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1. (a) 'Estw Ik, k = 1, 2, . . . , n, diast mata pou perièqontai sto (0, 1) kai ac upojèsoume ìti
to �jroisma twn mhk¸n touc eÐnai 20. Na apodeÐxete ìti up�rqei toul�qiston ènac arijmìc tou
(0, 1) pou an kei se toul�qiston 5 apì ta diast mata Ik.

(b) Ja onom�zoume �tainÐa� S k�je sÔnolo shmeÐwn tou epipèdou pou perikleÐetai austhr�
an�mesa se duo par�llhlec eujeÐec kai orÐzoume wc pl�toc thc, |S|, thn apìstash twn eujei¸n
pou thn orÐzoun. 'Estw mia akoloujÐa taini¸n (Si)i=1,2,... sto epÐpedo. An

∑∞
i=1 |Si| < ∞, na

apodeÐxete ìti up�rqoun shmeÐa tou epipèdou pou den an koun se kamÐa apì tic (Si)i=1,2,....

2. DÐnetai h akoloujÐa (an)n=0,1,... me

an =
6n∑
k=0

(−1)k
(
6n − k

k

)
, n = 0, 1, . . . .

Na upologisteÐ (se ìso to dunatìn aploÔsterh morf ) to a2013.

3. DÐnetai antistrèyimoc n× n pÐnakac A me tic ex c idiìthtec:
(a) K�je stoiqeÐo tou A an kei sto sÔnolo {−1, 0, 1, i,−i}.
(b) K�je gramm  tou A perièqei akrib¸c èna mh mhdenikì stoiqeÐo.
DeÐxte ìti up�rqei fusikìc arijmìc k tètoioc ¸ste A∗ = Ak.

4. 'Estw f : R→ R suneq c sun�rthsh me∫ ∞
−∞
|f(x)| dx < +∞.

Na upologisteÐ to

lim
t→+∞

∫ ∞
−∞
|f(x+ t)− f(x)| dx.
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Jèmata kai lÔseic

1. (a) 'Estw Ik, k = 1, 2, . . . , n, diast mata pou perièqontai sto (0, 1) kai ac upojèsoume ìti
to �jroisma twn mhk¸n touc eÐnai

∑n
k=1 |Ik| = 20. Na apodeÐxete ìti up�rqei toul�qiston ènac

arijmìc tou (0, 1) pou an kei se toul�qiston 5 apì ta diast mata Ik.
(b) Ja onom�zoume �tainÐa� S k�je sÔnolo shmeÐwn tou epipèdou pou perikleÐetai austhr�

an�mesa se duo par�llhlec eujeÐec kai orÐzoume wc pl�toc thc, |S|, thn apìstash twn eujei¸n
pou thn orÐzoun. 'Estw mia akoloujÐa taini¸n (Si)i=1,2,... sto epÐpedo. An

∑∞
i=1 |Si| < ∞, na

apodeÐxete ìti up�rqoun shmeÐa tou epipèdou pou den an koun se kamÐa apì tic (Si)i=1,2,....

LÔsh: (a) Jètoume fk(x) th deÐktria sun�rthsh tou diast matoc Ik, gia k = 1, 2, . . . , n pou
eÐnai 1 gia ta x ∈ Ik kai 0 diaforetik�. EpÐshc orÐzoume F (x) =

∑n
k=1 fk(x), th sun�rthsh pou

metr�ei se pìsa apì ta Ik an kei k�je x ∈ (0, 1). 'Estw, proc to �topo, ìti k�je arijmìc tou
(0, 1) an kei to polÔ se 4 apì ta diast mata Ik, k = 1, 2, . . . , n. Tìte F (x) ≤ 4, x ∈ (0, 1) kai
èqoume

20 =
n∑

k=1

|Ik| =
n∑

k=1

∫ 1

0

fk(x)dx =

∫ 1

0

F (x) ≤ 4,

�topo. Epomènwc, up�rqei toul�qiston èna x ∈ (0, 1) pou an kei se toul�qiston 5 apì ta
diast mata Ik.

(b) Ac upojèsoume ìti
∑∞

i=1 |Si| = w. JewroÔme thn tom  thc ènwshc twn taini¸n me ènan
kuklikì dÐsko aktÐnac R. To embadì thc tom c k�je tainÐac Si me to dÐsko eÐnai mikrìtero apì
2R|Si| kai sunep¸c to embadì thc tom c tou ∪∞i=1Si me to dÐsko eÐnai mikrìtero tou 2R

∑∞
i=1 |Si| <

2Rw. Epilègontac aktÐna R > 2w/π, èqoume ìti to embadì tou dÐskou eÐnai πR2 > 2Rw kai
�ra megalÔtero tou embadoÔ thc tom c tou ∪∞i=1Si me to dÐsko. Epomènwc up�rqoun shmeÐa tou
dÐskou pou den an koun se kamÐa apì tic (Si)i=1,2,....

2. DÐnetai h akoloujÐa (an)n=0,1,... me

an =
6n∑
k=0

(−1)k
(
6n − k
k

)
, n = 0, 1, . . . .

Na upologisteÐ (se ìso to dunatìn aploÔsterh morf ) to a2013.

