
Probl mata An�lushc

1. Exet�ste an o
√

2 eÐnai to ìrio akoloujÐac arijm¸n thc morf c 3
√

n− 3
√

m, m,n = 0, 1, 2, . . ..

2. Swstì   l�joc? To sÔnolo D = {2m · 3n : m, n ∈ Z} eÐnai puknì sto [0, +∞).

3. OrÐzoume G : (0, +∞) → [0, +∞) me

G(r) = min{|r −
√

m2 + 2n2| : m,n ∈ Z}.

EÐnai swstì ìti limr→∞G(r) = 0?

4. DeÐxte ìti: gia k�je sÔnolo X = {x1, . . . , xn} pragmatik¸n arijm¸n, mporoÔme na broÔme mh
kenì S ⊆ X kai m ∈ Z ¸ste ∣∣∣∣∣m−

∑

x∈S

x

∣∣∣∣∣ ≤
1

n + 1
.

5. UpologÐste to

f(n) = max





∑

1≤i<j≤n

|xi − xj | : 0 ≤ xi ≤ 1



 .

6. 'Estw a1, a2, . . . , an kai b1, b2, . . . , bn jetikoÐ pragmatikoÐ arijmoÐ. DeÐxte ìti

(a1a2 · · · an)1/n + (b1b2 · · · bn)1/n ≤ [(a1 + b1)(a2 + b2) · · · (an + bn)]1/n.

7. 'Estw a1, . . . , an ∈ (0, π) kai èstw m = (a1 + · · · + an)/n o arijmhtikìc touc mèsoc. DeÐxte
ìti

n∏

i=1

sin ai

ai
≤

(
sin m

m

)n

.

8. 'Estw −1 ≤ x1 < x2 < · · · < xn ≤ 1. DeÐxte ìti

∑

1≤j<k≤n

1
xk − xj

≥ n2 log n

8
.

9. 'Estw p(x) polu¸numo me thn idiìthta: p(x) ≥ 0 gia k�je x ∈ R. DeÐxte ìti, gia k�poio k,
up�rqoun polu¸numa q1(x), . . . , qk(x) ¸ste

p(x) =
k∑

j=1

(qj(x))2.

10. 'Estw f : N→ (0, +∞) me limn→∞ f(n) = 0. DeÐxte ìti h exÐswsh f(n) + f(m) + f(s) = 1
èqei peperasmènec to pl joc lÔseic.

11. 'Estw (an) akoloujÐa jetik¸n pragmatik¸n arijm¸n me an → 0. JewroÔme k ∈ N kai
orÐzoume

Sk := {an1 + an2 + · · ·+ ank
: n1 < n2 < · · · < nk}.

DeÐxte ìti k�je anoiktì di�sthma (a, b) perièqei upodi�sthma (c, d) to opoÐo den perièqei shmeÐa
tou Sk.

12. 'Estw (an) akoloujÐa jetik¸n pragmatik¸n arijm¸n pou ikanopoieÐ thn an+m ≤ anam gia
k�je n,m ∈ N. DeÐxte ìti h akoloujÐa bn = n

√
an sugklÐnei se pragmatikì arijmì.
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13. 'Estw (an) gnhsÐwc aÔxousa akoloujÐa jetik¸n pragmatik¸n arijm¸n me thn idiìthta an/n →
0. DeÐxte ìti up�rqoun �peiroi fusikoÐ n pou ikanopoioÔn to ex c: an−i + an+i < 2an gia k�je
i = 1, . . . , n− 1.

14. 'Estw (ak) akoloujÐa fusik¸n arijm¸n. Upojètoume ìti h seir�
∑∞

k=1
1

ak
sugklÐnei. An bn

eÐnai to pl joc twn ak pou eÐnai mikrìteroi   Ðsoi tou n, deÐxte ìti

lim
n→∞

bn

n
= 0.

15. 'Estw (x1, y1) = (4/5, 3/5). OrÐzoume dÔo akoloujÐec (xn), (yn) jètontac

xn+1 = xn cos yn − yn sin yn, yn+1 = xn sin yn + yn cos yn

gia k�je n = 1, 2, . . .. Exet�ste an oi (xn), (yn) sugklÐnoun (an nai, prosdiorÐste ta ìria touc).

16. Gia k�je zeug�ri (x, y) pragmatik¸n arijm¸n orÐzoume mia akoloujÐa (an(x, y)) jètontac
a1(x, y) = x kai

an+1(x, y) =
(an(x, y))2 + y2

2
, n = 1, 2, . . . .

Na brejeÐ to embadìn tou qwrÐou

D = {(x, y) | h (an(x, y)) sugklÐnei}.

