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Sqèseic � UpodeÐxeic

1. Apì ton orismì ja èprepe na èpetai to ex c: an (x, y) = (a, b) tìte x = a kai
y = b. Apì ton proteinìmeno orismì den exasfalÐzetai k�ti tètoio. Gia par�deigma:
an x = {1}, y = 2, tìte (x, y) = {{1}, {2}}. 'Omwc, an a = {2}, b = 1, tìte
(a, b) = {{2}, {1}} = {{1}, {2}}. Ja èprepe loipìn na isqÔei x = {1} = {2} = a
kai y = 2 = 1 = b, dhlad  2 = 1.

2. DeÐqnoume mÐa apì autèc endeiktik�. Gia thn (A ∪B)×C = (A×C) ∪ (B ×C):
jewroÔme pr¸ta (x, y) ∈ (A ∪ B)× C. Tìte, x ∈ A ∪ B kai y ∈ C. Autì shmaÐnei
ìti eÐte {x ∈ A kai y ∈ C}   {x ∈ B kai y ∈ C}. Sthn pr¸th perÐptwsh èqoume
(x, y) ∈ A × C en¸ sth deÔterh èqoume (x, y) ∈ B × C. Se k�je perÐptwsh,
(x, y) ∈ (A×C)∪(B×C). 'Etsi, èqoume deÐxei ìti (A∪B)×C ⊆ (A×C)∪(B×C).
AntÐstrofa, èstw (x, y) ∈ (A×C)∪(B×C). An (x, y) ∈ A×C, tìte x ∈ A ⊆ A∪B
kai y ∈ C, sunep¸c (x, y) ∈ (A ∪B)× C. An (x, y) ∈ B × C, tìte x ∈ B ⊆ A ∪B
kai y ∈ C, sunep¸c (x, y) ∈ (A∪B)×C. Se k�je perÐptwsh, (x, y) ∈ (A∪B)×C.
'Etsi, èqoume deÐxei ìti (A×C)∪ (B×C) ⊆ (A∪B)×C. 'Epetai ìti ta dÔo sÔnola
eÐnai Ðsa.

3. (a) 'Estw (x, y) ∈ (A \ B) × C. Tìte x ∈ A \ B kai y ∈ C. Dhlad , x ∈ A,
x /∈ B kai y ∈ C. Apì tic x ∈ A, y ∈ C blèpoume ìti (x, y) ∈ A × C en¸ apì thn
x /∈ B blèpoume ìti (x, y) /∈ B × C. Sunep¸c, (x, y) ∈ (A × C) \ (B × C). 'Etsi,
èqoume deÐxei ìti (A \B)× C ⊆ (A× C) \ (B × C).

AntÐstrofa, èstw (x, y) ∈ (A × C) \ (B × C). Tìte, (x, y) ∈ A × C kai
(x, y) /∈ B × C. Autì shmaÐnei ìti x ∈ A, y ∈ C kai {eÐte x /∈ B   y /∈ C}.
AfoÔ ìmwc y ∈ C, anagkastik� x /∈ B. 'Ara, x ∈ A \ B kai y ∈ C, dhlad 
(x, y) ∈ (A \B)×C. 'Etsi, èqoume deÐxei ìti (A×C) \ (B ×C) ⊆ (A \B)×C, kai
èpetai h isìthta:

(A× C) \ (B × C) = (A \B)× C.

(b) Gia th deÔterh isìthta, pr¸ta gr�foume

(A× C)4(B × C) = [(A× C) \ (B × C)] ∪ [(B × C) \ (A× C)]

kai, qrhsimopoi¸ntac to (a) blèpoume ìti autì to sÔnolo eÐnai Ðso me to

[(A \B)× C] ∪ [(B \A)× C].

T¸ra, qrhsimopoi¸ntac thn pr¸th isìthta thc 'Askhshc 2, blèpoume ìti autì to
sÔnolo isoÔtai me to

[(A \B) ∪ (B \A)]× C = (A4B)× C.

4. MonosÔnola: A = {a}, B = {2}, C = {c}, D = {4}. To (A×B)∪ (C ×D) èqei
2 stoiqeÐa en¸ to (A ∪ C)× (B ∪D) tèssera.

5. Parathr ste pr¸ta ìti σ ⊂ ρ diìti: an a2 | b tìte kai a | b. Sunep¸c,



• (a, b) ∈ ρ ∪ σ an kai mìno an a | b.

• (a, b) ∈ ρ ∩ σ an kai mìno an a2 | b.

• (a, b) ∈ ρ \ σ an kai mìno an a | b all� den isqÔei a2 | b.

• σ \ ρ = ∅.

6. Gr�foume mìno tic apant seic (kai, gia orismènec apì autèc, sÔntomh epex ghsh):

1. x < y. Den eÐnai anaklastik  oÔte summetrik , eÐnai metabatik .

2. x ≥ y. Den eÐnai summetrik , eÐnai anaklastik  kai metabatik .

3. |x−y| ≤ 1. EÐnai anaklastik  kai summetrik , den eÐnai metabatik : |2−1| ≤ 1
kai |3− 2| ≤ 1 all� |3− 1| > 1.

