
ProetoimasÐa gia to diagwnismì SEEMOUS 2010

(A)

1. 'Estw A mh kenì uposÔnolo tou [0,∞) me tic ex c idiìthtec: (a) s = supA < 1 kai (b) an x, y ∈ A
kai x < y tìte x

y
∈ A. DeÐxte ìti s ∈ A.

2. DeÐxte ìti up�rqoun stajerèc a, b, c > 0 me thn ex c idiìthta: gia k�je kurtì polÔgwno P sto R2

isqÔei ∫
R2

e−d(x,P )dx = a+ bA(P ) + cL(P ),

ìpou d(x, P ) = min{‖x−y‖2 : y ∈ P} eÐnai h EukleÐdeia apìstash tou x apì to P , A(P ) eÐnai to embadìn
tou P kai L(P ) eÐnai h perÐmetroc tou P .

3. 'Estw f : (1,+∞)→ R paragwgÐsimh sun�rthsh pou ikanopoieÐ thn

f ′(x) =
x2 − f2(x)

x2(f2(x) + 1)
, gia k�je x > 1.

DeÐxte ìti
lim

x→+∞
f(x) = +∞.

4. 'Estw A = (aij)
n
i,j=1 ènac n× n pÐnakac pou ikanopoieÐ ta ex c:

1. An i 6= j tìte aij > 0.

2. Gia k�je i ≤ n, aii = 0.

3. Gia k�je i ≤ n,
∑n
j=1 aij ≤ 1.

Tìte, gia k�je k ∈ N up�rqei diamèrish {σ1, . . . , σk} tou {1, . . . , n} ¸ste: gia k�je l ≤ k kai gia k�je
i ∈ σl, ∑

j∈σl

aij ≤
2

k
.

(B)

1. 'Estw n ≥ 3 kai f : R2 → R sun�rthsh me thn akìloujh idiìthta: an p1, . . . , pn eÐnai korufèc
kanonikoÔ n�g¸nou sto R2 tìte

f(p1) + · · ·+ f(pn) = 0.

DeÐxte ìti h f eÐnai h mhdenik  sun�rthsh.

2. DeÐxte ìti up�rqei stajer� C > 0 me thn ex c idiìthta: an n ∈ N kai A1, . . . , An eÐnai uposÔnola tou
{1, . . . , n} ¸ste {gia k�je i 6= j, to Ai ∩Aj èqei to polÔ 10 stoiqeÐa}, tìte

n∑
j=1

card(Aj) ≤ Cn3/2.

3. DeÐxte ìti up�rqoun stajerèc a, b > 0 ¸ste: gia k�je n ≥ 2,

a logn ≤
∞∑
k=1

(
1− (1− 2−k)n

)
≤ b logn.

4. DeÐxte ìti h seir�
∞∑
k=1

1

k
sin
(x
k

)
sugklÐnei gia k�je x ∈ R. EÐnai h sun�rthsh

F (x) =

∞∑
k=1

1

k
sin
(x
k

)
fragmènh?
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(G)

1. DÐnontai eujÔgramma tm mata I1, . . . , Im ston R2 ta opoÐa perièqontai stic diakekrimènec par�llhlec
eujeÐec `1, . . . , `m. Upojètoume ìti gia k�je i1, i2, i3 ∈ {1, . . . ,m} up�rqei eujeÐa pou tèmnei ta Ii1 , Ii2
kai Ii3 . DeÐxte ìti up�rqei eujeÐa pou tèmnei ìla ta eujÔgramma tm mata I1, . . . , Im.

2. 'Estw f : [0,+∞)→ [0,+∞) suneq c sun�rthsh me∫ ∞
0

f(x) dx = +∞.

DeÐxte ìti up�rqei t > 0 ¸ste
∞∑
k=1

f(kt) = +∞.

3. 'Estw 0 < r < 1 kai z1, . . . , zn ∈ D = {z ∈ C : |z| ≤ r}. DeÐxte ìti up�rqei z0 ∈ D ¸ste

n∏
k=1

(1 + zk) = (1 + z0)n.

