
Jemèlia twn Majhmatik¸n � 2008-09

1o Upìdeigma Jem�twn

Jèma 1 (2 mon.) DÐnontai ta sÔnola A = {∅, {∅}} kai B = {a, {a}, b}. Exet�ste an oi parak�tw
prot�seic eÐnai alhjeÐc   yeudeÐc.

(i) ∅ ∈ P(A) (ii) ∅ ⊆ P(A) (iii) {∅} ∈ P(A)

(iv) {{a}} ∈ P(B) (v) {{a}} ⊆ P(B) (vi) {{a}, b} ⊆ P(B).

(b) 'Estw A,B kai C trÐa sÔnola. DeÐxte ìti

(A \B)× C = (A× C) \ (B × C).

Jèma 2 (2 mon.) (a) 'Estw A èna mh kenì sÔnolo. Pìte mia sqèsh ρ ⊆ A × A lègetai: (i)
anaklastik ? (ii) summetrik ? (iii) metabatik ? (iv) sqèsh isodunamÐac?

(b) OrÐzoume mia sqèsh ρ ⊆ R× R wc ex c: (x, y) ∈ ρ an kai mìno an x2 − y2 ∈ Z. Exet�ste an
h ρ eÐnai sqèsh isodunamÐac. An nai, gr�yte pènte diaforetik� stoiqeÐa thc kl�shc isodunamÐac
tou

√
2.

Jèma 3 (2 mon.) (a) 'Estw X, Y mh ken� sÔnola kai èstw f : X → Y 1-1 sun�rthsh. DeÐxte
ìti up�rqei sun�rthsh g : Y → X ¸ste (g ◦ f)(x) = x gia k�je x ∈ X.

(b) DÐnontai oi sunart seic f kai h : N → N pou orÐzontai wc ex c:

f(n) = n + 1, h(n) =
{

1 an o n eÐnai �rtioc
2 an o n eÐnai perittìc

ProsdiorÐste tic sunart seic f ◦ f , f ◦ h kai h ◦ f .

Jèma 4 (2 mon.) (a) Exet�ste an oi prot�seic (p ∧ q) → (¬p ∧ q) kai ¬(p → ¬q) → ¬(q → p)
eÐnai logik� isodÔnamec.

(b) DeÐxte ìti: an oi P → Q kai Q → S eÐnai alhjeÐc, tìte kai h P → S eÐnai alhj c.

Jèma 5 (2 mon.) (a) 'Estw z1, z2 ∈ C me |z1| < 1 kai |z2| < 1. DeÐxte ìti

|z1 − z2| < |1− z1z2|.

(b) AfoÔ gr�yete ton migadikì arijmì w = − 1
2 (1 +

√
3i) se trigwnometrik  morf , upologÐste

thn tim  thc par�stashc w9m, gia m ∈ Z.
(g) Sto sÔnolo C twn migadik¸n arijm¸n, na lujeÐ h exÐswsh(

1 + z

1− z

)n

= 1, n ∈ N.

Jèma 6 (2 mon.) Mia akoloujÐa sunìlwn (An)n∈N lègetai fjÐnousa an gia k�je n ∈ N isqÔei

An+1 ⊆ An.

(a) ApodeÐxte ìti an h (An)n∈N eÐnai fjÐnousa, tìte gia k�je k ∈ N isqÔei

∞⋂
n=1

An =
∞⋂

n=k

An.

(b) ApodeÐxte ìti an oi akoloujÐec sunìlwn (An)n∈N, (Bn)n∈N eÐnai fjÐnousec, tìte

∞⋂
n=1

(An ∪Bn) =

( ∞⋂
n=1

An

)
∪

( ∞⋂
n=1

Bn

)
.


