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Θ1. H zhtoÔmenh pijanìthta isoÔtai me

P(ìla ta sfairÐdia eÐnai kìkkina) + P(ìla ta sfairÐdia eÐnai mplè) =
(6)4
(14)4

+
(8)4
(14)4

.

Sqìlio: Ed¸ p rame wc deigmatikì q¸ro, èstw Ω1, to sÔnolo twn diatetagmènwn tetr�dwn apo to
sÔnolo S twn sfairidÐwn, kai autìc eÐnai o pragmatikìc deigmatikìc q¸roc giatÐ ta sfairÐdia ex�gontai
diadoqik�, kai ek twn pragm�twn eÐnai diaforetik� fusik� antikeÐmena. Enallaktik�, ja mporoÔsame
na p�roume wc deigmatikì q¸ro Ω2 to sÔnolo ìlwn twn uposunìlwn tou S me tèssera stoiqeÐa. Kai
autì eÐnai apodektì giatÐ apo th fÔsh tou peir�matoc ìla ta stoiqeÐa tou Ω2 eÐnai isopÐjana. Me
aut  th je¸rhsh, ston upologismì twn pijanot twn qrhsimopoioÔme sunduasmoÔc antÐ diat�xewn  
qrhsimopoioÔme thn upergewmetrik  katanom .

Θ2. JewroÔme ta endeqìmena

Ak : epilègoume kÐbdhlo nìmisma,

Aa : epilègoume amerìlhpto nìmisma,

kai B to endeqìmeno to epilegmèno nìmisma na dÐnei stic treÐc rÐyeic “kefal ”. H zhtoÔmenh
pijanìthta eÐnai

P(Ak |B) =
P(B ∩ Ak)

P(B)
=

P(B ∩ Ak)
P(B ∩ Ak) + P(B ∩ Aa)

=
P(B |Ak) P(Ak)

P(B |Ak) P(Ak) + P(B |Aa) P(Aa)

=

(
4
5

)3 1
5(

4
5

)3 1
5

+
(
1
2

)3 4
5

=
64
125

64
125

+ 1
2

=
128

253
.

Θ3. (i) Prèpei to olokl rwma thc f sto R na isoÔtai me 1. 'Eqoume∫ ∞
−∞

f(x) dx = c

∫ 3

0

(3− x) dx = c

(
9− 9

2

)
= 9c/2.

'Ara c = 2/9.

(ii) Profan¸c F (x) = 0 gia x ≤ 0 kai F (x) = 1 gia x ≥ 3, en¸ gia x ∈ (0, 3) èqoume

F (x) =

∫ x

−∞
f(x) dx =

2

9

∫ x

0

(3− t) dt =
2x

3
− x2

9
.

(iii) Oi dÔo pr¸tec ropèc thc X eÐnai

E(X) =

∫ ∞
−∞

xf(x) =
2

9

∫ 3

0

(3x− x2) dx = ... = 1,

E(X2) =

∫ ∞
−∞

x2f(x) =
2

9

∫ 3

0

(3x2 − x3) dx = ... = 3/2.

'Ara h mèsh tim  eÐnai 1 kai h diaspor�

V (X) = E(X2)− (E(X))2 = 1/2.
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(iv) BrÐskoume th sun�rthsh katanom c FY thc Y .

FY (y) = P(logX ≤ y) = P(X ≤ ey) = F (ey).

Apo th morf  thc F èpetai ìti h FY eÐnai suneq c pantoÔ kai paragwgÐsimh me suneq  par�gwgo
sto sumpl rwma enìc peperasmènou sunìlou (sto R\{log 3}), kai �ra h Y eÐnai suneq c tuqaÐa
metablht  me puknìthta

fY (y) := F ′Y (y) =

{
f(ey)ey = 2

9
(3− ey)ey an y ∈ (−∞, log 3),

0 an y ∈ (log 3,+∞).

Gia thn fY (log 3) mporoÔme na epilèxoume opoiad pote tim  sto [0,∞), p.q., fY (log 3) = 0.

Θ4. 'Estw XA, XB oi arijmoÐ twn exarthm�twn tÔpou A kai B antÐstoiqa pou leitourgoÔn. Apo
ta dedomèna tou probl matoc èpetai ìti h XA akoloujeÐ th diwnumik  katanom  me paramètrouc
n1, p1, en¸ h XB akoloujeÐ th diwnumik  katanom  me paramètrouc n2, p2. H zhtoÔmenh pijanìth-
ta eÐnai

P(XA ≥ 2 kai XB ≥ 4) = P(XA ≥ 2) P(XB ≥ 4)

=

(
n1∑
k=2

(
n1

k

)
pk1(1− p1)n1−k

)(
n2∑
k=4

(
n2

k

)
pk2(1− p2)n2−k

)
.

Qrhshmopoi same thn anexarthsÐa twn XA, XB.

Θ5. ['Opwc kai sto Jèma 2, èqoume èna peÐrama pou gÐnetai se dÔo b mata, kai h èkbash tou
pr¸tou ephre�zei aut n tou deÔterou. Epomènwc, prèpei na diakrÐnoume peript¸seic gia to ti
sumbaÐnei sto pr¸to b ma.]
Profan¸c h N paÐrnei timèc sto N \ {0}, kai gia k se autì to sÔnolo, P(N = k) = (1 −

p1)
k−1p1. Dhladh h N akoloujeÐ th metatopismènh gewmetrik  me par�metro p1.
Met� thn pragmatopoÐhsh tou pr¸tou peir�matoc, toN èqei p�rei mia tim , èstw k. Dedomènou

autoÔ, h X akoloujeÐ th diwnumik  katanom  me paramètrouc k, p2. 'Ara

P(X = 1) =
+∞∑
k=1

P(X = 1 kai N = k) =
+∞∑
k=1

P(X = 1 |N = k) P(N = k)

=
+∞∑
k=1

(
k

1

)
p2(1− p2)k−1 (1− p1)k−1p1 = p1p2

+∞∑
k=0

k((1− p1)(1− p2))k.