4. 'Estw f : [0, 1]→ R suneq c sun�rthsh. DeÐxte ìti to

lim
n→∞

∫ 1

0
xnf(x) dx∫ 1

0
xndx

up�rqei. Poi� eÐnai h tim  tou?

(D)

1. 'Estw f : Z2 → Z3 èna proc èna sun�rthsh. Upojètoume ìti up�rqoun stajerèc C > 0 kai α > 0
¸ste

‖f(x)− f(y)‖2 ≤ C‖x− y‖α2
gia k�je x, y ∈ Z2. DeÐxte ìti α ≥ 2

3
.

2. DÐnontai n shmeÐa x1, . . . , xn sto epÐpedo. DeÐxte ìti up�rqei zeÔgoc k�jetwn eujei¸n `1 ⊥ `2 ¸ste
kajèna apì ta tèssera kleist� tetarthmìria sta opoÐa qwrÐzoun to epÐpedo na perièqei toul�qiston [n/4]
apì ta shmeÐa xi.

3. 'Estw x, y1, y2, . . . , yn ∈ Rn. DeÐxte ìti

n∑
j=1

|〈x, yj〉|2∑n
k=1 |〈yj , yk〉|

≤ 〈x, x〉.

4. Exet�ste an sugklÐnei h seir�
∞∑
k=1

(−1)[k
√
2]

k
.
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UpodeÐxeic gia k�poia apì ta probl mata

A4. 'Estw A = (aij)
n
i,j=1 ènac n× n pÐnakac pou ikanopoieÐ ta ex c:

1. An i 6= j tìte aij > 0.

2. Gia k�je i ≤ n, aii = 0.

3. Gia k�je i ≤ n,
∑n
j=1 aij ≤ 1.

Tìte, gia k�je k ∈ N up�rqei diamèrish {σ1, . . . , σk} tou {1, . . . , n} ¸ste: gia k�je l ≤ k kai gia k�je
i ∈ σl, ∑

j∈σl

aij ≤
2

k
.

Upìdeixh. MporoÔme na upojèsoume ìti gia k�je i ≤ n èqoume

n∑
j=1

aij = 1.

Tìte, o A èqei idiotim  thn ρ = 1 me dexiì idiodi�nusma to 1 = (1, . . . , 1). 'Ara, up�rqei mh mhdenikì
γ = (γ1, . . . , γn) me γA = γ.

Isqurismìc. MporoÔme na upojèsoume ìti γi > 0 gia k�je i ≤ n.
Apìdeixh. Apì thn γA = γ èqoume

(1)

n∑
i=1

γiaij = γj

gia k�je j ≤ n. 'Epetai ìti

n∑
j=1

|γj | =
n∑
j=1

∣∣∣∣∣
n∑
i=1

γiaij

∣∣∣∣∣ ≤
n∑
j=1

n∑
i=1

|γi|aij =

n∑
i=1

|γi|
n∑
j=1

aij =

n∑
i=1

|γi|.

AfoÔ èqoume pantoÔ isìthta, ta γj eÐnai omìshma. MporoÔme loipìn na upojèsoume ìti γj ≥ 0 gia k�je
j ≤ n. Epistrèfoume sthn (1): afoÔ aij > 0 an i 6= j, apì thn γj = 0 ja katal game sthn γ = 0. 2

JewroÔme k ≥ 2 kai gia k�je diamèrish ∆ = {δ1, . . . , δk} tou {1, . . . , n} orÐzoume

(2) f(∆) =

k∑
l=1

∑
i,j∈δl

γiaij .

Up�rqei diamèrish Σ = {σ1, . . . , σk} gia thn opoÐa h posìthta f(·) elaqistopoieÐtai. Ja deÐxoume ìti h Σ
ikanopoieÐ to zhtoÔmeno:

Isqurismìc. Gia k�je l ≤ k kai gia k�je i ∈ σl èqoume
∑
j∈σl

aij ≤ 2
k
.

