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1. (a) 'Estw (X, ρ) metrikìc q¸roc kai èstw D ⊆ X. To D lègetai puknì ston X an D = X.
DeÐxte ìti ta ex c eÐnai isodÔnama:

1. To D eÐnai puknì.

2. Gia k�je x ∈ X kai gia k�je ε > 0 isqÔei B(x, ε) ∩D 6= ∅.

3. Gia k�je x ∈ X up�rqei akoloujÐa (xn) stoiqeÐwn tou D ¸ste xn
ρ−→ x.

(b) 'Estw (X, ρ) metrikìc q¸roc kai A,B mh ken� uposÔnola tou X. D¸ste apìdeixh   an-
tipar�deigma gia kajemi� apì tic parak�tw prot�seic:

1. An ta A,B eÐnai kleist� kai A ∩B = ∅ tìte dist(A,B) > 0.

2. An to A eÐnai kleistì, to B sumpagèc kai A ∩B = ∅ tìte dist(A,B) > 0.

2. (a) 'Estw f : (X, ρ) → (Y, σ). To gr�fhma thc f eÐnai to sÔnolo

Gr(f) =
{
(x, f(x)) : x ∈ X

}
⊆ X × Y.

DeÐxte ìti, an h f eÐnai suneq c sun�rthsh, tìte to gr�fhma Gr(f) thc f eÐnai kleistì ston
X × Y wc proc k�je metrik  ginìmeno. D¸ste par�deigma to opoÐo na deÐqnei ìti to antÐstrofo
den isqÔei.

(b) 'Estw (X, ρ) sumpag c metrikìc q¸roc. Qrhsimopoi¸ntac thn akoloujiak  sump�geia tou X
(  me �llon trìpo) deÐxte ìti k�je suneq c sun�rthsh f : (X, ρ) → R eÐnai omoiìmorfa suneq c.

3. (a) 'Estw f : (X, ρ) → (Y, σ) isometrÐa epÐ. DeÐxte ìti: an o X eÐnai pl rhc, tìte o Y eÐnai
pl rhc.

(b) DeÐxte ìti k�je puknì Gδ uposÔnolo tou R eÐnai uperarijm simo sÔnolo.

4. (a) 'Estw (X, ρ) metrikìc q¸roc kai (xn) akoloujÐa ston X me xn → x0 ∈ X. DeÐxte ìti to
sÔnolo K = {x0} ∪ {xn : n ∈ N} eÐnai sumpagèc.

(b) 'Estw f : (X, d) → (Y, ρ) suneq c kai K1 ⊇ K2 ⊇ . . . akoloujÐa mh ken¸n sumpag¸n
uposunìlwn tou X. ApodeÐxte ìti:

∞⋂
n=1

Kn 6= ∅ kai f

( ∞⋂
n=1

Kn

)
=

∞⋂
n=1

f(Kn).

5. (a) 'Estw f, fn : (X, ρ) → (R, |·|). An k�je fn eÐnai suneq c sun�rthsh kai fn → f omoiìmorfa,
deÐxte ìti h f eÐnai suneq c sun�rthsh.

(b) JewroÔme thn akoloujÐa sunart sewn fn : [0,∞) → R me

fn(x) = nxe−nx.

DeÐxte ìti fn → f ≡ 0 kat� shmeÐo all� ìqi omoiìmorfa sto [0,∞). DeÐxte ìti, an 0 < a < b
tìte fn → 0 omoiìmorfa sto [a, b]. Exet�ste an fn → 0 omoiìmorfa se k�je di�sthma [a,∞),
a > 0.

6. (a) Exet�ste an h seir�
∞∑

n=1

2x

1 + n3x2

sugklÐnei omoiìmorfa sto [0,∞).

(b) 'Estw f : [0, 1] → R suneq¸c paragwgÐsimh sun�rthsh. DeÐxte ìti, gia k�je ε > 0 up�rqei
polu¸numo p ¸ste ‖f − p‖∞ < ε kai ‖f ′ − p′‖∞ < ε.

Kal  EpituqÐa!


