
3 8

0 , 7  = u ( 4 )  - - a u ( r o ) + ( l -  a ) u ( r r )  = 0 , 6 a + ( l - a ) ,

nou 6fver a =0,75. Aurd dpox 6ev ouprpcovef pe xo a=0,6 nou ernprlocrpe
ouyrpfvowcrq (rr1v rr) czeuOeiaq pe arq 14 Kcr,r r,. Apo dloupe crouvdnsrc ror
npiner vc ezaveferdooupr rlg nporlyorJpeveg ouyrpfoerq, pdxprq cirou
rcrtal"rl(oupe or oupprBaotdg npdq rnq u(r). Ev ncion neprntcboer, aq
unoOdooupe dn rcrrcrl,r(opr or

u ( r + ) = 0 , 6  u ( r : ) = 0 , 8 .
Mnoporipe torpa, dlovtcr,q rnv oo u(r), va, pporjpr rrlv Bayes avapevdpevrl
oxpetr rprdrrlra rnq d, (rarri fllv a priori a):

td , . '1u1r71=cru( r r )+n .u( r , )  =  0 ,3 (0)  +0 ,7( l )  =  0 ,7
arpou n d, l,apprivaror pd'vo orrq rr = (dr,0) rar rz = (dt,gr). olrorlo4 Tnq d.,:

ef  pg) l  =r ,u(rr)  *n,u(r)  = 0,3(0,g)+0,7(0,6) = 0,66.
'Etor 

q ral,ritepq crndgcron (npci6n) (trou ptrtoroqorct r4v ovapevfipewT
oryel"ryfrqrc) afvar va naco orqv Enf6oupo.

Efvar npogavefq or 8uorol"feq orav to orjvol.o R tcov crporBcrlv r efvcrr
peycil"o. Av dpro4 to R efvct 6rciorqpa, onota rarci ravcivcr n u(r) 0a efvcp
opal,rl (6ragopforpl) rapnr5l"q, lra rnv Kcr,rcr,oreurl rnq rTTcr,prcef 1 yvolo-rr
peprrcrlv oqpefcov. Tdroro or'lpcrvnrd nupci8erypa eivar n nepinrcr:or1
XpnpcrnKc6v aporBcov, oncoq orrlv nepfnroorl aotpa),rotpov Kol (rlprolv nou
e(etdocrpE ong nporlyorjpsvq rcopolpdrpouq. fevrrci, orlq Trrprntoloerq cruteq
o64yodpe0a oe gpayp*veE pq g1ivouoeE u(r) nou enrnliov sfvctr xotx"eE
(xrv6uvogoprreq).

AEKHEEIX,

'1. To napti\o(o rou ^gf. petersburgt Ito ncnyvf6r piryeolv

(ouppetprrof) voproparoq pe nrOcrvoqra ropcrlvcrq p=:, o ncrfrrqq
L

zrcrfpver x -- 2n 6p1. dtav gfpar xopcova Trc. Trporn qopd rn N-oorn
pr\rn, (dnore Kct repparf(erc' to ncryvf6r), .ly' = i,2,.... Na ppeOaf n
pdon rrpq Kol Tl 8raonopri rqq lkar va 6er10ef ott:

a) E(X) - E(2n) - oo, Kq,r

0) Av 11 oryel.rpdrrlro u(w) - logw, tclte

Elu(X) ]=2los2.

2 .

5 .  A v n i

Kwdu

xpnot
(pr-ox
ratcrp

Na 6e

Aef(e

to pd1

TOT8 ' [

6. Enctvr

xat 6

Avro

cl,cQo

a) Nr

L ta  I
.,r1utc!

p r \'1'

-L:-;  Ul

- \ \
T \ ' 0

\':cir

f .  ! ' ;o

i: ' . 'cr:

4 .

i;tf t:l;:"-*ffY::1Tq".A1fa flerporinoll xar nri).tv.Iierpounoll. tta ro napxiao(o rou perersbur.g,
p^' \t'. Felrer: An Inuoducrion to probabiiity Theory and is Applications, Top. I,'witey, tesz
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''2. KrvfiuvogtLia. Av u'(w)>0 rar u"(w)>0 (n oo u Kuprn), rdvovrcrq

Xpnon rnq (3), 6e(te dc o cogaX,r(dpevoq aivcr "nv6uvdqtl.og"
(puyorfv6uvoq), 6nX. ro pdyroto ctogdX,rotpo G fiou np{net vcr

rcttapril,er 6ev uneppcrfvet rnv E(X) = p,

i  G S P
" 3. Ncr 6er10ei dfl n u(w) = logw efvct nv8uvogopxrl

' 4. Aei(e dn pcr u(w) = klogw xar (qprorotavoprl opordpopqn oro (0,1)

to pdyroro aogdl.rorpo G (PX. (3)) eivat

/5. Av n u(w) = s-""'

G = w -  
* *  

,
e(w -l)*-'

Kar n (qprorcrtavolrl eivar 1 72, pe ann

1 3-r -l
f ( x ) = - X :  e  ? ,

z,' r l  l l
\ 2 )

x > 0

t6te to pdyroto aogcil.rotpo G > n- p= E(X).

-'/ 6. Enaval,cipete to flcrpd6erlpa 0) pa
u(w) - -r-wtt'o

rcn 6ertte 6tr ro G = 150logl,5 = 60,82.

7. Avraogd,hor;, Mrrpocroqdl.eta pe Ktpdl"aro 1(6to.) rar u(w)=logrv

aogal,f(er 8ftrprl (nprd Xpe ratcrvoprl

PIX =0J = PIX = 0,511= 1.2
a) Nc 6ery0et 6n ro piyrcro aaEdhorpo G noo npdnet va n)"np6osr ot

pa peyaX.oaogdX'na (yrc avraogdl'm1) yrc 100% xtiX"uw nrc

(nprdq{e fva r  G=0,3 .

p) Mra pelal,ocroqril"era pe u(w) = log w pt repril,cno 6,50 rat rnv f6ra

aa u(w) - log w axlnrcrc,r vo ovcrl.dper rnv Trponyodpevrl (nprci (pforo)

X. Na Eerl0ef dtt to eiudporo crogciX,rorpo H noo npircl vcr (qrrioer pa

Tnv ovroogcil,rorl 100% trtg (nprdq Xefvcn H = 0,26.