Apìdeixh. An ìqi, qwrÐc periorismì thc genikìthtac, up�rqei r ∈ σ1 ¸ste

(3) θ :=
∑
j∈σ1

arj >
2

k
.

OrÐzoume (k − 1) to pl joc nèec diamerÐseic Σ2, . . . ,Σk wc ex c: gia k�je s = 2, . . . , k paÐrnoume Σs =
{σs1, . . . , σsk} ìpou

σs1 = σ1 \ {r}, σss = σs ∪ {r} kai σsl = σl an l 6= 1, s.

ParathroÔme ìti

f(Σ)− f(Σs) =
∑
i,j∈σ1

γiaij +
∑
i,j∈σs

γiaij −
∑

i,j∈σ1\{r}

γiaij −
∑

i,j∈σs∪{r}

γiaij

= γr
∑
j∈σ1

arj +
∑
i∈σ1

γiair − γr
∑
j∈σs

arj −
∑
i∈σs

γiair.
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Prosjètontac gia s = 2, . . . , k � kai paÐrnontac upìyin tic (3) kai (1) � èqoume

k∑
s=2

(
f(Σ)− f(Σs)

)
= (k − 1)γr

∑
j∈σ1

arj + (k − 1)
∑
i∈σ1

γiair − γr
∑
j /∈σ1

arj −
∑
i/∈σ1

γiair

≥ (k − 1)γr
∑
j∈σ1

arj − γr
∑
j /∈σ1

arj −
n∑
i=1

γiair

= (k − 1)γrθ − γr(1− θ)− γr
= γr(kθ − 2) > 0.

Sunep¸c, up�rqei s ∈ {2, . . . , k} ¸ste f(Σ) > f(Σs). 2

B4. DeÐxte ìti h seir�
∞∑
k=1

1

k
sin
(x
k

)
sugklÐnei gia k�je x ∈ R. EÐnai h sun�rthsh F (x) =

∑∞
k=1

1
k

sin
(
x
k

)
fragmènh?

Upìdeixh. Jètoume fk(x) = 1
k

sin
(
x
k

)
kai φk(x) = f ′k(x) = 1

k2
cos
(
x
k

)
.

ParathroÔme ìti

‖φk‖∞ = sup{|φk(x)| : x ∈ R} =
1

k2
.

Apì to krit rio tou Weierstrass, h seir� sunart sewn
∑∞
k=1 φk sugklÐnei omoiìmorfa sto R, dhlad  h

sun�rthsh

Φ(x) =

∞∑
k=1

1

k2
cos
(x
k

)
eÐnai suneq c.

H Φ eÐnai sqedìn periodik : gia k�je ε > 0 up�rqei S = S(ε) > 0 ¸ste, se k�je di�sthma m kouc S
up�rqei t me thn idiìthta

sup{|Φ(x+ t)− Φ(x)| : x ∈ R} < ε.

Pr�gmati, an epilèxoume N ∈ N ¸ste ‖Φ −
∑N
k=1 φk‖∞ < ε

3
kai an p�roume S megalÔtero apì thn

mikrìterh jetik  perÐodo tN thc ΦN =
∑N
k=1 φk (parathr ste ìti aut  eÐnai periodik ) tìte, gia k�je

x ∈ R èqoume

|Φ(x+ tN )− Φ(x)| ≤ |Φ(x+ tN )− ΦN (x+ tN )|+ |ΦN (x+ tN )− ΦN (x)|+ |ΦN (x)− Φ(x)|
≤ 2‖Φ− ΦN‖∞ < ε.

Apì thn omoiìmorfh sÔgklish thc
∑∞
k=1 φk =

∑∞
k=1 f

′
k sthn Φ èpetai ìti

F (y) =

∫ y

0

Φ(x) dx, y ∈ R.