17. Exet�ste an up�rqei to limn→∞ n(1− sin(n)).

18. 'Estw f : N → N mia 1-1 kai epÐ sun�rthsh. An up�rqei to limn→∞
f(n)

n , deÐxte ìti
limn→∞

f(n)
n = 1.

19. DeÐxte ìti den up�rqei 1-1 sun�rthsh f : N→ N me thn idiìthta

∞∑
n=1

f(n)
n2

< +∞.

20. 'Estw k ∈ N, k ≥ 2 kai a0 > 0. OrÐzoume akoloujÐa (an) mèsw thc anadromik c sqèshc

an+1 = an +
1

k
√

an
.

ProsdiorÐste to

lim
n→∞

ak+1
n

nk
.

21. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n me thn idiìthta limn→∞ an

∑n
k=1 a2

k = 1. DeÐxte
ìti 3

√
3nan → 1.

22. DÐnetai akoloujÐa (an) pragmatik¸n arijm¸n h opoÐa ikanopoieÐ thn 0 < an ≤ a2n + a2n+1

gia k�je n ∈ N. DeÐxte ìti h seir�
∞∑

k=1

ak apoklÐnei.

23. 'Estw (an) akoloujÐa jetik¸n pragmatik¸n arijm¸n. DeÐxte ìti: an h
∑∞

n=1 an sugklÐnei,
tìte h

∑∞
n=1 a

n/(n+1)
n sugklÐnei.

24. Gia k�je n ∈ N sumbolÐzoume me a(n) to pl joc twn mhdenik¸n sthn 3-adik  anapar�stash
tou n. ProsdiorÐste touc jetikoÔc pragmatikoÔc arijmoÔc x gia touc opoÐouc h seir�

∞∑
n=1

xa(n)

n3
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sugklÐnei.

25. 'Estw k ∈ N, k ≥ 2. Jètoume a1 = 1, a2 = 2 kai, gia k�je n ≥ 3, orÐzoume an = nas, ìpou
s to pl joc twn yhfÐwn sthn k-adik  anapar�stash tou n. Na brejoÔn oi timèc tou k gia tic
opoÐec sugklÐnei h seir�

∞∑
n=1

1
an

.

26. DeÐxte ìti an h
∑∞

n=1
an

n sugklÐnei tìte limn→∞(a1 + · · ·+ an)/n = 0.

27. 'Estw f, g : [a, b] → R. Upojètoume ìti h f eÐnai fjÐnousa, mh arnhtik  kai h g oloklhr¸simh.
DeÐxte ìti ∣∣∣∣∣

∫ b

a

f(x)g(x) dx

∣∣∣∣∣ ≤ f(a) sup
u∈[a,b]

∣∣∣∣
∫ u

a

g(x) dx

∣∣∣∣ .

28. Exet�ste an sugklÐnei h seir�
∞∑

n=1

sin(
√

n)
n

.

29. Exet�ste an sugklÐnei h seir�
∞∑

n=1

cos(log n)
n

.

30. DeÐxte thn anisìthta
∞∑

n=1

1
n + m

√
m

n
< π.

31. DeÐxte ìti k�je �rrhtoc ξ ∈ (0, 1) gr�fetai monos manta sth morf 

ξ =
∞∑

n=1

(−1)n+1

a1a2 · · · an

ìpou (ak) gnhsÐwc aÔxousa akoloujÐa fusik¸n arijm¸n. An ξ = 1/
√

2, breÐte touc a1, a2, a3.

32. 'Estw (nk) gnhsÐwc aÔxousa akoloujÐa fusik¸n arijm¸n. An limn→∞
nk+1

n1n2···nk
= +∞ tìte

o
∑∞

k=1
1

nk
eÐnai �rrhtoc.

33. 'Estw (nk) gnhsÐwc aÔxousa akoloujÐa fusik¸n arijm¸n. An limn→∞ 2k√nk = +∞ tìte o∑∞
k=1

1
nk

eÐnai �rrhtoc.

34. 'Estw k ∈ N, k ≥ 2. DeÐxte ìti o
∑∞

n=1
1

kn2 eÐnai �rrhtoc.

35. 'Estw S to sÔnolo twn rht¸n arijm¸n pou eÐnai diaforetikoÐ apì−1, 0, 1. OrÐzoume f : S → S
me f(x) = x− 1

x . Jètoume f (n) th sÔnjesh thc f me ton eautì thc n forèc. Exet�ste an

∞⋂
n=1

f (n)(S) 6= ∅.