Y nd.pyet egmrli aogal,totxrl noX,rtxrl;

8.. Yn6 11q cogex.rpoouvapnloerq (16) xar (17), va 6er10ef dn to G = G(w)

eivor ar"r(ouocr ouvdprqol rou I7.
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\ -.-
" g. A.eife (yeoperprrci) rqv (23) xavovraq'piort a) tou oyr*taroq,

Y = u(x)

rar p) rou ovonruyparog qq u(x) nepf to x0 tlsxpl undl"orno 2o9

tciferr:9.

/ t0. flafpvovtcrq ro xo = p - E(X) ornv Tlpotllorjprevrl Aorqorl 9, 6ef(te rrlv

avrcr|ayta fensen: frcr roi},r1 4
Elu(x)l s u(E(x)) = u(P).

Enp. Iodrqtcr ropjer crv rl X efvcn exgul,ropdq (P[X - c] = 1) n n u

efvar lpcrpprrri.

11. 'Eoror avaA'oytxf aogrilera, pe rcil.ury4 Tnq popgng
t ) ( x ) =  p x ,  0 < p < 1

Kctr rl Io@) Tnq (21). fra notci p KcLr dto crogcil"rotpo Peivctt 12,5 rctr

otrg 6uo rceptntcboetq, drcrv q (rlprtorctavopn afvot oporopopptl oro

(0,100); Enfonq 6ef(e drr (p1,. Aor. 12)
Alx - r;(x)l> alx - r,(x)1.

AndvnToT
p=A,25, d = 50, AIX - I ;(X))= 468,75>260,42= AIX - Ir(X)l

l2'. Me trq unoOdorlq rou Secopripatoq, 6ef(e dn
min AIX - 16)l= AIX - I  o(X)],

6nX. n nol,rnrrl I o e?"uytatonotef rrlv 8raonoPci rnq anl,r1pcorr1q (nprciq

X - I(X) yrcr 6e6oprdvo aorpril.rotpo P.

l3"Yn6.pyer povcr8xri l,rjon d qe (22).

Ynd6er(q. p=J{" - d)f(x)dx=Jtt - F(x)ldx

14. a) Na 6er10ei <!n r1 ypcrpprrri ; terpaycovrr{, zipoodyyrorl (oro
crvdnruypcr Taylor):

u(w - G) = u(w - P) + (P- G)u'(w - tt),

u(w -  x)  = u(w -  p)+ (p-  X)u ' (w -  p)+*O- x)2u"(w -  p) ,
L

otvtt Kcl.Tl

<lnou P =

p) fta u(r

floq oulr

* l5-Eva circ

ogel.rpdn
orotci.uopq

cogcil"rorl
criotktctg

Ll- 
'Eoro: ot

rct l'3 <

c ) A v P
R), nord

0)'Eotcrl
ort6n pt:

lJ- (i) Ertru

(oe 1ri,. t

, ( i i) Xopf

iarycrlv (t

a ) :

i l i
(r) i
iiii) KaO
rcicoxa
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i.:.'.I:a r4v

n n  u

l :  . l .  -5  rar

r.';n 6T0

:.: Irlura;

:rl (oto

4 l

6fver rarci npoodyyrol ro aorpcil,rorpo

( i )  G = ! t - !  . . u "  . o ' ,
2 u'(w - tt)- 

'

dnou p= E(X), o2 = A(X).
B) frcr u(w) -klogw qs Aor. a n (i) 6fvar

G = Ir+! 
o'

2 w - p
flcoq ouyrpfverar aurd, pe ro G,cnq Aor. 4;

IS.'Evo dropo 6yet neprouorarct ororlefcr wo = 100 Kc,l. ouvciprrlorl
cogel'rp<irqro:g u(w) = w2 , w > 0 KCLI ovrrp eri6;nt(et prcr rulaia anc6l.ercr
opordpoprprl rarcvepnpdvrl oro [0, r00]. Na unox.oTrorei ro pdyroro
crogcil,rorpo nou 8dlerar va nl,qp<r:o* ro cirolro yrcr rdl,uvn Tng pmig
ancril,srcrq.

Aorrioerg flcrpcprr[parog

l-1. 'Eom> 
d'ro orivol,o R rorv crprorpc6v anorel,efrcrr and 3 crporpdq 4,rz,tt

Kc r , l  13  <4  <q  Kor  u (q )=  0 ,  u ( r r )=  p ,0<  p<1 ,  u (4 )= i .

a) Av P =(p,,p, pr) rcn p, _(pi,pi,pj) efvar 6rjo raravopdq (enf rou
R), norci oxdon nplnet va ro16er peralv p,,pj rut p,cttore p < p,;

p)'Eotco dtr (0,3, 0,3, 0,4)<(0,5, 0, 0,5). Tr prnopefre va nefre ylo rn
oxdon pera(rj tcov (0,2, 0,5, 0,3) rcn (0,4, 0,2, 0,4); Tr l.dce yra xo p;

l -2. (i) Ertrprlore rnv Trpooonxrl ocrq cogel,rpoouvripr4ol u0 Trcr lprlpcr'rdq
(oe 1r1".5p1) cu(opercrioerq (8rcrgoprrn o,o) oro 8rciorqpo [-r00, r00].

(ii) Xolpfq va l,cipere unciqnl to (i), 6efre ' ,rpo'pare pera(d rolv
(euyorv (r(dycov):

,  l . - _ .  3  I  Ia) 
;(20) + i(o) { ;(40)+ irool

p) 
)roo1*jr-rol ,i lrrsl*jrol
l l l l(y) 
;( i00)+;(-100) r i  r frol+;f-rol.