AfoÔ h Φ eÐnai sqedìn periodik , an upojèsoume ìti h F eÐnai fragmènh mporoÔme na elègxoume (�skhsh)
ìti h F eÐnai epÐshc sqedìn periodik  kai ikanopoieÐ thn

(1) lim
M→∞

1

M

∫ M

0

F (x) dx = 0.

Apì thn �llh pleur�,

1

M

∫ M

0

F (x) dx =
1

M

∞∑
k=1

(
1− cos

M

k

)
=

2

M

∞∑
k=1

sin2 M

2k
.

An epilèxoume M = nπ, qrhsimopoi¸ntac thn sinx ≥ 2x/π gia 0 < x < π/2, blèpoume ìti

(2)
2

nπ

∞∑
k=1

sin2 nπ

2k
≥ 2

nπ

2n∑
k=n+1

sin2 nπ

2k
≥ 2

nπ

2n∑
k=n+1

n2

k2
≥ 1

2π
.

Apì tic (1) kai (2) odhgoÔmaste se �topo. 2
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G1. DÐnontai eujÔgramma tm mata I1, . . . , Im ston R2 ta opoÐa perièqontai stic diakekrimènec par�llhlec
eujeÐec `1, . . . , `m. Upojètoume ìti gia k�je i1, i2, i3 ∈ {1, . . . ,m} up�rqei eujeÐa pou tèmnei ta Ii1 , Ii2
kai Ii3 . DeÐxte ìti up�rqei eujeÐa pou tèmnei ìla ta eujÔgramma tm mata I1, . . . , Im.

Ja qreiasteÐte to je¸rhma tou Helly: 'Estw m ≥ n+1 kai {A1, . . . , Am} mia peperasmènh oikogèneia
kurt¸n uposunìlwn tou Rn. Upojètoume ìti opoiad pote n + 1 apì ta Ai èqoun mh ken  tom : an
i1, . . . , in+1 eÐnai deÐktec apì to {1, . . . ,m}, tìte

(1) Ai1 ∩ · · · ∩Ain+1 6= ∅.

Tìte, h tom  ìlwn twn Ai eÐnai mh ken :

(2) A1 ∩ · · · ∩Am 6= ∅.

Mia apìdeixh mporeÐ na dojeÐ mèsw tou akìloujou jewr matoc tou Radon: 'Estw S èna uposÔnolo tou
Rn pou èqei toul�qiston n+ 2 shmeÐa. Tìte, up�rqoun xèna uposÔnola R kai B tou S ¸ste S = R ∪B
kai

(3) conv(R) ∩ conv(B) 6= ∅.

Apìdeixh tou jewr matoc tou Radon. Apì thn upìjesh up�rqoun m ≥ n + 2 kai shmeÐa v1, . . . , vm ∈ S
ta opoÐa eÐnai diaforetik� an� dÔo. JewroÔme to omogenèc sÔsthma exis¸sewn

γ1 + · · ·+ γm = 0

γ1v1 + · · ·+ γmvm = 0

me agn¸stouc touc γ1, . . . , γm. AfoÔ to pl joc m ≥ n+2 twn agn¸stwn eÐnai megalÔtero apì to pl joc
n+ 1 twn exis¸sewn, up�rqei mh tetrimmènh lÔsh tou sust matoc. OrÐzoume

(4) R = {vi : γi > 0} kai B = {vi : γi ≤ 0}.

Apì ton orismì twn R kai B èqoume R ∩B = ∅.
Jètoume β =

∑
{i:γi>0}

γi > 0. AfoÔ γ1 + · · ·+ γm = 0, èqoume

(5)
∑

{i:γi≤0}

(−γi) =
∑

{i:γi>0}

γi = β.

Apì thn γ1v1 + · · ·+ γmvm = 0 paÐrnoume

(6)
∑

{i:γi>0}

γivi =
∑

{i:γi≤0}

(−γi)vi.

DiairoÔme me β kai orÐzoume

(7) v =
∑

{i:γi>0}

γi
β
vi =

∑
{i:γi≤0}

−γi
β
vi.

