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Prìblhma 1: Na upologisteÐ to ìrio

lim
n→∞

11 + 22 + 33 + · · ·+ nn

nn
.

Prìblhma 2: 'Estw π : {1, 2, 3, . . .} → {1, 2, 3, . . .} mia 1-1 kai epÐ sun�rthsh. Na apodeiqjeÐ
ìti h seir�

∞∑
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apoklÐnei.

Prìblhma 3: Na upologistoÔn ta ìria
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Prìblhma 4: 'Estw w = (a1, a2, . . . , an) mia met�jesh tou sunìlou {1, 2, . . . , n}. K�jodoc thc
w lègetai k�je deÐkthc i ∈ {1, 2, . . . n− 1} gia ton opoÐo isqÔei ai > ai+1. Gia par�deigma, gia
n = 9 h met�jesh (1, 4, 2, 5, 6, 8, 9, 7, 3) èqei treic kajìdouc, tic i = 2, 7, 8. Na brejeÐ to pl joc
twn metajèsewn tou sunìlou {1, 2, . . . , n} pou èqoun akrib¸c mÐa k�jodo.

Prìblhma 5: 'Estw jetikoÐ akèraioi n kai α. An o n diaireÐ to (α − 1)2009, na apodeiqjeÐ ìti
o n diaireÐ to 1 + α + α2 + · · ·+ αn−1.

H di�rkeia thc exètashc eÐnai 3 ¸rec. KALH EPITUQIA!



LÔseic

Prìblhma 1: ParathroÔme ìti gia n ≥ 2 isqÔei

1 ≤ 11 + 22 + · · ·+ nn

nn
≤ n1 + n2 + · · ·+ nn

nn
=

nn − 1

nn−1(n− 1)
=

1− 1/nn

1− 1/n

kai ìti

lim
n→∞

1− 1/nn

1− 1/n
= 1.

'Epetai ìti to zhtoÔmeno ìrio eÐnai epÐshc Ðso me 1.

Prìblhma 2: AfoÔ h armonik  seir� apoklÐnei, arkeÐ na deÐxoume ìti

N∑
n=1

π(n)

n2
≥ 1 +

1

2
+ · · ·+ 1

N

gia k�je N ≥ 1. Jètoume bn = 1/n2 gia n ≥ 1, opìte b1 ≥ b2 ≥ · · · ≥ 0. AfoÔ gia k�je n ≥ 1
oi π(1), π(2), . . . , π(n) eÐnai diakekrimènoi jetikoÐ akèraioi, isqÔei

π(1) + π(2) + · · ·+ π(n) ≥ 1 + 2 + · · ·+ n.

Qrhsimopoi¸ntac thn tautìthta

a1b1 + a2b2 + · · ·+ aNbN =
N∑

n=1

(a1 + · · ·+ an)(bn − bn+1) + (a1 + · · ·+ aN) bN+1

dÔo forèc, mÐa me an = π(n) gia k�je n kai mÐa me an = n gia k�je n, prokÔptei ìti

π(1) · b1 + π(2) · b2 + · · ·+ π(N) · bN ≥ 1 · b1 + 2 · b2 + · · ·+ N · bN ,

dhlad  to zhtoÔmeno.

Prìblhma 3: Gia thn pr¸th perÐptwsh, afair¸ntac thn pr¸th gramm  apì kajemi� apì tic
upìloipec metatrèpei ton pÐnaka pou dÐnetai se �nw trigwnikì, me stoiqeÐa sthn kÔria diag¸nio
Ðsa me 1, 1/2, . . . , 1/n. AfoÔ h pr�xh aut  de metab�llei thn orÐzousa tou pÐnaka, aut  eÐnai Ðsh
me 1/n! kai sunep¸c to zhtoÔmeno ìrio eÐnai Ðso me 1.

Gia th deÔterh perÐptwsh up�rqoun di�foroi trìpoi gia na deÐxei kaneÐc ìti h orÐzousa tou
pÐnaka, èstw An, pou dÐnetai eÐnai Ðsh me (n2 + n + 2)/2n! kai sunep¸c ìti to zhtoÔmeno ìrio
eÐnai Ðso me 1/2. Gia par�deigma, afair¸ntac thn teleutaÐa st lh tou An apì kajemi� apì tic
upìloipec prokÔptei o pÐnakac
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Afair¸ntac i forèc th st lh i, gia k�je 1 ≤ i ≤ n − 1, apì thn teleutaÐa st lh tou Bn

prokÔptei k�tw trigwnikìc pÐnakac, h orÐzousa tou opoÐou eÐnai Ðsh me
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(n− 1)!