(iii) Ka0opfore rcbpa ttq nponlrrloerq oc,g
Korcr,oKruriocrra oro (i).

oco (ii) pd,oer 
"ng 

oo nou
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1.3. Iuvdlera. Bpefte otaOepdq a,b riate yta 0 < r < 10 t1

u( r )=a log(br+1)

vcr nX,rlordotl rrlv uo.

f .4. O r. X npoo6r6proe dtt n oo rou u yra au(operoloerg rou Ktqol,afou

rou oro 8rtiorrlpcr [-100,500] efvctt t1

u( r ) -a log(br+1) .

cr) Tr nplner va zrpocprloer petafrj tou vo rou 6o0ef to rood trov 100

Kor rou "nct1vt6ro6"

(o)"1+ (soo)x],
3 3 '

6n1.. va rep8ioer 0 pe nrgav6qta 0 n 500 pe nr0avd^ol,
3

B) Av unoreQef dtt, evcr),x,crrtrrd, rou Trpocfvetar vo nl,lpcSoer 100

Ttct ouppsro1n oro TtcrrTvf8r, tr va 6ru1,i[er;

1.5. Or A rat B ilouv rqv f6rcr oo u lrcr ard,oparooerq x rcov lprlpdtcov
roug KCtl u(x) - xt".
'Eorco 

dn o dvaq crn6 touq A rcn B ncripvet, oav 6copo, dvct Laleio nou

rep6i(er r6px.pe nrOcrvdnlra * n O (r^e zrrOavdrqtcr |1.*" 
6er10ef 6tr

undplar c > 0 tdroro ciore, ouicprnrcr, rou norog nlrpur, to l.cr1efo,

pnopei vct, ro noul,rloer otov dl,}.o ^lla c 6p1. rcrr va oupgdptl KcLr oroug

6rio.

1.6- Lro ncnlvf8r rou nopo8o(ou tou St. Petersburg oq uno0dooupe dtt n

oo u yrcr au(opercooerq (regal,afou) efvcrr 11

I  too ,  x> loo
I

u(x)  =.1 x ,  lx lS 100

L-l00, x < -100

Na ppe0ei to pe1al,r5cpo c fiou Ocr nlqpcioet dvaq Tra va nct(er to

naryvi8r.

tY/

l. Eroctl

Tulai

6poPoiuolor
pa( (D( oTt

(eol,f1eta

fipaT[rcrroT

H o i

oTKOVOpTKI

"olpPdvta
Yn6'1

rat n 01.i'

crorpdX.etct

rcinorou

IP4Facu
perPriotP,
petPl0orit

orKOVOpll

ritav tu1

tpTooroo
Anevcrvtt
afvqr ct'o

pil,dPe 1'
fft

pto ct'69(

rrtOav6rr

6ev cr},},r

I Eunryci€,
{crlogior

2 Arpo6, ?'c
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AEKIIXEIE

/'Eora dn n ouvol.rrri (npri (crzro(4rfcoor1) ep6opa6rc,i<ov rpoxafov
aruplpcirolv efvcr ouvger4 poisson pe x -2 rc* o7T cr,roprKriq (nprdg

p(x )=0 , I x  x  =1 ,2 ,3 ,4 .
Na 6et10ef d'' or nrOavd,alteg p[s = kf, k = 0,r,2,3,4 efvcr e-2 , 0,2e-r ,0,42e-2, 0,6ge-2 , 1,01e-2.

./ 
Or 4 .S efvcn oivOqrn poisson(2) pe on .ar.olr. =,11lttdg

p(x)= t-l>(: 1iY \/
. /  \  ; '  x= f t ,1 '2 , " ' ,  o<e< l  P [ t ' )  =

vcr 6er10ef d' n ,sefvcr crpvrlnrci 8rcovuprrri pe ?rapapirpoug p *
1"p =r-0, '= _rdfoA.

d /iut ^gol eivat ouv0eq poisson (2) pe
p(')0)=p(D(3) = 0,2, pe) (Z) = 0,6

Kor rt Se) odveerq poisson (6) pe
perG)= p(2)(4)= 0,5,

nos.1 rarcrvopri rng S - g(t) +,S€);

/No 6er10ef d'11 otivOerrl poisson(2) pe (qproraravopri p(x), x = r,2,...,
Kar n ouvOerrl poisson (X /a) pe 3k

: , - \  f o p G )  x = 1 , 2 ,
P \ x ) = 1 t - o ,  

x = o  I  o < a 1 l

eivor rodvopeq. fIoE e(nyairar X,oyrrcl;

/Enercrefvere trq (13) rar (14) yra Ncpvrlnr{ 8rcovuprrri.

6+- E{erciore ro sr(,,, dnou avd tou Npoisson(2) q N(t) efvor crvd},r(r1
Poisson.

7 ' Euvrel"eoniE araix,eruE R. 'Emo 
s n ouvox,rrri (nprd (u,no(npforn)

rar G ra ouvol,rrd aogdr,rotpa pa 6e6o1rdvq aorpal,rotrr{ napfo6o. o
l,dyoq S /G l"dyecar ouweXrocig ancileraq.
Av G = (r+a)E(N)E(x) - (l+ ')pE(N), 0 > 0 (rtv8uvogoBorspevor
ne)r&reg, p1.. Keg. 1), va 6er10ef

E(R)=*'Y(R)=ff i
KC'r vc ppeOef n I(R) Tra o. poisson(2) Kq,r o. NB(p,r), ru0c,iq Kor or
avrfotor2geg zcrOavdr4cg (rarci npoodyyror) vcr (nproOef n etarpefa:

- 1 sx
vI n f t - s )
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PIR > U.

,F.H nr0av6qra rupKapdq oe rd0e dva an6 240 xrtoltcrtcr efvct
r

,iyog rnq crno(r1pfcoor1g, ov oupBef nuprapd, efvctt opordpopgcr
Koravspnpivo oro 6rdornpa (0,4J. Av or ouvol,rrig andnptc'loerq efvctr

E va ppeOei ro 6r<iornpo (p, -3o,, p,+3o,):

(A) (50,54, 69,54) (B) (48,44, 71,6A)
(D (45,04, 75,04) (A) (42,04, 78,0A)
(E) (39,94, 80,14).

f H ouvdpnlorl nurvdrqrag m0crvdqtag rcDv ouvol,xrriv crno(qprcooso)v,

efvar f(x)={, t <x.Ent\iTouprorcrOepdq 0>O rar l.>0 rdroreqcoore

nr[S s 0+ 9)E($] = pr[S < E(S) + LVar$)f= = 0,95. florci o.n6 rcr,

zrcrpcrrdrco afvar ocoorri;
' ) -

I. e! 'Jn -t I l .  tr = oJi
J

(A) Kcldva (B) Mdvov ro I (f) Mdvov to II
(A) M6vov ro III (E) Mdvov tcr I, II.