LÔsh: To �jroisma
∑6n

k=0(−1)k
(
6n−k
k

)
exart�tai apì to n mèsw tou m = 6n. Ja upologÐsoume

to genikìtero �jroisma

bm =
m∑
k=0

(−1)k
(
m− k
k

)
, m = 0, 1, 2, . . . .
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JewroÔme th genn tria thc akoloujÐac B(t) =
∑∞

m=0 bmt
m. 'Eqoume:

B(t) =
∞∑

m=0

bmt
m =

∞∑
m=0

m∑
k=0

(−1)k
(
m− k
k

)
tm

=
∞∑
k=0

(−1)k
∞∑

m=k

(
m− k
k

)
tm =

∞∑
k=0

(−1)k
∞∑
r=0

(
r

k

)
tr+k

=
∞∑
k=0

(−t)k
∞∑
r=0

(
r

k

)
tr =

∞∑
k=0

(−t)k

k!

∞∑
r=0

r(r − 1) · · · (r − k + 1)tr.

'Omwc, paragwgÐzontac k forèc th seir�
∑∞

r=0 t
r = (1− t)−1, èqoume

∞∑
r=0

r(r − 1) · · · (r − k + 1)tr−k = k!(1− t)−(k+1).

Epomènwc, telik� èqoume

B(t) =
∞∑
k=0

(−t2)k

(1− t)k+1
=

1

1− t

∞∑
k=0

(
−t2

1− t

)k

=
1

1− t
· 1

1 + t2

1−t

=
1

1− t+ t2
=

1 + t

1 + t3
=

1

1 + t3
+ t

1

1 + t3

=
∞∑
h=0

(−1)ht3h +
∞∑
h=0

(−1)ht3h+1.

Sunep¸c bm = (−1)h, ìtan m = 3h   m = 3h+1, en¸ bm = 0, ìtan m = 3h+2, h = 0, 1, 2, . . ..
'Ara a2013 = b62013 = 1.

3. DÐnetai antistrèyimoc n× n pÐnakac A me tic ex c idiìthtec:
(a) K�je stoiqeÐo tou A an kei sto sÔnolo {−1, 0, 1, i,−i}.
(b) K�je gramm  tou A perièqei akrib¸c èna mh mhdenikì stoiqeÐo.

DeÐxte ìti up�rqei fusikìc arijmìc k tètoioc ¸ste A∗ = Ak.

LÔsh: 'Estw G to sÔnolo ìlwn twn antistrèyimwn n × n pin�kwn me tic idiìthtec (a) kai
(b). ParathroÔme ìti to sÔnolo G eÐnai kleistì wc proc ton pollaplasiasmì kai peperasmèno.
Pragmatik� blèpoume eÔkola ìti X, Y ∈ G sunep�getai XY ∈ G. EpÐshc, ènac pÐnakac tou G
fti�qnetai se 2 st�dia. Epilègoume tic jèseic twn gramm¸n pou èqoun to mh-mhdenikì stoiqeÐo
me n! trìpouc kai katìpin epilègoume poiì stoiqeÐo ja mpei se k�je jèsh apì ta −1, 1, i,−i me 4n
trìpouc. Sunep¸c to G èqei akrib¸c n!4n stoiqeÐa. AfoÔ A ∈ G, apì ta (a) kai (b) prokÔptei
ìti up�rqoun fusikoÐ arijmoÐ s < t me As = At. Epomènwc gia m = t− s isqÔei Am = In. Apì
thn �llh meri� oi grammèc tou A eÐnai profan¸c orjog¸niec an� dÔo (o A eÐnai orjomonadiaÐoc)
opìte A∗A = In. Epomènwc A∗ = A−1 = Am−1.

4. 'Estw f : R→ R suneq c sun�rthsh me∫ ∞
−∞
|f(x)| dx < +∞.

Na upologisteÐ to

lim
t→+∞

∫ ∞
−∞
|f(x+ t)− f(x)| dx.
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LÔsh: Profan¸c isqÔei ∫ ∞
−∞
|f(x+ t)− f(x)| dx ≤ 2

∫ ∞
−∞
|f(x)| dx

gia k�je t. Apì thn �llh pleur�,

2

∫ ∞
−∞
|f(x+ t)− f(x)| dx ≥

∫ ∞
−∞

(
|f(x+ t)|+ |f(x)| − 2min{|f(x+ t)|, |f(x)|} dx

= 2

∫ ∞
−∞
|f(x)| dx− 2

∫ ∞
−∞

min{|f(x+ t)|, |f(x)|} dx

≥ 2

∫ ∞
−∞
|f(x)| dx− 2

∫ −t/2
−∞

|f(x)| dx− 2

∫ ∞
−t/2
|f(x+ t)| dx

= 2

∫ ∞
−∞
|f(x)| dx− 2

∫ −t/2
−∞

|f(x)| dx− 2

∫ ∞
t/2

|f(x)| dx,

to opoÐo sugklÐnei sto 2
∫∞
−∞ |f(x)| dx kaj¸c to t→ +∞, diìti

lim
t→+∞

∫ −t/2
−∞

|f(x)| dx = lim
t→+∞

∫ ∞
t/2

|f(x)| dx = 0.
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