Apì thn (5) eÐnai fanerì ìti to v eÐnai kurtìc sunduasmìc shmeÐwn tou R kai, tautìqrona, kurtìc
sunduasmìc shmeÐwn tou B. Dhlad , v ∈ conv(R) ∩ conv(B). 2

Apìdeixh tou jewr matoc tou Helly. H apìdeixh ja gÐnei me epagwg  wc proc to pl joc m twn sunìlwn.
An m = n+ 1 tìte to sumpèrasma sumpÐptei me thn upìjesh.

Upojètoume loipìn ìti m > n + 1. Apì thn epagwgik  upìjesh, gia k�je i = 1, . . . ,m, h tom 
A1 ∩ · · · ∩Ai−1 ∩Ai+1 ∩ · · · ∩Am eÐnai mh ken . [Pr�gmati, h oikogèneia {Aj : j 6= i} ikanopoieÐ thn (1)
kai apoteleÐtai apì ligìtera apì m sÔnola.] MporoÔme loipìn, gia k�je i = 1, . . . ,m, na broÔme

(8) pi ∈ A1 ∩ · · · ∩Ai−1 ∩Ai+1 ∩ · · · ∩Am.

'Etsi, èqoume m > n+ 1 shmeÐa p1, . . . , pm me thn idiìthta: to pi an kei se ìla ta sÔnola Aj ektìc Ðswc
apì to Ai. DiakrÐnoume dÔo peript¸seic:

(a) Up�rqoun deÐktec i 6= s ¸ste pi = ps = p (dÔo apì ta pi sumpÐptoun). Tìte, to p an kei se ìla ta
Aj : afoÔ p = pi, to p an kei se ìla ta Aj ektìc Ðswc apì to Ai, afoÔ ìmwc p = ps, to p an kei kai sto
Ai. 'Epetai ìti

(9) p ∈ A1 ∩ · · · ∩Am,
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dhlad  isqÔei h (2).

(b) Ta p1, . . . , pm eÐnai diaforetik� an� dÔo. AfoÔ m ≥ n+ 2, mporoÔme na efarmìsoume to je¸rhma tou
Radon. Up�rqoun I, J ⊂ {1, . . . ,m} me I ∩J = ∅ ¸ste an jèsoume R = {pi : i ∈ I} kai B = {pj : j ∈ J}
tìte up�rqei k�poio shmeÐo

(10) q ∈ conv(R) ∩ conv(B).

Isqurizìmaste ìti to q an kei se ìla ta Ai. Pr�gmati, apì ton trìpo epilog c twn pi èqoume

(11) R ⊂
⋂
{As : s /∈ I}.

To sÔnolo dexi� eÐnai kurtì, wc tom  kurt¸n sunìlwn, �ra

(12) conv(R) ⊂
⋂
{As : s /∈ I}.

'Omoia,

(13) conv(B) ⊂
⋂
{As : s /∈ J}.

AfoÔ q ∈ conv(R) ∩ conv(B), sumperaÐnoume ìti

(14) q ∈
⋂
{As : s /∈ I} kai q ∈

⋂
{As : s /∈ J}.

AfoÔ I ∩ J = ∅, gia k�je s ∈ {1, . . . ,m} èqoume {eÐte s /∈ I   s /∈ J}. Apì thn (14) èpetai ìti
q ∈ A1 ∩ · · · ∩Am, �ra A1 ∩ · · · ∩Am 6= ∅. 2

G2. 'Estw f : [0,+∞)→ [0,+∞) suneq c sun�rthsh me∫ ∞
0

f(x) dx = +∞.

DeÐxte ìti up�rqei t > 0 ¸ste
∞∑
k=1

f(kt) = +∞.

'Iswc qreiasteÐte to je¸rhma tou Baire. 'Ena uposÔnolo A tou R lègetai kleistì an gia k�je
sugklÐnousa akoloujÐa (an) stoiqeÐwn tou A isqÔei lim

n→∞
an ∈ A.

