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Prìblhma 1: DÐnetai h sun�rthsh f : (0, 1) → [0, 1) me tÔpo f(x) = 1
x
−

[
1
x

]
, ìpou me [x]

sumbolÐzoume to megalÔtero akèraio pou eÐnai mikrìteroc   Ðsoc tou x. DeÐxte ìti:

(a) Ta shmeÐa x ∈ (0, 1) me f(x) = x (dhlad  ta stajer� shmeÐa thc f) sqhmatÐzoun mia
akoloujÐa (xn)n≥1 me 1/(n + 1) < xn < 1/n gia n ≥ 1.

(b) Gia k�je suneq  sun�rthsh g : [0, 1) → (0, 1) isqÔei∫
(0,1)

g(f(x))
dx

1 + x
=

∫
(0,1)

g(x)
dx

1 + x
.

Prìblhma 2: DÐnetai polu¸numo p(x) = a0+a1x+ · · ·+a2nx
2n �rtiou bajmoÔ me pragmatikoÔc

suntelestèc gia touc opoÐouc isqÔei ai ≥ 0 kai ai = a2n−i gia 0 ≤ i ≤ 2n kai a0 = 1. An k�je
rÐza tou p(x) eÐnai pragmatikìc arijmìc, deÐxte ìti (−1)n

∑2n
i=0 (−1)iai ≥ 0.

Prìblhma 3: SumbolÐzoume me Vn ton pragmatikì dianusmatikì q¸ro di�stashc 2n mia b�sh
tou opoÐou eÐnai to sÔnolo ìlwn twn uposunìlwn tou sunìlou [n] := {1, 2, . . . , n}. JewroÔme
th grammik  apeikìnish ϕn : Vn → Vn pou orÐzetai jètontac

ϕn(S) =
∑
T⊆[n]

(−1)|S∩T | · T

gia k�je S ⊆ [n]. Gia par�deigma, gia n = 2 èqoume ϕn({1, 2}) = ∅− {1} − {2}+ {1, 2}.

(a) UpologÐste to Ðqnoc thc ϕn.

(b) DeÐxte ìti h ϕn eÐnai antistrèyimh gia k�je jetikì akèraio n.

Prìblhma 4: BreÐte ìlec tic tri�dec (x, y, z) akeraÐwn arijm¸n pou ikanopoioÔn thn exÐswsh
y2z − x2(x− z) = 0.

Prìblhma 5: DÐnetai fjÐnousa akoloujÐa jetik¸n arijm¸n (xn)n≥1 tètoia ¸ste
∑∞

n=1 xn = ∞.
DeÐxte ìti

∞∑
n=1

xn exp

(
− xn

xn+1

)
= ∞.

H di�rkeia thc exètashc eÐnai 3 ¸rec. KALH EPITUQIA!



LÔseic

Prìblhma 1: (a) EÐnai eÔkolo na deÐxei kaneÐc ìti h f periorÐzetai se omoiomorfismì apì to
( 1

n+1
, 1

n
) sto (0, 1). Apì to je¸rhma endi�meshc tim c prokÔptei ìti h f èqei stajerì shmeÐo se

k�je tètoio di�sthma, to opoÐo m�lista eÐnai monadikì afoÔ h f eÐnai fjÐnousa se k�je tètoio
di�sthma, en¸ h tautotik  sun�rthsh eÐnai aÔxousa.

(b) DiamerÐzontac to (0,1] =
∞⋃

n=1

(1/(n + 1), 1/n], mporoÔme na gr�youme to aristerì mèloc

wc

∞∑
n=1

∫ 1/n

1/(n+1)

g(
1

x
− n)

dx

1 + x
=

∞∑
n=1

∫ 1

0

g(y)
dy

(y + n)(y + n + 1)

(Fubini) =

∫ 1

0

dy g(y)
∞∑

n=1

1

(y + n)(y + n + 1)

=

∫ 1

0

dy g(y)
∞∑

n=1

[
1

y + n
− 1

y + n + 1

]

=

∫
(0,1)

g(y)
dy

1 + y
.

Prìblhma 2: 'Eqoume na deÐxoume ìti (−1)np(−1) ≥ 0. Apì thn upìjesh tou probl matoc
prokÔptei ìti p(x) = (x+β1)(x+β2) · · · (x+β2n) gia k�poiouc jetikoÔc pragmatikoÔc arijmoÔc
β1, β2, . . . , β2n me β1β2 · · · β2n = 1 kai ìti p(x) = x2np(1/x). An βi = 1 gia k�poio deÐkth i, tìte
p(−1) = 0 kai sunep¸c isqÔei to zhtoÔmeno. 'Estw ìti βi 6= 1 gia k�je i. AfoÔ β1β2 · · · β2n = 1,
h isìthta p(x) = x2np(1/x) gr�fetai

2n∏
i=1

(x + βi) =
2n∏
i=1

(x +
1

βi

).