. J -  . A  ^  ,  A  ,  I

)F. Tw rd0e iva and n crogal,ronipra, n nr0avdrntu (qpnciq efvar -, to 6a
, / 2

,jyog qq ano(lpfcoorlq, av ouprpef (nprd, iler ouvriprnon nurvdrrlraq
nrOavdrrlrag f(x) = x, 0 ( x 3.12. O crogal,rorrlq Xpnoqronoref rnv

ravovm{ rdravopri Tro vo Fpe, e > 0 rdroro c6ore 01 ouvol.rrdq
crnd4noroerq ,S va rKcr,voTrorodv q ouv0rirn Pr[S > (l + A)E(S)] = /<. Av
n r.p. Zetvan N(0,1) rar 0 <1<1 lprigoupe ztILcr rov crprOpd yra tov
onoio Pr(Z.r^)=1,. fta 6o0afoa cpri tou & notd and ta ncrpcrrcirco

efvar 11 crvdororpl rrpri rou 4

l -

t' 
ro oe

m. Var(S) = ZE(S)

(A) TE (B) ,,rE (r) T
(^) ,rE (E) +[i

ll.'Eorco ouv0erq Poisson, raravopri ouvol,rrr6v aro(4pro5oecov, S pe /. = 5
KCn p(1)=0,6, p(2)= 0,4. Na ppeOef n rry{ rou {(4) p rdile prc un6

rtg rperg pe0d6oug unol,oyropof rnq ouvOerng Poisson (6nX.a6n, ps rqv

faorci p60o6o Kel 1tE tnv evalX,axrwi p60o6o Kar pt rnv

' 
Aorloer;, dncog cruni, pe zoltcnXri er,Xoyq (multiple choice) efvc,r ar6 trg Avcrlolrorrr€g Eletdoerq.

n S r t

ava6p

ouv6uo

,{*" I
an4q

p(x) =

(A) 1

(A) I

)Z-N" t

Pr(N =

KOl p
(

(A) |
\
/
I(^) I\

J/'*" I
( o < p

opordp

(A)

(B)

(f)

(^)

(E)

y'ns,'
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a,vaflpoprcf p60odo). Tdx,og, VC eral,rlOeucf to anordl"eopcr raOapci

ouv6uaotrrci (lcopfq rn Xpnon ouvei',(eolv).

y{.No ppegef 4(x), n ouvdprrlorl ratcrvoprlq r(l)v ouvo},rrov

crno(lprciloto)v, cl,v Pr(N=0)=Pr(N-l)=Pr(N =2)=I Kcrr/ \ 3

P ( x ) = e - ' , 0 < x ,

*i', 
-r;e- 

(B)

(A) t-!(" +2)e-'  (E)

F.t" 
ppe0ei q pT M r(t), ro)v ouvol.trc6v crno(r1prc5ot(Dv, ct'v

pr(N - n) = (n + 2Xn + l) 
r:)'." n = 0,t,2,... (pascal)

2  \ 2 i
Kol p(x)= e- ' ,  x > 0.

(A)t#l (B)(*l
( ^ ) ( * ) (E)(#l

I -!"e-'
3

1- (x+ l )e -3 ' .

(f)  t- l ("+l)e- '

(D (*)'

K No Bpe0odv E(S) Kcn ot(^9), crv Pr(N - n) = PQo , It = 0,1,2,...
/- 

(0 < p <1, p * Q =l), KcLt ro dvoq X ptog ano(lpicootlg eivcrt

opordpopgo Kctroveprlpdvo oto (0,1).

t{ll S, efvar ouvOerrl Poisson pe },=2 rar
/

rl S, efvar ouvOeq Poisson p 2' = I tcctt

ot(.9)
(3+ p)q

12p'
(3 + p)q

12P'
(r+ p)q

12p'
(1+ p)q

12p'
q

12p'

/ r Y
P,G)=  I  ;  l ,  x  =1 ,2 ,3 , . . ' ,  Kc I ' t

\ z /

/ r Y
p r @ ) = 2 ' :  l ,  X = 1 , 2 , 3 , . . . .  .

\ r , /

(A)

(B)

(r)

(^)

(E)

E(s)
q

2p
q

p
q

2p
q
p
q

2p
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flord an6 ra ncrpardtco efvat n p(x) Tro rn oriv0ern Poisson S, + S,

(S,,S, avddpr4cq);

(A) +[(r'.[;)']
(D ;[(;)'.(i)'.']
(E) (+)' . [;)'.'

nr g* b*

, {zooo o,os I
L 500 0,10 2

nr g* P"

il {zooo 
o,o5 I

l. 500 0,10 2

Na ppeOef o l.dyoc 
o?'(S) 

-v> 
o;(.s) '

xcl0e lcrprogul,dno.

(A) # (B) t

dnou ̂ S or ouvoX"rrdq ano(rlprcloaq Tro ro

.-'.' 23 25(f) - (^) 2 (E) :- .
l l  1 1

(B)

(^)

3[[r'.[+)']
?(;)' . (il.'

,(Ot ouvol,rrdq cno(lproioerq S dlouv E(S) =27, o'151=44 rar rpfrrl

rewpmrl pozni 176.
flord and ra napardrco azrotaX€f (petatonrop6vn) ratavoprl fdppcr
,IpoosTTrocrn rnC ratavopriq rrlq S;

(A) *f"-5y'0"-i ' (B) *t"-s;' '"-i '
l 0 !  

'  
2 " .10 !

1
p z  I  1 1 0

(r) 
fttr 

- 5)'0e-t, (A) 
* fr - J)'!0"-zr

/1o\lo
(E) yG_5),oe-2,.

l 0 !