36. 'Estw f : R→ R suneq c sun�rthsh. Upojètoume ìti: gia k�je a > 0, limn→∞ f(na) = 0.
DeÐxte ìti limx→∞ f(x) = 0.

37. 'Estw f : R→ R sun�rthsh me suneq  trÐth par�gwgo. DeÐxte ìti up�rqei t ∈ R ¸ste

f(t) · f ′(t) · f ′′(t) · f ′′′(t) ≥ 0.
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38. BreÐte ìlouc touc pragmatikoÔc arijmoÔc t pou ikanopoioÔn to ex c: an f : R → (0, +∞)
eÐnai paragwgÐsimh sun�rthsh me thn idiìthta f ′(x) > f(x) gia k�je x, tìte up�rqei M > 0 ¸ste
f(x) > etx gia k�je x > M .

39. 'Estw f : R→ R �peirec forèc paragwgÐsimh sun�rthsh, An

f

(
1
n

)
=

n2

n2 + 1
, n = 1, 2, 3, . . .

upologÐste thn f (k)(0) gia k�je k ∈ N.

40. 'Estw f, g : R→ R mh stajerèc paragwgÐsimec sunart seic, oi opoÐec ikanopoioÔn tic

f(x + y) = f(x)f(y)− g(x)g(y)
g(x + y) = f(x)g(y) + g(x)f(y)

gia k�je x, y ∈ R. An f ′(0) = 0, deÐxte ìti (f(x))2 + (g(x))2 = 1 gia k�je x ∈ R.

41. Exet�ste an up�rqei akoloujÐa a0, a1, a2, . . . mh mhdenik¸n pragmatik¸n arijm¸n me thn ex c
idiìthta: gia k�je n = 1, 2, 3, . . . to polu¸numo

pn(x) = a0 + a1x + a2x
2 + · · ·+ anxn

èqei akrib¸c n diakekrimènec pragmatikèc rÐzec.

42. 'Estw a, b jetikoÐ pragmatikoÐ arijmoÐ. UpologÐste to
∫ a

0

∫ b

0

emax{b2x2,a2y2}dy dx.

43. 'Estw f : [0, 1] → R me f(0) = 0. Upojètoume ìti h f èqei suneq  par�gwgo kai ìti
0 < f ′(x) ≤ 1 gia k�je x ∈ [0, 1]. DeÐxte ìti

(∫ 1

0

f(x) dx

)2

≥
∫ 1

0

[f(x)]3dx.

D¸ste par�deigma sto opoÐo na isqÔei isìthta.

44. 'Estw f : [1, +∞) → (0,+∞) suneq c sun�rthsh kai èstw c > 0 me thn idiìthta
∫ t

1

f(x) dx ≤ ct2

gia k�je t > 1. DeÐxte ìti ∫ ∞

1

1
f(x)

dx = ∞.

45. 'Estw f : [0, a] → R sun�rthsh me suneq  par�gwgo kai f(0) = 0. DeÐxte ìti
∫ a

0

|f(t)f ′(t)| dt ≤ a

2

∫ a

0

|f ′(t)|2dt.

46. Upojètoume ìti h f : [0, 1] → R èqei suneq  par�gwgo kai ìti
∫ 1

0
f(x) dx = 0. DeÐxte ìti:

gia k�je t ∈ (0, 1), ∣∣∣∣
∫ t

0

f(x) dx

∣∣∣∣ ≤
1
8

max
0≤x≤1

|f ′(x)|.
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47. 'Estw C to sÔnolo ìlwn twn f : [0, 1] → R pou èqoun suneq  par�gwgo kai ikanopoioÔn tic
f(0) = 0, f(1) = 1. BreÐte to

inf
{∫ 1

0

|f ′(x)− f(x)| dx : f ∈ C

}
.

48. 'Estw p : R→ R polu¸numo bajmoÔ n ≥ 1. DeÐxte ìti to sÔnolo twn a ∈ R gia touc opoÐouc
isqÔoun tautìqrona oi

∫ a

0

p(x) sin x dx = 0 kai
∫ a

0

p(x) cos x dx = 0

eÐnai peperasmèno.

49. 'Estw T : [0, 1] × [0, 1] → (0,+∞) mia suneq c sun�rthsh kai èstw f, g : [0, 1] → (0, +∞)
suneqeÐc sunart seic. An

∫ 1

0

f(y)T (x, y) dy = g(x) kai
∫ 1

0

g(y)T (x, y) dy = f(x)

gia k�je x ∈ [0, 1], deÐxte ìti f(x) = g(x) gia k�je x ∈ [0, 1].