4. |x−y| ≤ 0. EÐnai h sqèsh isìthtac: |x−y| ≤ 0 an kai mìno an x = y. EÔkola
elègqoume ìti eÐnai anaklastik , summetrik  kai metabatik .

5. x−y ∈ Q. EÐnai sqèsh isodunamÐac: anaklastik , summetrik  kai metabatik .

6. x − y /∈ Q. EÐnai anaklastik  kai summetrik , den eÐnai ìmwc metabatik :
2−

√
2 /∈ Q kai

√
2− 1 /∈ Q, all� 2− 1 ∈ Q.

7. Gia k�je x ∈ X èqoume (x, x) ∈ ρ kai (x, x) ∈ σ. Sunep¸c, (x, x) ∈ ρ∩σ ⊆ ρ∪σ.
'Ara, oi sqèseic ρ ∪ σ kai ρ ∩ σ eÐnai anaklastikèc.

8. 'Estw (x, y) ∈ ρ ∪ σ. Tìte, eÐte (x, y) ∈ ρ opìte (y, x) ∈ ρ   (x, y) ∈ σ opìte
(y, x) ∈ σ (qrhsimopoi same thn upìjesh ìti oi dÔo sqèseic eÐnai summetrikèc). Se
k�je perÐptwsh, (y, x) ∈ ρ ∪ σ. 'Ara, h ρ ∪ σ eÐnai summetrik .

Entel¸c an�loga, èstw (x, y) ∈ ρ ∩ σ. Tìte, (x, y) ∈ ρ opìte (y, x) ∈ ρ kai
(x, y) ∈ σ opìte (y, x) ∈ σ (qrhsimopoi same thn upìjesh ìti oi dÔo sqèseic eÐnai
summetrikèc). 'Ara, (y, x) ∈ ρ ∩ σ. Dhlad , h ρ ∩ σ eÐnai ki aut  summetrik .

9. Elègqoume tic treic idiìthtec thc sqèshc isodunamÐac:

1. H σ eÐnai anaklastik : (m,n)σ(m,n) diìti m + n = m + n.

2. H σ eÐnai summetrik : an (m,n)σ(r, s), tìte m+s = r+n, �ra r+n = m+s
ki autì mac dÐnei (r, s)σ(m,n).

3. H σ eÐnai metabatik : an (m,n)σ(r, s) kai (r, s)σ(u, v), tìte m+s = r+n kai
r+v = u+s, opìte m+s+r+v = r+n+u+s, opìte m+v = n+u = u+n,
dhlad  (m,n)σ(u, v).

Sunep¸c, h σ eÐnai sqèsh isodunamÐac. Oi kl�seic isodunamÐac aut c thc sqèshc
antistoiqoÔn me fusiologikì trìpo sta stoiqeÐa tou Z. Gia par�deigma,

E−2 = {(n, n + 2) : n ∈ N} = {(1, 3), (2, 4), (3, 5), . . .}

kai
E0 = {(n, n) : n ∈ N} = {(1, 1), (2, 2), (3, 3), . . .}.

10. Elègqoume tic treic idiìthtec thc sqèshc isodunamÐac:



1. H σ eÐnai anaklastik : (m,n)σ(m,n) diìti m · n = m · n.

2. H σ eÐnai summetrik : an (m,n)σ(r, s), tìte m · s = r · n, �ra r · n = m · s ki
autì mac dÐnei (r, s)σ(m,n).

3. H σ eÐnai metabatik : an (m,n)σ(r, s) kai (r, s)σ(u, v), tìte m · s = r · n kai
r · v = u · s, opìte m · s · r · v = r · n · u · s, opìte m · v = n · u = u · n (h
diaÐresh me s epitrèpetai kai (i) an r 6= 0 diairoÔme kai me r, en¸ (ii) an r = 0
tìte m = u = 0 opìte p�li m · v = u · n). Dhlad , (m,n)σ(u, v).

Sunep¸c, h σ eÐnai sqèsh isodunamÐac. Oi kl�seic isodunamÐac aut c thc sqèshc
antistoiqoÔn me fusiologikì trìpo sta stoiqeÐa tou Q. Gia par�deigma,

E−2 = {(−2n, n) : n ∈ Z \ {0}} = {(4,−2), (2,−1), (−2, 1), (−4, 2) . . .},

E2/3 = {(2n, 3n) : n ∈ Z \ {0}} = {(−4,−6), (−2,−3), (2, 3), (4, 6) . . .}

kai
E0 = {(0, n) : n ∈ Z \ {0}} = {(0,−1), (0, 1), (0, 2), . . .}.

11. To epiqeÐrhma den eÐnai swstì. Xekin�me me tuqìn a kai jèloume na deÐxoume
ìti a ∼ a. To epiqeÐrhma proôpojètei ìti up�rqei b ¸ste a ∼ b, mporeÐ ìmwc to a
na mhn {sqetÐzetai} me kanèna stoiqeÐo tou sunìlou.