Eidik  perÐptwsh tou jewr matoc tou Baire: 'Estw X kleistì di�sthma (dhlad , sÔnolo thc morf c [a, b]
  [a,∞)   (−∞, b]   olìklhro to R). An to X gr�fetai san ènwsh

⋃∞
n=1 Fn miac akoloujÐac kleist¸n

sunìlwn tìte toul�qiston èna apì ta Fn perièqei anoiktì di�sthma (γ, δ).

D4. Exet�ste an sugklÐnei h seir�
∞∑
k=1

(−1)[k
√
2]

k
.

Upìdeixh. Jèloume na deÐxoume ìti h akoloujÐa An =
∑n
k=1

(−1)[k
√

2]

k
sugklÐnei. An jèsoume sn =∑n

k=1(−1)[k
√

2] tìte,

An =

n∑
k=1

1

k
(−1)[k

√
2]k =

n−1∑
k=1

(
1

k
− 1

k + 1

)
sk +

sn
n

=

n−1∑
k=1

sk
k(k + 1)

+
sn
n
.

ApodeiknÔetai ìti
|sk| ≤ a+ b log k

ìpou a, b jetikèc stajerèc. Tìte, sn
n
→ 0 kai h seir�

∑∞
k=1

sk
k(k+1)

sugklÐnei apolÔtwc, opìte h (An)
sugklÐnei.

'Anw fr�gma gia thn |sn|. Jètoume tn to pl joc twn 1 ≤ k ≤ n gia touc opoÐouc o [k
√

2] eÐnai
�rtioc. Tìte,

sn = 2tn − n.

ParathroÔme ìti: o [k
√

2] eÐnai �rtioc an kai mìno an 0 <
{
k
√
2

2

}
< 1

2
, ìpou {x} = x − [x] eÐnai to

klasmatikì mèroc tou x. Sunep¸c to prìblhma an�getai sto er¸thma: pìso kal� eÐnai katanemhmènh
h akoloujÐa {nα} sto (0, 1), sthn eidik  perÐptwsh α =

√
2/2 (leptomèreiec sto forum.math.uoa.gr

proseq¸c).
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Probl mata ApeirostikoÔ LogismoÔ

1. Exet�ste an sugklÐnei h seir�
∞∑
k=1

(−1)[k
√
2]

k
.

2. Exet�ste gia poièc timèc tou s > 0 sugklÐnei h seir�

∞∑
k=1

(−1)[
√
k]

ks
.

3. 'Estw φ(x) = d(x,Z), h apostash tou x apì ton plhsièstero akèraio. Na upologisteÐ to

∑
k∈Z

φ2(2kx)

2k
.

4. Exet�ste an sugklÐnei h seir�
∑∞
k=1 ak, ìpou

ak =

∫ ∞
1

exp
(
−xn

2
)
dx.

5. Exet�ste an sugklÐnei h seir�
∑∞
k=1 ak, ìpou

ak =

∫ 1

0

cos(nt2) dt.

6. 'Estw (ak) h akoloujÐa twn jetik¸n riz¸n thc exÐswshc tanx = x. DeÐxte ìti

∞∑
k=1

1

a2k
=

1

10
.

7. DeÐxte ìti h sun�rthsh G : (0,∞)→ R me

F (x) =

∞∑
k=0

(−1)k−1√
1 + (k + 1)x2

eÐnai fjÐnousa kai breÐte to limx→0+ F (x).

8. 'Estw A,B ⊂ N me thn idiìthta
∑
k∈A

1
k
< +∞ kai

∑
k∈B

1
k
< +∞. EÐnai swstì ìti

∑
k∈A+B

1
k
<

+∞? (ìpou A+B = {a+ b : a ∈, b ∈ B}).

9. DeÐxte ìti h seir�
∞∑
k=1

1

k
sin
(x
k

)
sugklÐnei gia k�je x ∈ R. EÐnai h sun�rthsh

F (x) =
∞∑
k=1

1

k
sin
(x
k

)
fragmènh?