,V. Aud laprogul,d,na I rar II 8ragdpouv rard ro 6rr ro I dler
/ nporca0opropdvcr 6\rn ano(rlproorle b*, evc6 ro II f.yet tulcria dqa

ano(rlproonq Tra tc onofa 6fvovrat or pdoor pt Ko.:r or 8raonopiq o:.

o'
f

1

4 '

l)- Mra 6ra6rraofo crno(qpu6oecov neprypcigetcrr o.n6 pr(N - n) =
/  4 a  

r= e'^ L, ,n= 0,1,2,..., KCtr Pr(X - 0) = Pr(X = l) - IIor6 an6 rcr,
n ! .  

_ _ \ _ _  - ,  - - \ - -  
2

napcrrcitco efvcr rl o.7r. Pr(^9 = n) rcov ouvol,xcilv ano(qpuooecov S;

(A) e-

(A) e-

)4H 
6:oI

' To cto

(qprorv

E(R);

(A) 
L

(^) 
,

y'un'eo
andnl
tiapctK

ano(4
(t

X
0 0
l 0
2 0
3 0
1 1

{uroa
a;o

dx) =

(A)
(B)

G)
(^)
(E)
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:-iscn S, + St

: xcn rPirrl

rourl ftiPPa

j:'. ro I dlat

r a;1cria riW

r-oPe; o;..

prcooerq TlO TO

25
r E )

r 1

;o Pr(N = n)=

ilor6 an6 rc

l'.rrlOeCOV S;

(A) /#
(^) ,-^ r^fiY

7 ' t a(B) "-'an l

19) ,-i 
(tlz)'

n !

(B) & G)
(E) 

*

(r) "-*L

),{.H Sra8rraofa S efvat ouvger4 Poisson pe 1:4 rcn
/ 

To aogdl.rorpo G opf(etar oq E(S)+eJuut(S),

(nprorv (ioss ratio) R opf(etcrr cog {. ilor<i crn6 ra. G

E(R);

p ( x ) - e - ' , 0 5 x .

e>0. O 8efrrnq

zrapcrrcito afvd,t

(A) 
*

(^) 
*

id-60crv6n1ra 
0,1,2 (rlprcbv efvcn, crwrotoflcog, 0,50, A,25, 0,25. Ta riqr4

' 
ano(rlpfcrlonq 1 rar 2 dlouv nrgav<lrqtcr 0,50 to rcr6eva. Ilord and t'

napardtco 6pf(er rn ouvtipr4or'1 raravoprlq rov ouvol,rrov

ano(r1pro:oEov;

(A) (B) (f)

0,5000 0,5000 0,5000 0,5000 0,5000

0,6250 0,6250 a,5625 0,6250 0,6875

0,7500 0,7500 0,6875 0,8125 0,8125

0,8750 a,9375 0,8750 0,9375 0,8750

1,0000 i,0000 1,0000 1,0000 1,0000

ofvQerq ctpvrlcgrl $rolvuprrrl 6ta66crofa crno(,1prcboeov $fvetat

/ r \'*'
P r ( N - o ) = 4 ( n + l ) ( n + t ) [ ; J  ,  n = 0 , r ' 2 ' " ' '  K c n

1
p(x) - 

*f,o', 
0 S x < 120.000. Na ppeOor5v E(S) rcn o'1^s;'

E(s) ot(^9)

e
, 12+0

(E)(^)

X
0
i

2

4

.z- IMra/
crn6

(A)
(B)
(r)
(^)

(E)

6 . 1 0 0

6 . 1 0 0
g . l 0 o

9 . 1 0 0
g . l 0 o

4 5 . 1 0 8

5 l  . 1 0 8

9 9 . 1 0 '

t26.1A8

1 5 3  . 1 0 8



coov tlvol

(1e)

(20)

(21)

!,". xpdvov
r riopodoct

:.,1OU.U8 Tlq

(22)

(23)

c irvtr oTrlv
'. :r'ovTctt ol

xcrrctpoL,cov
: ervar (pl'.

q:1

l  [0 ,1 , . . . ,19 ]

'  r?5 \
f  .  \ - " t
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flpdner guoxri vo onpelooef dT[ d},a ta fiood, rou ufinodplovtar oe
pra avaX,oltocrrrl rcpci€n, va avcrlOoriv oa crfieg rrlv i6ro 6e6opdvq 1povrrr.1
otr1pr1. E6cri paorrd pd?r,o no:i(erq Xsydpevrl

E(tooo\ a(iaE .' fra 6e6opivr1 oepd Ki, i =r,...,D KCrr Ewnocifarov
xat nlqpopov (6qx. 0eflrov Kar apvnnrcbv K,) nou yfvowcn aq onypdq
t,, i =\,...,fr, crvdororlo, cr,v n 46glnon efvor "otxovoptxti ophtio, Tore
rolder \ e(toaq a(iaq,

f K,r', = o. (26)
i=l

(O aorpal,r(dprevoq 0a ri0aL€ ZK,r,,) 0, evol o crogcrl,rocrl, Ifru;, < O,
o:ore ro "ncnyvf6r" vcr yiverar 8fraro drav roltier n (26).

'Evcr roo8rlvupo npdpxlpa efvcn o ra0opropdg evdq povcr6xo6 nooo6 K
xcrrcrplrlrdou rn onyprl t circre vcr dlet qv f6ra cr(fa lrs ro Ki, i =1,...,D,
xcrrcrplqtdcr rtq onypiq tp...,to. Tdte rc Koa rravonoref qv effoorn

Kv, =ZK,r,,  .
Av ra u, K,, f, efvcrr ndl,r 6e6oprdva, al,i,ri avrf rou d 6f6arcrr ro K, rcira o

lpdvog f rrcrvozrorai rrlv

t =!u(x t\x,,',).