50. 'Estw f : [0, 1] → R suneq c sun�rthsh. DeÐxte ìti
∫ 1

0

∫ 1

0

|f(x) + f(y)| dx dy ≥
∫ 1

0

|f(x)| dx.

51. DeÐxte ìti: gia k�je n ∈ N up�rqei stajer� Cn > 0 ¸ste

|p(0)| ≤ Cn

∫ 1

−1

|p(x)| dx

gia k�je polu¸numo p bajmoÔ n.

52. 'Estw f, g : R→ R suneqeÐc periodikèc sunart seic me perÐodo T = 1. DeÐxte ìti

lim
n→∞

∫ 1

0

f(x)g(nx) dx =
(∫ 1

0

f(x) dx

) (∫ 1

0

g(x) dx

)
.

53. 'Estw f, g : [0, 1] → (0, +∞) suneqeÐc sunart seic me
∫ 1

0

f(x) dx =
∫ 1

0

g(x) dx = 1.

Tìte, up�rqei upodi�sthma [c, d] ⊂ [0, 1] ¸ste
∫ d

c

f(x) dx =
∫ d

c

g(x) dx =
1
2
.

Qrei�zontai oi upojèseic pou k�name gia tic f kai g?

54. 'Estw m,n ∈ N. SumbolÐzoume me f(m,n) to pl joc twn n-�dwn (x1, . . . , xn) akeraÐwn pou
ikanopoioÔn thn |x1|+ |x2|+ · · ·+ |xn| ≤ m. DeÐxte ìti f(n,m) = f(m,n).

55. 'Estw a1 < a2 < · · · < an sto R. JewroÔme th sun�rthsh f : R \ {a1, . . . , an} → R me

f(x) =
1

x− a1
+ · · ·+ 1

x− an
.

5



DeÐxte ìti, gia y 6= 0, h exÐswsh f(x) = y èqei n pragmatikèc rÐzec. Pìsec èqei gia y = 0? Ti
morf  èqei to sÔnolo Ay = {x : f(x) > y} kai poiì eÐnai to sunolikì tou m koc?

56. 'Estw n ∈ N. Xekin¸ntac apì thn akoloujÐa 1, 1
2 , 1

3 , . . . , 1
n , dhmiourgoÔme mia nèa akoloujÐa

me n− 1 ìrouc: 3
4 , 5

12 , . . . , 2n−1
2n(n−1) , paÐrnontac touc mèsouc ìrouc dÔo diadoqik¸n ìrwn thc proh-

goÔmenhc akoloujÐac. SuneqÐzoume me ton Ðdio trìpo, fti�qnontac trÐth akoloujÐa me n−2 ìrouc
klp. Sto tèloc aut c thc diadikasÐac (met� apì n− 1 b mata) prokÔptei ènac arijmìc xn. DeÐxte
ìti xn < 2

n .

57. 'Estw z1, . . . , zn ∈ C. DeÐxte ìti

1
π

n∑

j=1

|zj | ≤ max
I⊆{1,...,n}

∣∣∣∣∣∣
∑

j∈I

zj

∣∣∣∣∣∣
.

58. 'Estw n ènac perittìc fusikìc arijmìc kai èstw θ ∈ R ¸ste o θ/π na eÐnai �rrhtoc. OrÐzoume
ak = tan(θ + kπ/n), k = 1, 2, . . . , n. DeÐxte ìti o

a1 + a2 + · · ·+ an

a1a2 · · · an

eÐnai akèraioc kai prosdiorÐste thn tim  tou.

59. Epilègoume dÔo pragmatikoÔc arijmoÔc x kai y anex�rthta kai omoiìmorfa apì to (0, 1).
UpologÐste thn pijanìthta na eÐnai �rtioc o plhsièsteroc akèraioc proc ton x/y.

60. 'Estw x = (x1, x2, . . . , xn) tuqaÐo shmeÐo pou epilègetai omoiìmorfa apì to qwrÐo 0 < x1 <
x2 < · · · < xn < 1. 'Estw f : [0, 1] → R suneq c sun�rthsh me f(1) = 0. Jètoume x0 = 0,
xn+1 = 1 kai jewroÔme to �jroisma Riemann

S(f,x) =
n∑

i=0

(xi+1 − xi)f(xi+1).

DeÐxte ìti h mèsh tim  thc tuqaÐac metablht c S(f,x) eÐnai Ðsh me
∫ 1

0
f(t)P (t) dt, ìpou P eÐnai

polu¸numo bajmoÔ n, anex�rthto apì thn f , me thn idiìthta 0 ≤ P (t) ≤ 1 gia k�je t ∈ [0, 1].
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