

















































































Theorem Fischer Neyman factorization

Let 1 Xs X ris of distribution with PDF f x E

E 0s Then the statistic x Tak TCI TK X1
is sufficient for E iff g h such that
f E g T x h x

g depends on only via T x and h is independentof

Proofy

We will prove it for a discrete distribution
and v 1 5 1 k 1 for simplicity

We suppose that f x g T x
0 h x and will

prove that T X is sufficient for

P x x Tt fit if T T X
0 otherwise

and we have P T t X x Ef x e

Tex G 44 g t e Is

so for That P x x T t YEE
HE a which is independent of 0

so T x is sufficient for 0




















































































We suppose that T x is sufficient for 0 Then
f x P X x P X x T t P X xlT t PLTE
Since T x is sufficient P X x T t is independent
of Hence x G g TC G h x where
h x P x x T t and g TG G P T t

Examples

Let Xe Xe Xu r s of Poisson b Find a sufficient
statistic for

I si i e ii
g T X b h x

where g T b eu.EE h x Ex
so T I IEXi is a sufficient statistic for 1

I Let Xs Xv is with PDE f x G 0 0 1
00 21,030

Find a sufficient statistic for 0

If x 01 1,0 0 1 0 1 1 91761,0 h x
where U x 1 and g TCI e 11 so TCI I1xi
is sufficient for

3 Let Xs Xv vs of N p 8 1 Find a sufficient
statistic for p



f f If a p In exp i

en exp Exit ups enÉxi

Hence T I Ex is a sufficient statistic for µ

t.ie iEEEiEeii ti
is is it iis.eiie e nis

4 I g T 1 x ̅ p
hence T X x ̅ is sufficient for µ

4 Let Xa Xa Xu v s of N 11,03 Find a sufficien

statistic for 0s p 09 09

ÉÉÉ of ex FI xi x ̅ x ̅ n
2 85 exp Eni x ̅ Ei x ̅ p x ̅ pÉfx ̅
h x g T x ̅ Tele Elxi x ̅ no

so x x ̅ Exi x ̅ is sufficient for

Note gaetfs.FI
nsLetXsXur.s of FD Can we find a sufficient

statistic for E 01 0s



If X EFD with E 09 0s 5 1 __ v then
Fx x E 8 Q exp Eu 1 Ti x h x

The joint distribution of X X1 Xu belongs to the
timesional EFD with s parameters Hence

Rx x E IR x i L8 E13 exp EErhiloti x 31shlx

iÉÉE ÉÉ eu i TiE Eitilx
so Neyman's theorem applies and TX TIE T x

is sufficient for E

Corollary

Let y B B and a B Bs where y w 1 1 so
that 4 1 who exist If the statistic I III is

sufficient for E them
i E 4 I is sufficient for E
ii I is sufficient for E1 w E

PE glI x E1 h x g ICx w
1 es1 4 x ge Tx1Es4

so I is sufficient for 01

f x E g I h x g 4 T1 4 x

gs TALI E 4 x
so It is sufficient for E



Example

134 T Exi is sufficient for then
I 5 x ̅ sufficient for
T is sufficient for 03 20 KO logo et

Let Xs Xu vs of 040,0 Find a sufficient statistic
for

UCO Inot in EFD so we can't work with that
Generally if X 19,8 then flx a b Ea a x 8

or alternatively flx a 6 Ea I acxa8

where I a o 1 axe

otherwise
For X 0,0 it is fly G 5 02 0

So accordin to Neyman factorization we have
0 If xi 01 15 3 o 0 110 Xi

We want 1110 xi 01 1 or else f x 0 0

so we want I o ti 1 i t v

Xie 0 0 i Oaxes excess Xavi
where Xcel Xcel out are the sorted statistical data
and Xcel min Xi i t v3 xan max ti ist v

Hence we want I 0 Xcs a a I 0 axon 01 1
so f G I 0 Xss to I o xa

g TLA h x where g TCI e Ilo Xan o
and G X I 0 xis to



Finally T T x Xa is a sufficient statistic for

Alternatively we can demand Ilocxas 01.1 02 0,01 1
and we would get f x 01 0 I oxen I o Xa e

so U 11 1 and T1 x Xcel Xavi which is a

sufficient statistic but not the minimal