^{EKHEEIE

t tlots. ratdOeoq pr cr,vcr,roKropd efvcn oupgepdteprl ;
a) 8% pqvrafa \ 9% dapqvrafcr;
g) 10% errioro i9,sYo ouvelciq;
y) 18% eaiora { 18,80% prlvrcrfa;

2. Fj:etd,rare rcryrrt nooo or oldoerg
c r )  ( l + r ) r .  0 < r < 1 ,  p )  o n ,  0 < r < 1

unocpofv rl unepcpofv rov rdro ltcr 6e6opdvo ecqoro enrtdno r.
Opofo4.""ri,,Kpfvete ttg (l *rk)', (l+r)h, k>0, />0. Tr ouppafver drav
ro r  + 0;

.a
5. Lefrre crs (16) rcn (17).

A. Lefire 6tt n ouoocDpeupdvrl affa ouvelodq privtcrq 8rdpretcrg f neprdbov
efvar
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e6t  - l
c  = -

6

5. Na 5er10ei n (20). (fra rq d < 5 dettioc to

6. Na 6er10oriv ol (crvrfotorleg rcov) (16)

ouooopsDlrdveq a(ieg p<ivtag.

7. Na 6ar10or5v or (25) rar (26), unol,oyrorrcd rcn oul,X,oyrourci.

i

J tr * g-'dx).
0

(17) Kcrt (19) Tro ttq

/ nparo8ropr(d,pevog pagrlpacr6g 8avei(etcrr 3.500.000 Trc ayopti
auronvrlrou (Xcopfq onooupoq...!) pa errloro enrrdno 2404,
avaron(dpevo, lre ro pnva. Euprpolvef vcr (enX,rlprrloer (atoof6oer) to

Xp6os roD lrs (X,n(rnp<i0eopeg) prlvrafeq 6doerq tcov 100 p],. 11 rcr0eptci.

cr) fldoo rarpd 0a tov nciper vc logl.noa ro 6dvero; p) petci 2l XOdu,cr
L

(30 pnveq) ndoa ardpa ogerlsr;

9. H (adlsrcrq) rmopia - nepardrapa ev6E I.X.
Tnv 1/8i1979 o A i8cooe 190 1r1.. 6p1. yro errel.rovropd (6aopd) rou
autortvrpoD rou rcrr 60 p1". 6p. lra ni'r1polpr1 torv errpeporjvtcov crnd
retpaerfaq (15 XLL. errtoioq) relnlv rurl,ogopfag. O aKrel.ovrorng
crndguye ("pnciprcrpe") vo errel,cDvfoer epnpdOeopcr ro I.x. Kcr,r vcr
nl,rlpcrloer ro dX,q ruxl,ogopicrq (eneotpriprl ro rood apydtepcr pe
andgcrorl Arroorrlpfou ro 1983).
Arordl,eopcr, rou pq errel,covropori nrav o rata?,,oyropdg npoo0dtalv

rel{Dv (trpoonpo 1rc "ncpdvopn rur},ogopfcr" Tou I.X.) lrcr d,}.o ro
8rdorrlpa 1976-1987 (11 dnl).
Karci Tnv 4ayroyn rou (crrelmvrotou) I.x. rnv r/8/r987, o A

rotdpcrl,e 400 p1,. ivavo rov fipoo0dtolv telov (npdoapou) rcrOc,iq xar
dl,a rcl orperx.dpeva dln ruxl.ogopfaq (tolv 11 etc6v 76-87) 6nr.
11x15=165 (uno0dote d,rr rltav nl,qpoxdcr, ?,q(rnpdo0etc, qv 1/8 rd0e
dtouq).
'Yocpu 

an6 er8frcorl npoorpuyrig (os Arorrlnrd 6rlraoclpro)
enepr{ft prlvrcfa ratarpriqoq 100 rtr. (crnd nq crno8oxdd p6xpl ntv
4opxnor tou (unol.ofnou) npoocpou (nou pe t,q lrnvrafeq enrpapdvoerq
102yo, ovn},Oe oru) 4.400 1il,.! H rcrrarpcirqo'n dplroe ano l/B/91 (rar
ouvelf(etar).

Yn66.
nood, 1

pqvrai
100 1rl

Dryt:
(rcr pr
"crrfprl

)6.Anpot
'Eoto

eKoTol
_  1 3 1 , 1  r

n},n0u<
crv0polr

YnoOd
rotr }"d
arcovec

Eryept

Ll&no06/
rou Kt
t750

Trvvnr
roTopll

12. Iltioot

lpdvo

eTnoror

evc'5 o

Kq,l,  q

( t ' ' t z )

! Or roroproi



F r:ct Tlq

i

B cryopti

m  2 4 o ,

Soet) ro

I r:3aprri.

l - :ipovra

h-'-i) tou

gr:-,r ' cnd

=;;:r'ronle

[ :<at vc[

li':::oct tlg

t;":o0etov

E oi-o ro

95- .  o  A

r::1X KCtl

Li-  t  6nX.
r - S x d 0 e

r::qpto)

} ;i.ot rqv

Scouvosrq

.  i  91  ( ra r
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Yr65.: Yno0dore (eaioto) enrtdno l6yo, oe eniora Btion yra 6X,a tcr
nooci (6cropdq, tdl,n rurl,ogopfag, r.l,n) pixpt rnv 1/6/95, Kcr,t os
prlvrafa gcion l,syo (18% enrrdno) fucivo) Tro nq prlvrafeq 6doerq tcov
100 1r1,. ano l/8/91 - ll5195

Dnp.: flcrpal,efnovrcr,l 6rrlyopxci, q crnallercr a,tT6 rqv raOuorepqpdvrl
(xcn peprrri) enrorpogn rolv 250 1rX,. tou errel,ovrorn, r.ci. raOcriq Kat 11
" crrfp1n1" 1 5-1povr1 tcrl,crrncopicr !

