ITpofMpata yia To draywviopnd emthoyrs tng EME
v T Mabnpatier] OAVUTLAdR TEWTOETMY XAl BEUTEPOETWY POLTNTMY
23 PePpovapiou 2008

MeéBAnua 1: (o) Alvetal éva ovvoho X xou 2008 12-peh) umoctvord tou, ta Y7, Yo, ..., Yooos. Ano-
del&te bt unopolue va ypouaticovue xdnota and to otolyelo tou X dompa xal Ta UtGholta padpd, €Tol
Gote 6ha ta utoovvora Y1, Ya, ..., Yogos vor unv elvar povoypouatixd (dnhadh xdbe urooivoro and ta
Y1,Ys, ..., Yogos vor meptéyel Toukdylotov 1 dompo otolyelo xat Toukdytotov 1 uadeo otouyelo).

(B) Anodellte 6TL unopolue va ypwuatioovue xdnown and ta otoyelon tov Y = {1,2,...,2008}

dompa xat T uToholra Yadpa, GoTe 1o TARH0C TOV LovoypwUuaTxdY 11-uehdy uToGUVORLY Tou Y va

elvor Alydtepo and (2?(1)8)2_10.

MpéPanua 2: T %x40e y € Z2 xon X C Z2 opilovyue 0 dlpooya y + X = {y +2 : 2z € X}. 'Eoto
A, B 3vo nenepaopéva loothnfixd urocdvora tou Z2 xar T C Z? tétowr dote

e Ta olvoha A+, t €T, elvor avd dVo Zéva,
e Ta clvoha B +t, ¢t €T, elvar avd d%o Eéva,
o 72 =Ujer A+t

Anodetéte 6t Z2 = J,er B + .

IMpbBhnua 3: (o) 'Eotw f(z) povétovn npayuatind ouvdpinon oplouévn oto [1,+00). Anodellte 6t
AV TO YEVIXEUUEVO OMoXAApwua
[0,
1 T

lim f(z)/x=1.

T——+00

oUYXALVEL, TOTE

(B) 'Eotww 0 < a, < 1, n € N. Anodel&te 6tL av 1 oetpd

ouyxhlivel, 161 xaL 1 oelpd

GUYXALVEL.

H diudpxeia tng e&€taomg elvar 3 dpeg. KAAH EIIITYXIA!



ITpofMpata yia To draywviopnd emthoyrs tng EME
v T Mabnpatier] OAVUTLAdR TEWTOETMY XAl BEUTEPOETWY POLTNTMY
23 PePpovapiou 2008

MeéBAnua 1: (o) Alveton éva ovvoho X xon 2008 12-pehd) umoctvord tou, ta Y7, Yo, ..., Yooos. Ano-
del&te 6T unopolue va ypouaticovue xdmota and to otolyelo Tou X dompa xal Ta UTGhoLTa Yadpd, €Tol

oote 6ha Ta utoovvora Y1, Ya, ..., Yogos vor unv elvar povoypouatixd (dnhadf xdbe urocivoro and ta
Y1,Ys, ..., Yogos vor meptéyel Toukdylotov 1 dompo otolyelo xat Toukdytotov 1 uadeo otouyelo).
(B) Arodellte 6t umopolue va ypwuatioovye xdnow and to otowyela tov Y = {1,2,...,2008}

dompa xat o utohoira Yadpa, GoTe To TAH0C TOV YovoypwUuaTdY 11-ueddy uTocuUVOLY Tou Y va
elvar 1o TOAY (2(1)(1)8)2_10.

Aborn: (o) 'Eote 61 1o X nepiéyel o otoyela. Téte 10 0Uvoho Q Ty Suvatdy YewUATLONGY TOU
X ue ta duo ypduata éxer mAnbdpbuo N(Q) = 2*. To ovoho E; twv ypwuatioudyv tou X 1ov 10
unooYvoro Y; elvan povoypwuatixé éyel thnfideifuo N(E;) = 2571 (yowuatilouye ta 12 otouyeio tou
E; 6\a dompa # watpa (2 tpémol) xau 1o unéhoina x — 12 atoiyela tou X énwg Béhouue (27712 tpbror)
ombTE GUVOAXG, anéd ToAamhactaeTeh apyy, éxouue 2271 yowuatiopolc Tou X yia Toug onoloug To
Y; elvaw povoypopatind).

[ va amoderyBel to {nroluevo apxel v anodellovue 6tL ES N ES N --- N ESyps # 0. T tov
mhnBdelbuo édune Tou Ef N ESN - N ESyyg €youue

N(EfNE;N---NE5p) = N(Q) = N(E1UEyU---U Eagos)
= QI—N(E1UE2U"'UE2008)
2008
> 27— N(E;) =2 — 2008 - 2° !
i—1

= 207H (2" —2008) = 2°71" 40 > 0.