Gia par�deigma, h sqèsh R = {(b, b), (b, c), (c, b), (c, c)} sto sÔnolo A = {a, b, c}
eÐnai summetrik  kai metabatik  all� den eÐnai anaklastik  afoÔ (a, a) /∈ R.

12. ArkeÐ na deÐxoume ìti h ∼ eÐnai anaklastik . 'Estw x ∈ X. Apì thn idiìthta
(b) thc ∼, up�rqei y ∈ X ¸ste x ∼ y. H ∼ eÐnai summetrik , �ra y ∼ x. H ∼ eÐnai
metabatik , opìte apì tic x ∼ y kai y ∼ x èpetai ìti x ∼ x.

13. 'Eqoume (x, y) ∈≡4 ∩ ≡6 an kai mìno an o x− y eÐnai koinì pollapl�sio twn 4
kai 6. Dhlad , an kai mìno an o x−y eÐnai pollapl�sio tou 12. 'Ara, ≡4 ∩ ≡6=≡12.

14. Up�rqoun tìsec diaforetikèc sqèseic isodunamÐac sto sÔnolo A = {1, 2, 3, 4}
ìsec eÐnai kai oi diamerÐseic tou A. Up�rqoun:

1. MÐa diamèrish se tèssera monosÔnola.

2. Treic diamerÐseic se dÔo disÔnola.

3. Tèsseric diamerÐseic se monosÔnolo kai trisÔnolo.

4. 'Exi diamerÐseic se èna disÔnolo kai dÔo monosÔnola.

5. MÐa diamèrish pou apoteleÐtai mìno apì to A.

Sunolik�, dekapènte diaforetikèc diamerÐseic.

15. 'Estw E1
x ∈ ∆1 h kl�sh isodunamÐac tou x ∈ X wc proc thn ρ1. An y ∈ E1

x

tìte (y, x) ∈ ρ1 ⊆ ρ2, �ra y ∈ E2
x, ìpou E2

x h kl�sh isodunamÐac tou x ∈ X wc
proc thn ρ2. Dhlad , k�je stoiqeÐo thc ∆1 perièqetai se k�poio stoiqeÐo thc ∆2.



16. 'Estw ρ mia asjen c di�taxh sto A. Apì ton orismì thc asjenoÔc di�taxhc,
gia k�je x, y ∈ A isqÔei xρy   yρx   kai ta dÔo. PaÐrnoume tuqìn x ∈ A. Jètontac
y = x blèpoume ìti, anagkastik�, xρx. Sunep¸c, h ρ eÐnai anaklastik  sqèsh.

17. Elègqoume tic treic idiìthtec thc asjenoÔc di�taxhc:

1. 'Estw xρ−1y kai yρ−1z. Tìte, zρy kai yρx, �ra zρx, ap' ìpou paÐrnoume
xρ−1z.

2. Gia k�je dÔo stoiqeÐa x, y tou X isqÔei mÐa apì tic yρx   xρy   kai oi dÔo.
Opìte isqÔei mÐa apì tic xρ−1y   yρ−1x   kai oi dÔo.

3. An x 6= y kai isqÔei xρ−1y tìte isqÔei yρx, opìte den isqÔei xρy. Dhlad ,
den isqÔei yρ−1x.

18. Nai, eÐnai: parathr ste ìti ta stoiqeÐa tou A sugkrÐnontai an� dÔo (perièqontai
to èna sto �llo). Autì deÐqnei th deÔterh idiìthta thc asjenoÔc di�taxhc. Oi �llec
dÔo idiìthtec elègqontai eÔkola apì tic gnwstèc idiìthtec tou {perièqesjai}.

19. H ρ eÐnai merik  di�taxh. An a | b kai b | c tìte a | c. EpÐshc, an a | b kai b | a
tìte a = b. Up�rqoun ìmwc zeÔgh fusik¸n, gia par�deigma o 3 kai o 5, pou den
sugkrÐnontai. 'Ara, h ρ den eÐnai asjen c di�taxh (oÔte gn sia di�taxh) sto N.

20. H sqèsh ρ (tou diairèth) sto sÔnolo X = {1, 2, 6, 30, 210} eÐnai gn sia di�taxh.
O lìgoc eÐnai ìti, t¸ra, ta stoiqeÐa tou X sugkrÐnontai an� dÔo: autì prokÔptei
eÔkola, an parathr sete ìti 1 | 2, 2 | 6, 6 | 30 kai 30 | 210.

22. Parìmoia me thn epìmenh.

23. Upojètoume pr¸ta ìti (a, b) L (c, d) kai (c, d) L (x, y). Tìte, isqÔei èna apì ta
ex c:

• a S c kai c S x. Tìte, a S x.

• a S c, c = x kai d T y. Tìte, a S x.

• a = c, b T d kai c S x. Tìte, a S x.

• a = c = x, b T d kai d T y. Tìte, a = x kai b T y.

Se k�je perÐptwsh, (a, b) L (x, y).
Elègxte ìti isqÔei h idiìthta thc triqotomÐac, opìte h L eÐnai gn sia di�taxh.