)4. Anpoypagrcf egappofi (tou Ndpou AvarapafcoyiE (5)).
'Eorco 

dn or npoxdrl,crotor (ro (e61oq A6dp rar Erja) i(r1oav :rprv 1
ercrroppdpro lpdvra. O nX,n0uopdq tou 1975 oe ((efyn) ritcrv 2.300 rKcr,r.
= 131'1 "(edTn". Me qv und0eon orcr0epo6 eaiorou puOpori r ar{rloecog rou
;l,10uopod ((euTcov) a) Ynol.oyfors ro lpdvo 8rnl,croraopori rou
crv0ponrvou ldvouq Kcrr oupzceptivere dtr r=22x10{ =0,022oh0 p)

Yno0drovtaq dn n Ovnorpdrnro d (dncoq pd1pr rrq ap16q tou arc6va oe
;o1,1"ci pdpd rltav d = 4o/o,6ef(te dtr q (prton) levvlrxdTnro (avci roug
crrcoveq) *npene va efvcr

b=r *d=40 ,A22o /oo .
snptpa, ertdq Aofaq rar Aqprrnq, b =10%oo rar d =9Yoo.

fino}lrovrcr,q n1v f6ta 0vnorp6rnra 4A%oo crlv nepfo8o and rqv enopl,/
tou Kofoapu Auyoforou (0 pX)t pe nalrdopro n1,10uopd 250 er. dco; to
1750 pX, pe nl,rl0uopd 79A rK., unoX,oyfoe rrlv avtfororln

Tevvrltrrdrnro Kor oupnepdvete dn Kcrl na)* (npororopucd Kcr.r
roroprrci) ro b rltav rovtri oro d.

11. Iltioot 6(4oav (f ar60avav) enf rnq fnq! A n, efvcn oi yevvriorlq ro

lpdvo tr Kctl n2 rov lpdvo t. ) tt, vcr 6er10ef dtr (pe rcX,tl npoodyyrorl) o
errloroq ouveTfE pu0p6E au(foeaE r6f6srar and r4v

, = {n o., - (.o or, 
(i)

t r - t ,
e,vo o wvolrc6g apfiptiE yevwioerov oro 6uior4pa (tpt) afvcrr

,7

tnre'{'-t;tdt=7. (ii)

xcn, cnd trq (i) rcr, 1iij, oupnepdvsre dn or (rioaweq (yevvnOdvteq) oro
(t,tr) efvar

J-. roroptxof tonoOerofv rqv liwqoq tou Xptmod 2 nX!
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(n r -n , ) ( r r - r , )
lnn, -lnn, (aveldprrlto rou r)

Me pdory rou€ apfipofE rav yevwioecov n,(t,) oe 4 lpovol,olfeq
(d}"?'oq A6dp!):

t (6roE)

/r =600.000 nX

t, = 6'000 nX

tt = 1.650 PX

t4 - L9621tX

fevwioeg

I (A6dp)

2s0 Xfi.

25 eKarop.

110 rKcr.rolr..

unol,olfote tov ouvol,wd crprOpd A(1962) tcov (yevvngdwo:v) pelpr to
1962. ErcoX.rl0erjoare drt A(1102;:70,9 6rc.
Ynol.oyfoc ro .N(1962) unoOdrovtaq dn o A6cip efvcr,r <inoE orqv Aor.
10 .
Tr naparrlpefte;

PI

Og 16r
;po4opXqo'n
6q1,. ta peld(

&olpr1Oqrav,

6rnv npd€n,

c,mciOercrq 11

{&trr{ guorK

To yel

Srag Koug
cvcrgdpetcn <
rni:ro:v r.},n)
cogcitrercr (olr
rrcrodplovra

ry-ia-ll
cvaX,oyronrri

I 6rouq Baorx
(trl; povd6aq'

u;opodv vcr (
--
EITOKr.O / flv

crriororlcr. T

o?rlv $4.

ulcrfo El

Iriprpcor
g(X) rp X o.:n<
olioeolv (1), u



(

. -:a(d x KcLr

a

I :-n 6ev aivar

ril- 6ev ropSet 11

!,

t nlwia x, ornv

I :ciirotcr, dtr q
'1",pc) oto x=80

r Savdtcov). To

;-  ( l )  rar  EX. 3)

q onofo 6iver tov opr0pd tov enr(<ovtcov
ro f6ro oxnpc Fe rnv (opdoppri rng)
(enrprc6oeo4) s(x) = 1- F(x).

/ = {, -(XrL.) (lo= 100 7il,.)

97

oe ql,rrfa x, npogcr,vcig c,ur4 iler
ouvdprqay xaravoptiE ouptiE

80

60

40

20

Enip a 3. K crprndl,q enrBrcooecoq (enr(c6wcov)

AEKHEEIE

l- Bpforovroq r4v crvrfororxn ouvripalo'q enrpfcoorlq s(x), slTcll.ngedoete drr
raOeprd and trq zcapcrrritco ouvapr4onq p?Topef va Oecoprl0ef coq ivraoq
Ovrlorpdr4raq p,.

cr) 82'(Gompertz), p) (t+x)-' (pareto), T) x'.

2'.No 6er10odv or e(Xq roo8rjvapeq ergpdoerq rnq s(x):

(i) s(x + r) = s(x) ..p[-ir.."orl,
L o  I

(ii) s(x) = s(x * t) + [ An"s(x + u@u ,
o ,

(iii) s(x) - s(x + r) = s(x)J up* p*+udu.

And r4v (iii) dnerar n oK .1.1, l,
t

tQ*=[ 'O.P**udu

Kcrr n 6nn rltq{ Gi.. (13)) 
o

g(x) =, p, p,+t.
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Entotpdqovrcrq oro regdl,aro (pe?'l,ouocr crlict) rn otrlprl t, K(f) und

dvtaorl crvoroKropod 4 $?',. Keg. 4), encrll0erioete rnv clvnotorlfa torv

(i) rar (ii) (yta x = 0) pt trq
t t

K(r1=exp1J4au1 K(r;=r+Jr1u1 6udu.
0 0

Audg awavarl,oriv rqv clvttorolxfa tcov p, ran 6,:

r= = liml9r. d_ = lim ,i_' ^  , - + o  t  ' '  r - r o ' ^

lE ,i, ro TrpoTlratrr<i enrtdno rrlg nepr66ou (x,x + r):

, K(x + t) - K(x)
, t r = @ '

And rnv (2) { ouX.}"o1ronrci, oupnepcivete rqv

tP*= ( 'A)( , -"P"* ' ) ,  0< s Sf '

(i) E(etdote yrad or Trapcr,Ktitco ouvaprrloerq 6ev pnopofv va efvar aurd

nou oupBol,i(ouv.
c )  p . = ( 1 + x ) - '  x > 0

22x I lx3 7x3
B )  s -  = 1^  

t 2  I  2 4 '
(ii) Ncr 6er10ef dtr

Av F* = 0, 001 yw 20 ( x ( 25 , unol,oyfoc tLe zezo, zzQzo .

