thc tim  E(X). Kai gia autì qreiazìmaste na

èqoun nìhma oi pijanìthtec ìpwc sthn (2).

B) An�logec parathr seic isqÔoun gia ton orismì n-di�stathc tuqaÐac metablht c X : Ω→ Rn.

EkeÐ zht�me

X−1(A) ∈ A gia k�je A ∈ B(Rn). (3)

Orismìc: MÐa sun�rthsh f : Rn → R thn lème Borel metr simh an

f−1(A) ∈ B(Rn) gia k�je A ∈ B(R). (4)

G) DÔo akìma apait seic metrhsimìthtac.

1) Puknìthta sto Rn lème k�je f : Rn → [0,∞) me tic idiìthtec

(i) h f eÐnai Borel metr simh,

(ii)
∫
·· ·

∫
Rn f(x1, . . . , xn) dx1 · · · dxn = 1.
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Thn pr¸th idiìthta thn apaitoÔme ¸ste na orÐzontai2 ìla ta oloklhr¸mata∫
· · ·

∫
A

f(x1, . . . , xn) dx1 · · · dxn

ìpou A ⊂ Rn eÐnai èna kalì sÔnolo (anoiqtì, kleistì k.lp.). Apì mia puknìthta den zht�me

na eÐnai suneq c sun�rthsh. IsqÔei bèbaia ìti kaje suneq c sun�rthsh f : Rn → R eÐnai Borel

metr simh.

2) An X : Ω→ Rn eÐnai n-di�stath tuqaÐa metablht , h : Rn → R, kai jèloume na jewr soume

thn h(X) : Ω→ R. ApaitoÔme h h na eÐnai Borel metr simh (orismìc pio p�nw). Autì to zht�me

¸ste h h(X) na eÐnai tuqaÐa metablht . GiatÐ tìte gia k�je A ∈ B(R),

(h(X))−1(A) = X−1(h−1(A)),

kai anarwtiìmaste an to teleutaÐo sÔnolo an kei sthn A. Lìgw thc (4) èqoume B := h−1(A) ∈
B(Rn), kai epeid  h X eÐnai tuqaÐa metablht , èpetai apì thn (3) ìti

X−1(h−1(A)) = X−1(B) ∈ A.

2
Αυτό δεν είναι της στιγμής να το εξηγήσουμε.