'Omwc gia x ∈ (−1, 1) isqÔei
+∞∑
k=0

kxk =

(
1

1− x

)′
=

1

(1− x)2
.

'Ara

P(X = 1) =
p1p2

(p1 + p2 − p1p2)2
.

Θ6. (a) 'Eqoume

ρ(X + Y,X − Y ) : =
Cov(X + Y,X − Y )√
V (X + Y )V (X − Y )

=
Cov(X,X)− Cov(X, Y ) + Cov(Y,X)− Cov(Y, Y )√

(V (X) + V (Y ))(V (X) + V (−Y ))

=
V (X)− V (Y )

V (X) + V (Y )
.



3

Sth deÔterh isìthta qrhsimopoi same th digrammikìthta thc Cov kai thn anexarthsÐa twn
X, Y , en¸ sthn trÐth to ìti Cov(X, Y ) = 0 (epeid  oi X, Y eÐnai anex�rthtec), Cov(X,X) =
V (X),Cov(Y, Y ) = V (Y ), V (−Y ) = V (Y ).

(b) H X èqei diaspor� V (X) = E(X2)− (E(X))2 = 1, kai ìmoia, V (Y ) = 1. 'An oi X, Y  tan
anex�rthtec, tìte Cov(X, Y ) = 0 kai V (X+Y ) = V (X) +V (Y ) + 2Cov(X, Y ) = 1 + 1 + 0 = 2,
en¸ mac èqei dojeÐ ìti V (X + Y ) = 3. 'Ara den eÐnai anex�rthtec.

Θ7. (i) Prèpei
∫
R2 f(x, y) dx dy = 1. To olokl rwma isoÔtai me∫ 1

0

∫ x

x3
c dy dx = c

∫ 1

0

(x− x3) dx = c/4.

'Ara c = 4.

(ii) H sun�rthsh puknìthtac-pijanìthtac thc X eÐnai

fX(x) =

∫ +∞

−∞
f(x, y) dy = 1x∈(0,1)

∫ x

x3
4 dy = 4 (x− x3)1x∈(0,1).

Gia th sun�rthsh puknìthtac-pijanìthtac thc Y parathroÔme ìti gia y ∈ (0, 1) stajerì,
f(x, y) 6= 0 arkib¸c ìtan y < x < y1/3, kai m�lista tìte h f isoÔtai me 4. Opìte

fY (y) =

∫ +∞

−∞
f(x, y) dx = 1y∈(0,1)

∫ y1/3

y

4 dx = 4 (y1/3 − y)1y∈(0,1).

Θ8. (a) 'Estw X mia tuqaÐa metablht  me katanom  Poisson me par�metro λ. Gia t ∈ R èqoume

ΦX(t) = E(tX) =
+∞∑
k=0

P(X = k) tk =
+∞∑
k=0

e−λ
λk

k!
tk = e−λ

+∞∑
k=0

(λt)k

k!
= eλ(t−1).

(b) H pijanogenn tria miac katanom c me timèc sto N eÐnai p�ntote peperasmènh sto [−1, 1] kai
qarakthrÐzei thn katanom . To �jroisma X1 · · ·+Xν èqei gia k�je t ∈ R pijanogenn tria

ΦX1+···+Xν (t) := E(tX1 · · · tXν ) = ΦX1(t) · · ·ΦXν (t) = e(λ1+···+λν)(t−1), (1)

ìpou sth deÔterh isìthta qrhsimopoi same thn anexarthsÐa twn X1, . . . , Xν , kai sthn trÐth to
er¸thma (a). 'Omwc, p�li apo to (a), h (??) eÐnai h pijanogenn tria thc katanom c Poisson me
par�metro λ1+· · ·+λν . 'Epetai ìti h X1+· · ·+Xν akoloujeÐ thn katanom  Poisson me par�metro
λ1 + · · ·+ λν .

Θ9. 'Estw (Xi)i≥1 mia akoloujÐa anex�rthtwn isìnomwn tuqaÐwn metablht¸n me katanom  o-
moiìmorfh sto {1, 2, 3, 4}, kai Sn := X1 + · · · + Xn gia k�je n ≥ 1. Oi dÔo pr¸tec ropèc thc
X1 eÐnai

E(X1) =
1

4
(1 + 2 + 3 + 4) =

5

2
,

E(X2
1 ) =

1

4
(12 + 22 + 32 + 42) =

15

2
.

'Ara h X1 èqei mèsh tim  5/2 kai peperasmènh diaspor� σ2 = E(X2
1 ) − (E(X1))

2 = 5/4. To
kentrikì oriakì je¸rhma lèei oti h akoloujÐa twn tuqaÐwn metablht¸n(

Sn − 5n/2√
5/4
√
n

)
n≥1

sugklÐnei kata katanom  sthn tupik  kanonik  katanom , N(0, 1).
Gia n = 80, èqoume 5n/2 = 200 kai

√
(5/4)n = 10, opìte
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P(190 ≤ S80 ≤ 220) = P

(
−1 ≤ S80 − 200

10
≤ 2

)
≈ Φ(2)− Φ(−1).

H prosèggish prokÔptei apo to kentrikì oriakì je¸rhma. Tèloc, epeid  h N(0, 1) eÐnai suneq c
tuqaÐa metablht  me puknìthta �rtia sun�rthsh, èqoume Φ(−1) + Φ(1) = 1. 'Ara h zhtoÔmenh
prosèggish eÐnai Φ(2) + Φ(1)− 1 ≈ 0.8186.