(
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n
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)
,



dhlad  me (n2 + n + 2)/2n!. 'Enac �lloc trìpoc eÐnai o ex c: ParathroÔme ìti An = ∆n + Jn,
ìpou ∆n eÐnai o diag¸nioc n× n pÐnakac me stoiqeÐa sthn kÔria diag¸nio Ðsa me 1, 1/2, . . . , 1/n
kai Jn eÐnai o n× n pÐnakac k�je stoiqeÐo tou opoÐou eÐnai Ðso me 1. SÔmfwna me gnwst  prì-
tash, h orÐzousa tou An eÐnai Ðsh me to �jroisma twn orizous¸n twn 2n pin�kwn pou prokÔptoun
antikajist¸ntac opoiod pote sÔnolo sthl¸n tou ∆n me tic antÐstoiqec st lec tou Jn. O up-
ologismìc tou ajroÐsmatoc eÐnai eÔkoloc afoÔ oi st lec tou Jn eÐnai ìlec Ðsec metaxÔ touc kai
sunep¸c h orÐzousa k�je pÐnaka pou prokÔptei antikajist¸ntac dÔo   perissìterec st lec tou
∆n me tic antÐstoiqec st lec tou Jn eÐnai Ðsh me mhdèn.

Prìblhma 4: 'Estw An to sÔnolo twn metajèsewn tou {1, 2, . . . , n} oi opoÐec èqoun akrib¸c mÐa
k�jodo kai èstw Bn to sÔnolo twn uposunìlwn tou {1, 2, . . . , n}. ParathroÔme ìti mia met�jesh
w = (a1, a2, . . . , an) tou {1, 2, . . . , n} an kei sto An an kai mìno an gia k�poio (monadikì) k ∈
{1, 2, . . . , n − 1} isqÔei a1 < · · · < ak > ak+1 < · · · < an. Jètoume φ(w) = {a1, . . . , ak}, opìte
prokÔptei mia apeikìnish φ : An → Bn. Gia par�deigma, an n = 9 kai w = (3, 5, 6, 8, 1, 2, 4, 7, 9),
tìte φ(w) = {3, 5, 6, 8}.

ParathroÔme ìti gia k�je uposÔnolo S tou {1, 2, . . . , n} up�rqei to polÔ mÐa met�jesh
w ∈ An me φ(w) = S, afoÔ se k�je tètoia met�jesh prèpei pr¸ta na emfanÐzontai ta stoiqeÐa
tou S se aÔxousa seir� kai èpeita ta stoiqeÐa tou sumplhr¸matoc {1, 2, . . . , n} r S tou S
epÐshc se aÔxousa seir�. Me �lla lìgia, h apeikìnish φ eÐnai 1�1. Poia eÐnai h eikìna thc φ? O
prohgoÔmenoc sullogismìc mac deÐqnei ìti gia dosmèno uposÔnolo S tou {1, 2, . . . , n}, up�rqei
met�jesh w ∈ An me φ(w) = S an kai mìno an to S eÐnai mh kenì, S 6= {1, 2, . . . , n} kai to
mègisto stoiqeÐo tou S eÐnai mikrìtero apì to el�qisto stoiqeÐo tou {1, 2, . . . , n} r S. Autì
sumbaÐnei an kai mìno an to S den eÐnai èna apì ta sÔnola ∅, {1}, {1, 2}, . . . , {1, 2, . . . , n}.

Apì ta prohgoÔmena sumperaÐnoume ìti h φ orÐzei mia 1�1 kai epÐ apeikìnish apì to An sto
sÔnolo Cn twn uposunìlwn tou {1, 2, . . . , n} pou eÐnai di�fora twn ∅, {1}, {1, 2}, . . . , {1, 2, . . . , n}.
Epomènwc, to zhtoÔmeno pl joc twn stoiqeÐwn tou An eÐnai Ðso me to pl joc twn stoiqeÐwn tou
Cn, dhlad  me 2n − n− 1.

Prìblhma 5: 'Estw p pr¸toc arijmìc kai pr mia dÔnamh tou p pou diaireÐ to n. Ja deÐxoume
ìti to pr diaireÐ epÐshc to 1 + α + · · · + αn−1. Pr�gmati, afoÔ to n diaireÐ to (α − 1)2009, o
pr¸toc p diaireÐ to (α−1)2009 kai sunep¸c diaireÐ epÐshc to α−1, dhlad  isqÔei α ≡ 1 (mod p).
Gr�fontac n = prm gia k�poio jetikì akèraio m kai jètontac β = αm, èqoume

1 + α + · · ·+ αn−1 =
αn − 1
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=
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=
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)

.

ParathroÔme ìti kajènac apì touc ìrouc tou ginomènou ston tÔpo ston opoÐo katal xame
diaireÐtai me to p, afoÔ β = αm ≡ 1 (mod p) kai sunep¸c

1 + βpi−1

+ β2pi−1

+ · · ·+ β(p−1)pi−1 ≡ 1 + 1 + · · ·+ 1 = p ≡ 0 (mod p)

gia k�je 1 ≤ i ≤ p. SumperaÐnoume ìti to 1 + α + · · ·+ αn−1 diaireÐtai me to pr.
'Estw t¸ra n = pr1

1 · · · p
rk
k h an�lush tou n se ginìmeno dun�mewn diakekrimènwn pr¸twn

p1, . . . , pk. DeÐxame ìti to 1+α+ · · ·+αn−1 diaireÐtai me kajènan apì touc akeraÐouc pri
i . AfoÔ

autoÐ eÐnai an� dÔo sqetik¸c pr¸toi, to 1 + α + · · ·+ αn−1 diaireÐtai epÐshc me to ginìmenì touc,
dhlad  me to n.