SumperaÐnoume ìti up�rqoun jetikoÐ pragmatikoÐ arijmoÐ b1, b2, . . . , bn di�foroi tou 1, tètoioi
¸ste

p(x) =
n∏

i=1

(x + bi)(x +
1

bi

),

opìte

(−1)np(−1) =
n∏

i=1

(bi − 1)2

bi

> 0.

Prìblhma 3: AfoÔ o suntelest c tou S sto ϕn(S) eÐnai Ðsoc me (−1)|S|, to Ðqnoc thc ϕn eÐnai
Ðso me

∑
S⊆[n] (−1)|S| =

∑n
k=0 (−1)k

(
n
k

)
= 0 gia k�je n ≥ 1. JewroÔme t¸ra thn antÐstrofh

lexikografik  di�taxh thc dosmènhc b�shc tou Vn. Gia par�deigma, gia n = 3 h di�taxh aut 
eÐnai h ∅ < {1} < {2} < {1, 2} < {3} < {1, 3} < {2, 3} < {1, 2, 3} kai sumbolÐzoume me An ton
pÐnaka thc ϕn wc proc aut  th diatetagmènh b�sh. ParathroÔme ìti

An =

(
An−1 An−1

An−1 −An−1

)



gia n ≥ 1. Afair¸ntac thn pr¸th st lh apì th deÔterh brÐskoume ìti

det(An) = (−2)2n−1

(det(An−1))
2

gia n ≥ 1. Me epagwg  sto n sumperaÐnoume ìti det(An) = 22n−1n gia n ≥ 2, ìpou det(A0) = 1
kai det(A1) = −2, kai sunep¸c ìti isqÔei to zhtoÔmeno.

Prìblhma 4: An z = 0, tìte x = 0 kai to y eÐnai eleÔjero na p�rei opoiad pote tim  sto Z,
opìte prokÔptoun oi lÔseic

(x, y, z) = (0, y, 0), y ∈ Z. (1)

Gia z 6= 0 mporoÔme na jèsoume u = x/z kai v = y/z, opìte oi akèraiec lÔseic (x, y, z) thc
dosmènhc exÐswshc antistoiqoÔn stic rhtèc lÔseic thc v2 = u2(u− 1).

Ja epikentrwjoÔme stic rhtèc lÔseic thc v2 = u2(u− 1). JewroÔme thn eujeÐa v = λu pou
pern�ei apì to (0, 0) kai apì th rht  lÔsh (u, v). Thn perÐptwsh u = 0 ja thn exet�soume
qwrist�. Me antikat�stash upologÐzoume ìti

λ2u2 = u2(u− 1),

h opoÐa èqei th lÔsh u = 0 kai th lÔsh u = λ2 + 1. Me antikat�stash upologÐzoume ìti
v = λ(λ2+1). EpÐshc parathroÔme ìti ìtan to (u, v) diatrèqei tic rhtèc lÔseic thc v2 = u2(u−1)
me u 6= 0, to λ diatrèqei touc rhtoÔc arijmoÔc kai ìti k�je rhtìc arijmìc λ dÐnei mèsw twn
prohgoumènwn exis¸sewn mia rht  lÔsh thc v2 = u2(u − 1). 'Ara, an gr�youme λ = m/n me
(m,n) = 1, èqoume

(u, v) =

(
m2 + n2

n2
,
m(m2 + n2)

n3

)
,

apì ìpou prokÔptoun wc lÔseic oi

(x, y, z) = (pn(m2 + n2), pm(m2 + n2), pn3), p,m, n ∈ Z, (m, n) = 1. (2)

Epiplèon, h eujeÐa u = 0 (h opoÐa den mporeÐ na parastajeÐ mèsw exÐswshc thc morf c v = λu)
epib�lei v = 0, opìte èqoume wc epiplèon lÔseic tic

(x, y, z) = (0, 0, z), z ∈ Z. (3)

'Etsi, oi lÔseic mac eÐnai h ènwsh twn sunìlwn pou dÐnontai apì tic exis¸seic (1), (2), (3).

Prìblhma 5: DeÐqnoume pr¸ta ìti e−t ≥ e−2 − 1 + 1
t
gia t ≥ 1 kai sumperaÐnoume ìti

xn exp

(
− xn

xn+1

)
≥ xn

e2
− (xn − xn+1)

gia k�je n ≥ 1. AjroÐzontac gia n ≥ 1 kai lamb�nontac upìyhn ìti h
∑∞

n=1(xn−xn+1) sugklÐnei
prokÔptei to zhtoÔmeno.


