
TMHMA MAJHMATIKWN

ErgasÐa JewrÐac Elègqou I

Eisagwg : Jewr ste dorufìro m�zac m. Oi suntetagmènec tou dorufìrou eÐnai (x, y) wc prìc
Kartesianì sÔsthma suntetagmènwn, h isodÔnama (r, θ) wc proc sÔsthma polik¸n suntetagmènwn. Gia
na aplopoi soume to prìblhma jewroÔme ton dorufìro wc ulikì shmeÐo me m = 1 kai upojètoume ìti
h kuklik  kÐnhsh periorÐzetai se epÐpedo me kèntro th gh. O dorufìroc elègqei thn troqei� tou me
dÔo anex�rthtec dun�meic u1 kai u2 sthn aktinik  kai efaptomenik  dieÔjunsh, antÐstoiqa. O nìmoc tou
NeÔtwna dÐnei

r̈ = u1 + u2 + f
g

ìpou f
g
h dÔnamh tou pedÐou barÔthtac

f
g
= − k

r2
r

r

kai k > 0 stajer�. 'Estw sÔsthma polik¸n suntetagmènwn me kèntro ton dorufìro pou orÐzetai apo ta
monadiaÐa dianÔsmata ur kai uθ sthn aktinik  kai efaptomenik  dieÔjunsh, antÐstoiqa, dhl.

ur = (cos θ sin θ)T , uθ = (− sin θ cos θ)T

Epomènwc

r = rur, u1 = u1ur, u2 = u2uθ, f
g
= − k
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Sq ma 1: Dorufìroc se kuklik  troqei�

'Askhsh 1 - Paragwg  montèlou katast�sewn q¸rou, grammikopoÐhsh (analutik 
lÔsh): (a) AnalÔontac thn dianusmatik  exÐswsh pou antistoiqeÐ ston nìmo tou NeÔtwna sthn aktinik 
kai efaptomenik  dieÔjunsh, deÐxte ìti:

r̈(t) = r(t)θ̇2(t)− k

r2(t)
+ u1(t)

θ̈(t) = −2ṙ(t)θ(t)

r(t)
+

1

r(t)
u2(t)

An u1(t) = u2(t) = 0, t ≥ 0 kai oi arqikèc sunj kec eÐnai r(0) = r0, ṙ(0) = 0, θ(0) = θ0 kai θ̇(0) = ω0,
deÐxte ìti oi parap�nw exis¸seic èqoun lÔsh:

r(t) = r0, θ̇(t) = ω0 ⇒ θ(t) = ω0t+ θ0, ω0 =

√
k

r30
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pou antistoiqeÐ se kuklik  troqei� me stajer  gwniak  taqÔthta. (b) An oi metablhtèc kat�stashc
epilegoÔn wc: x1 = r, x2 = ṙ, x3 = θ, x4 = θ̇, deÐxte oti:

ẋ1 = x2

ẋ2 = x1x
2
4 −

k

x21
+ u1

ẋ3 = x4

ẋ4 = −2x2x4
x1

+
u2
x1

kai ìti h grammikopoihmènh morf  twn exis¸sewn aut¸n gÔrw apì thn lÔsh tou sust matoc pou orÐsthke
sto (a) me u1(t) = u2(t) = 0 eÐnai:

ż1
ż2
ż3
ż4

 =


0 1 0 0

3ω2
0 0 0 2r0ω0

0 0 0 1
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'Askhsh 2 - Idiotimèc, (genikeumèna) idio-dianÔsmata kai ekjetikìc pÐnakac
(analutik /upologistik  lÔsh): (a) UpologÐste analutik� thn paragwntopoÐhsh Jordan tou
pÐnaka A tou grammikopoihmènou montèlou kai ton ekjetikì pÐnaka eAt. Exet�ste an to autìnomo
sÔsthma eÐnai asumptwtik� eustajèc kai eustajèc kat� Lyapunov. (b) UpologÐste analutik� tic
metablhtèc kat�stashc z(t) tou grammikopoihmènou sust matoc wc sun�rthsh toy qrìnou, an: (i)
u1(t) = v1(t) = δ(t) kai u2(t) = v2(t) = 0, kai (ii) u1(t) = v1(t) = 0 kai u2(t) = v2(t) = δ(t), ìpou
δ(t) eÐnai h monadiaÐa sun�rthsh kroÔshc (¸jhshc). Upojèste ìti θ(0) = 0 (kai epomènwc z(0) = 0).
(g) Epibebai¸ste ta apotelèsmata sac me qr sh twn entol¸n thc Matlab: jordan.m kai expm.m gia
epilegmènec timèc twn metablht¸n r0 kai ω0. Qrhsimopoi ste ta arqeÐa askhsha.m kai askhshb.m.