(B) Xpwuatilovue ta otovyela tov Y = {1,2,...,2008} donpa 7 yadpa eviehds tuyaio (Snhadf ue
mhavétnta 1/2 éxaocto). 'Eotw W n tuyala yetaintd mou aviietouyel 610 mAhfog tov Lovoypouatixdy
11-uehdv uToGUYOALY ToU Y UeTd and Evay tétolo yewuatiouwd. H mbavétnta évag ypwuatiouds tou Y
va ypwuatioet dompa axplBde k ototyela tou Y (xo enouéveg va yeopatioer padpa axp3de 2008 — k&
otouyela Tou Y) elvon (2(208)2*2008. Yy neplntworn auth o tpoxdouy (lkl) HOVOYPOUATLXE-AC TR0

uToGUvVoAd Tou Y %o ovoypewUaTxXd-uatea utocivoha tou Y. Enouévec 1 uéorn Ty tng
Svol Y xon (*°97%) povoypwuorid-pate Hvoh Y. Erouévec n uéon Ty me W
elvan
2008 1997
kY /2008 2008 — kY (2008
5 _ 272008 272008
(W] > (11)< k ) 2.7 k
k=11 k=0
_ 2§):8 2008 1997 2_2008+1§:97 2008 (1997 92008
k=11 11 k=11 k=0 H g

(200811 _ (2008, 1o
11 11

Ané vy avieétnta Markov éyouue

2008\ E[W]
PI‘|:W>< >2 10:|<2008_1
11 ()20

o erouéves Pr [W < (2(1)(1)8)2*10] > 0. Agot auth n mbavétnta elvon Betiny) ouunepatvovue 6TL undpyet
TOUAGYLOTOY €Vag YpwUaTionds Gote 1o TAR00C TwV Uovoypwuatix®dy 11-uehdy utocuvéAny tTou Y va
elvaw To mohY (2(1)(1)8)2_10.



MpéPAnua 2: 'Eotw A, B Suo nerepucuéva toomhnfxd unoctvola tou Z2 xai T C Z2 tétowa Gote
o Ta obvoha A+1t,t €T, elvor avd 3o Zéva,
e Ta obvoha B+t t €T, elvan avd dbo Zéva,
o 72 =Ujer A+t
Anodetite 6t Z2 = J,er B + t.
Adom: H unébeony yag unopel va ypagel og
Ve € 72 ZlA(x—t) =
xol
Vo € Z2: ZlB(:L'—t) <1
"Eyouye:
[Al = |B]

r€Z2

= Y 1p(-2)) la(z—1)

r€Z2 teT

= > ) 1p(-z)1alz—1)

tel ¢e72

S 3D I NE I

teT yez?

= Z 14(-y) Z 1p(y —1)

yEZ? teT

< D la(-

yEL?
= |4l

‘Apa Loy UouY OL LOOTNTES TAULUTAVE XAl CUVETHS

Vye —A: ZlB(y—t)zl. (1)

teT

"Ouwc 1 urébeoy| wac Yo 1o ohvoho A toydel xau vy Tuyoloa uetagopd A" = A+ 7 tou A, dpa 7 (1)
Loy el v xébe y € Z2.
IMpéphnua 3: (o) ‘Eotw f(z) povétovn npoyuotinf ouvdptnon oplouévy oto [1,+00). AnodelZte 6t
oV TO YEVIXELUEVO ONOXApwU

o0 J—

[z,
1 xr

lim f(z)/x=1.

T—-+00

ouyxAlvel, T61e

(B) 'Eotww 0 < ay, < 1, n € N. Anodel&te 6tL av 1 oetpd

Zlog (1/an)



ouyxhlvel, 161 xaL 1 oelpd

ouyxhiveL.

Abon: (o) 'Eotw nwg oyL.
Heplntwon 10 f(z) adZovoa. Téte undpyet € > 0 xau axohovbla (z,) ue lim z, = +oo0 ol Hote

(i) elte f(zp)/zn >1+€, Vn e N,
(i) elte f(zp)/zp <1—€, Yn € N.

Yy neplntwon (i) éyouue

(1+€)xn - (1+€)zn o
/ Mdl’ > / z ——dz
x

2 il

. x
1+€ 1 + 6
wemn) = [ 59y,
1
mou elval Oetind xa ave&detnTo Tou n. ‘Atono.
Yy neplntwon (ii) éyovue tapduola
In _
/ f(x)#dx < xdaz
(1—€)xn T (1—e¢)
< / (1—e¢ xn md:z:
(1—e¢)
1
1 —€)
(y =wpz) = T ay
1—¢
< 0

mou elvau enlong dtomo.

Meplntwon 2: f(z) ¢bivouoa. Awaxpivouye nepintdoel (1) xau (i) 6nwe mponyouuévee. Btny
(I)

neplntoon (1) Bewpolye To ohoxhfpwua f;;: Zdz eve oty teplntwon (ii) Bewpolye 10 ohoxhApwua

f2mn f(m) d

Tn

log(1/ax)
logn

(B) Kow ot 800 oeipéc elvan oelpéc Detinedyv bpwy. Av to n € N elvan tétolo dote <2, t6te

an ap, " log(1/ay) < 2ay,
logn  log(1/ay) logn  ~ log(1/ay)

Av Té loglgg/a") > 2 161¢ ap < 1/n? pa

an 1

logn — n2logn’

‘Apa oe x&0e mepintwon
Qn 2ay, 1

< .
logn — log(1/ay) * n?logn

Agoln Y m ouyxhivet, €youue To {NToluevo.