10. 'Estw (ak) akoloujÐa pragmatik¸n arijm¸n. DeÐxte ìti h seir�
∑∞
k=1 ak sugklÐnei an kai mìno an

gia k�je akoloujÐa (tn) jetik¸n pragmatik¸n arijm¸n me tn → +∞ isqÔei

lim
n→∞

1

tn

n∑
k=1

tkak = 0.

11. (a) DeÐxte ìti gia k�je n ∈ N up�rqei monadikìc xn > 0 ¸ste (xn − 1) lnxn = n.

(b) UpologÐste to limn→∞
xn lnn
n

.
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12. 'Estw (xn) fragmènh akoloujÐa. Upojètoume ìti up�rqei a ∈ R ¸ste

1

n

n∑
k=1

xk → a

kai
1

n

n∑
k=1

x2k → a2.

DeÐxte ìti

1

n

n∑
k=1

sinxk → sin a.

13. Na brejeÐ to

lim
n→∞

n∑
k=1

k

k2 + n2
.

14. OrÐzoume akoloujÐa (an) me a1 = 1 kai

an+1 =
1

2 + an
+ {
√
n}, n = 1, 2, . . . ,

ìpou {x} = x− [x] eÐnai to klasmatikì mèroc tou x. Na brejeÐ to

lim
n→∞

n∑
k=1

a2k.

15. Na brejeÐ to

lim
n→∞

(∫ 1

0

n
√
ex2 dx

)n
.

16. 'Estw d(n) to pl joc twn diairet¸n tou fusikoÔ arijmoÔ n. DeÐxte ìti

∞∑
n=1

d(n)

n2
< 4.

17. Exet�ste an limn→∞ |n sinn| = +∞.

18. DeÐxte ìti: gia k�je k ∈ N o arijmìc
∞∑
n=1

nk

n!

eÐnai �rrhtoc.

19. Na brejeÐ to

lim
n→∞

√
n

(
1− max

1≤k≤n
{
√
n}
)
.

20. 'Estw (xn) ìqi stajer  akoloujÐa jetik¸n pragmatik¸n arijm¸n. Exet�ste an

lim inf
n→∞

(
x1 + · · ·+ xn − n n

√
x1 · · ·xn

)
> 0.

21. Exet�ste an isqÔei to ex c: mia akoloujÐa (an) pragmatik¸n arijm¸n sugklÐnei se pragmatikì
arijmì an kai mìno an

lim
n→∞

(
lim sup
k→∞

|xn − xk|
)

= 0.

22. 'Estw a1, . . . , an ∈ R \ {0}. DeÐxte ìti

n∑
k,j=1

akaj
a2k + a2j

≥ 0.

23. Jètoume a0 = a1 = 1 kai an+2 = an+1 + (n + 1)an, n = 0, 1, 2, . . .. DeÐxte ìti: gia k�je perittì
k ∈ N, o k eÐnai diairèthc tou ak − 1.
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24. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n gia thn opoÐa h akoloujÐa 1
n

∑n
k=1 ak sugklÐnei se

pragmatikì arijmì. DeÐxte ìti, gia k�je s > 1, h akoloujÐa

1

ns

n∑
k=1

ks−1ak

sugklÐnei se pragmatikì arijmì.

25. 'Estw (an) akoloujÐa jetik¸n pragmatik¸n arijm¸n. OrÐzoume bn na eÐnai to pl joc twn k ∈ N gia
touc opoÐouc ak ≥ 1

n
. Na deiqteÐ ìti toul�qiston mÐa apì tic seirèc

∑∞
n=1 an kai

∑∞
n=1

1
bn

apoklÐnei.