Yno0erowaq 6tr \ ( x+t eivor g0fvouocr yra 0 s t S l, 6ef(te dtr

c) av \ ( *+t afvar rofX,q, r6re q*) F*,

P) av 11 /..*, efvor Kuprrt, r6re q* 1p*.

rsoi.

c )  l :

ll- Itqr
\ -,\o|lclT

{55J
tr|8{
q t (

(55r

B.r.4t
aE6'

3 ) L

GUJ

A r t

c.l

I

l|.-r'

A r {

d

Ira
^rt

tqx
C ;

!

n

3 .

4.

; f

1 U*OX = ao

0

5.

6.

\Ufoa 
pepwf pelLovrrcf (af.'Eorco i.*,o

fu) petcr(rj nl,rrfaq x Kcr,l x + n. Ae(,re drr
^ n

ox,a = 
J, ,p- F**,dt * rr op*
0

n pdon p61,1,ouoa (04

= I ' P . d t '

Av n undl,orrcrl (co{ f tou (x) iler erOetrr{ zurvdrnra

no?toyiote:
0

ct) e* = E(T) p) Ag) T) 8rdpeoo (I).

Tr napaqpeite;

\au Fx+t =t, t20, unol,oyfore:

t r r



(ft) u7r6
':Iicr tcov

r"'cn cLUTo

icrln tou

99

a) tpxlrx+tt F) ox.

\
\0. Av q ouvriprqorl enrpfoorlq_
\  ( " )=#,  osx<loo,

unol,oyfors rcl

a) nP$ P) nQx

\. ntopo n1,6iag 55 etov undrertar os extra riv6uvo oro lX,xrard

\rciocrlpa (55,56). Av rl Kcrvovrrrl (yevxrl) nrOavdrqta 0crvdtou oro

(55,56) eivcn Qss =0,006 KcLr o extra rfv8uvoq pnopei va eKQpoo0ef pe

enrrpdoQerrl Ovrlorpdrntcr nou perrivetar crnd 0,03 ornv apxn tou 6toug

61q ro 0 oro t61,oq tou dtouq, unoX,oyiore rnv nt0avdrntcr enrprcilotoq rou

(55) va gOrioer ta 56. (An. 0,979).

12. Lefire dtt o apr0Pde L*, rtDv

and ttq
I

a) t- - 
I, 

(. **, 1t**,dt * | **t
0

d n o u  l * = E ( L * ) .

\ .eu n Ovr1orpdcr l ta l r ,* , ,0<f <1, perapL.n0ef os ! rx+t-c,c>0, vcr

\poo6ropro0ef to c orore 11 nrOcrvdqro rou (x) va ano0rivet oe 6vcr etoq

uno6rnl,oord(etcn. Aei(c dtr to (ltodpevo c lKctvolloref Tnv

log(1- q,  /2)-  log(1 -  q,)

T) r$:9:o 6) Fta e) e36

etr(c'Svtcov p61pr rnv nl,rria x, 6f6etctr

p) L* = a(x)(, . +ll- a(x))(,,*1

Av qro=0,04 Kct,l gr, =0,05, unol,Oyfore Tnv zrt0avd'rqra Tou vcr

anoOd,ver peta(rl tov nl.xrcbv 701 KCLI 7l+, uno06tovraq 6tt or
2 2 .

$civator efvcr opordpoppct Koroveprlpdvor oe rdQe rlX,xrard d,toq.

AndvqaT:0,044

\  . A  A

\. attO ouvnQn nfvcrra (coriq KorcloKtud(oupe ci}"tro nivcrrct

\rnl,aotd(owog rnv apprrl ivraol Qvnorp6rntaq F,. Eivar o vaoq

pugpdq 0avdtcov qi peyaLvrepoq, prrpdrepoq 11 iooq tou brnl,oofou tou

q, ;

,6.nu 11 dvrcol Ovnorpdrnraq, 
AC,

P*=;67'
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vc 6er10ef dn r1 ouvdprqorl entpicoor6 efvar q

'/-\ - (t + f"' 
)-At(B 

togc)

s(x)_ [  , . ,  J  
,
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- Iog(logc)- logA.
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17-Yn6 rnv opordpopgn rcrravolr{ 0avcitov (de Moivre), va 6er10ef d,n:
a) n 6rcipeooq un6l,or:n1 (ory

m,=, Q-:  Kd,r .  o -  f r ,
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1 -  0,5x 1x 
l+ 0,5m,

P) rl n* urd ora0eprl dwaorl Oovcitrov efvar

m x = - l o g ( l - q , )

T )  y t a  ( .  * = 1 0 0 - X ,  0 ( x ( 1 0 0 ,  n

,r-ro=f
dnou ed0r1

up, = exp[-(u2 +2ux) /1250]
va ppe0odv:
o) n Ovlorpdr4xe p,,

9) n ratavopri rqg 8rciprerag (olqg Xro,r r4q undl.orztnq (onq 4,,
i n E(X) = E(4) KCr,r Tl E[7,].

19. Na 6er10ef dtr
. aa) 

fi tQ. =r p*}t**, - lt*)

20. Enal,n0e6oere dtr (nppl, (19)

tlQo = -As(k) Kol I qgo = l.

2I.. Erqv Kcr,rcr,oKeu{ rcrvdr av zaie(rndp:; Kaqcil.aro) Tra x crripc'o
rar 0 < t < l orov unol,oyropd rnq rarcrvopniq rnq T(x +r), 6e601rdvcov
rrov r(,k) = K(fr), -k = 0,r,..., ilouv uro0erq0ef 8rcigopeg uno0doerg. fto
opordpopgrl xarcrvopri trov 0avcirov oro (x,x * r), va 6er10oriv:
tQ* = tQ*, lt*+t = e, / (I- tq*), g(t) = q* $1,. (13).
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