'Askhsh 3 - Elegximìthta, Parathrhsimìthta: Kataskeu�ste touc pÐnakec elegximìthtac
kai parathrhsimìthtac tou sust matoc. Exet�ste tic idiìthtec elegximìthtac me qr sh twn parak�tw
eisìdwn: (a) apokleistik� aktinik c ¸jhshc, (b) apokleistik� efaptomenik c ¸jhshc, (g) tautìqrona
aktinik c kai efaptomenik c ¸jhshc. Ejet�ste epÐshc tic idiìthtec parathrhsimìthtac tou sust matoc
me methr seic twn metablht¸n: (a) r(t), (b) θ̇(t), kai (g) r(t) kai θ̇(t).

ShmeÐwsh: (GrammikopoÐhsh DunamikoÔ Sust matoc Antsaklis, Michel): 'Estw
dunamikì sÔsthma:

ẋ(t) = f(t, x(t), u(t)),

ìpou f : R ×D1 ×D2 → Rn kai D1 ⊆ Rn, D1 ⊆ Rm. An f ∈ C1(R ×D1 ×D2,Rn) kai an ϕ(t) eÐnai
lÔsh thc parap�nw diaforik c exÐswshc, poÔ orizetai gia k�je t ∈ R, arqik  sunj kh x0 kai dosmènh
sun�rthsh ψ ∈ C(R,Rm), dhl.

ϕ̇(t) = f(t, ϕ(t), ψ(t)), t ∈ R

tìte to sÔsthma grammikopoieÐtai wc ex c: OrÐzoume z(t) = x(t)− ϕ(t) kai v(t) = u(t)− ψ(t). Tìte

dz(t)

dt
= ż = ẋ− ϕ̇(t) = f(t, x, u)− f(t, ϕ(t), ψ(t))

=
∂f

∂x
(t, ϕ(t), ψ(t))z +

∂f

∂u
(t, ϕ(t), ψ(t))v + F1(t, z, u) + F2(t, v)

ìpou

F1(t, z, u) = f(t, z + ϕ(t), u)− f(t, ϕ(t), u)− ∂f

∂x
(t, ϕ(t), ψ(t))z
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eÐnai t�xhc o(∥z∥) kaj¸c ∥z∥ → 0, omoiìmorfa wc proc t se sumpag  uposÔnola tou R gi� stajerì u,
dhl. gia stajerì u kai k�je sumpagèc uposÔnolo I ⊆ R,

lim
∥z∥→0

(
sup
t∈I

∥F1(t, z, u)∥
∥z∥

)
= 0,

kai ìpou

F2(t, v) = f(t, ϕ(t), v + ψ(t))− f(t, ϕ(t), ψ(t))− ∂f

∂u
(t, ϕ(t), ψ(t))v

eÐnai t�xhc o(∥v∥) kaj¸c ∥v∥ → 0, omoiìmorfa wc proc t se sumpag  uposÔnola tou R, dhl. gia k�je
sumpagèc uposÔnolo I ⊆ R,

lim
∥v∥→0

(
sup
t∈I

∥F2(t, v)∥
∥v∥

)
= 0,

kai ìpou ∂f/∂x(·) kai ∂f/∂u(·) eÐnai oi IakwbianoÐ pÐnakec thc f wc proc x kai u, antÐstoiqa, dhl.,

∂f

∂x
(t, x, u) =


∂f1
∂x1

(t, x, u) · · · ∂f1
∂xn

(t, x, u)
...

...
∂fn
∂x1

(t, x, u) · · · ∂fn
∂xn

(t, x, u)

 ,
∂f

∂u
(t, x, u) =


∂f1
∂u1

(t, x, u) · · · ∂f1
∂um

(t, x, u)
...

...
∂fn
∂u1

(t, x, u) · · · ∂fn
∂um

(t, x, u)

 .

Jètontac:
∂f

∂x
(t, ϕ(t), ψ(t)) = A(t)

∂f

∂u
(t, ϕ(t), ψ(t)) := B(t)

èqoume:
ż(t) = A(t)z(t) +B(t)v(t) + F1(t, z, u) + F2(t, v)

kai
ż(t) = A(t)z(t) +B(t)v(t)

eÐnai to antÐstoiqo grammikopoihmèno sÔsthma gÔrw apì thn lÔsh ϕ(t) kai thn sun�rthsh eisìdou ψ(t).

Sthn perÐptwsh thc �skhshc èqoume (jètontac θ0 = 0):

ϕ(t) =


r0
0
ω0t
ω0

 ⇒ z(t) =


r(t)− r(0)

ṙ(t)
θ(t)− ω0t

θ̇(t)− ω0

 ⇒ z(0) =


0
0
0
0


kai ψ(t) = 0 ⇒ v1(t) = u1(t) kai v2(t) = u2(t).

G. Qaliki�c, AprÐlhc 2013
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