26. 'Estw F,G : R→ R sunart seic me thn idiìthta

(F (t)− F (s))(G(t)−G(s)) ≥ 0

gia k�je t, s ∈ R. DeÐxte ìti up�rqoun aÔxousec sunart seic f, g : R → R kai sun�rthsh z : R → R
¸ste F = f ◦ z kai G = g ◦ z.

27. DÐnetai h sun�rthsh f(x) = xe−x, x ∈ R. Gia k�je n ≥ 3 prosdiorÐste thn posìthta

Mn = sup

{
min

1≤i<j≤n
f(|xi − xj |) : x1, . . . , xn ∈ R

}
.

28. 'Estw f : [0,+∞)→ R suneq c sun�rthsh me thn idiìthta

lim
x→+∞

f(x)

∫ x

0

f2(t) dt = 1.

DeÐxte ìti limx→+∞
3
√

3xf(x) = 1.

29. Na brejeÐ to

sup

∑n−1
k=0 (xk+1 − xk) sin(2πxk)∑n−1

k=0 (xk+1 − xk)2

p�nw apì ìlouc touc n ≥ 1 kai ìlec tic diamerÐseic 0 = x0 < x1 < · · · < xn−1 < xn = 1 tou [0, 1].

30. 'Estw f : [1,+∞)→ (0,+∞) fjÐnousa sun�rthsh me∫ ∞
1

xf(x) dx <∞.

Na deiqteÐ ìti ∫ ∞
1

f(x)

| sinx|1− 1
x

dx <∞.

31. SugkrÐnete ta oloklhr¸mata ∫ 1

0

xx dx kai

∫ 1

0

∫ 1

0

(xy)xydx dy.

32. 'Estw f : [−1, 1] → R paragwgÐsimh sun�rthsh ¸ste f(−1) = f(1) = 0. DeÐxte ìti up�rqei
ξ ∈ [−1, 1] ¸ste f(ξ) = (1 + ξ2)f ′(ξ).

33. JewroÔme thn akoloujÐa sunart sewn

fn(x) = nsin x + ncos x, x ∈ R.

DeÐxte ìti up�rqei akoloujÐa (xn) ¸ste: (a) h fn èqei olikì mègisto sto xn, kai (b) xn → 0.

34. 'Estw f : R→ R �rtia sun�rthsh, 2k forèc paragwgÐsimh. OrÐzoume g(x) = f(
√
x), x ≥ 0. DeÐxte

ìti h g eÐnai k forèc paragwgÐsimh sto 0 kai ekfr�ste thn g(k)(0) sunart sei twn parag¸gwn thc f sto
0.

35. 'Estw f : R→ R fragmènh kai suneq c sun�rthsh me thn idiìthta

lim
h→0

(
sup
x∈R
|f(x+ h)− 2f(x) + f(x− h)|

)
= 0.

'Epetai ìti h f eÐnai omoiìmorfa suneq c?
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36. 'Estw f : (0,+∞)→ R koÐlh sun�rthsh me

lim
x→+∞

f(x) = +∞ kai lim
x→+∞

f(x)

x
= 0.

DeÐxte ìti supn∈N{f(n)} = 1, ìpou {t} = t− [t].

37. 'Estw x0 < x1 < · · · < xn kai y0 < y1 < · · · < yn sto R. DeÐxte ìti up�rqei poluwnumik  sun�rthsh
P ¸ste: (a) P (xi) = yi, i = 0, 1, . . . , n, kai (b) h P eÐnai gnhsÐwc aÔxousa sto [x0, xn].

38. 'Estw f : [0, 1]→ R suneq c kurt  sun�rthsh. DeÐxte ìti

2

5

∫ 1

0

f(x) dx+
2

3

∫ 3/5

0

f(x) dx ≥
∫ 4/5

0

f(x) dx.

39. Up�rqei sun�rthsh f : R2 → N ¸ste h isìthta f(x, y) = f(y, z) na isqÔei an kai mìno an x = y = z?

40. Na lujeÐ h exÐswsh

lim
n→∞

√
1 +

√
x+

√
x2 + · · ·+

√
xn = 2.
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