
Probl mata gia to diagwnismì epilog c

gia th Majhmatikì Diagwnismì IMC 2015

10 IounÐou 2015

Prìblhma 1: DeÐxte ìti o pÐnakac

A =


1 3331 6661 9991

9332 2662 5992 8002
8663 2993 4333 7003
7994 1004 4334 6664

 ∈ R4×4

eÐnai antistrèyimoc.

Prìblhma 2: DÐnetai s¸ma F qarakthristik c p ≡ 1 (mod 4).

(a) DeÐxte ìti to −1 eÐnai tèleio tetr�gwno sto F .

(b) DeÐxte ìti k�je mh mhdenikì stoiqeÐo tou F mporeÐ na grafeÐ wc to �jroisma twn tetra-
g¸nwn tri¸n mh mhdenik¸n stoiqeÐwn tou F .

Prìblhma 3: 'Estw m < 0 < M kai sun�rthsh f : [0, 1] → R Riemann oloklhr¸simh me

m ≤ f(x) ≤M gia k�je x ∈ [0, 1] kai
∫ 1

0
f(x) dx = 0. Na deiqjeÐ ìti

(a) ∣∣∣∣∫ 1

0

xf(x) dx

∣∣∣∣ ≤ |m|M
2(M −m)

,

(b) an gia mÐa f h prohgoÔmenh anisìthta isqÔei wc isìthta, tìte h f den eÐnai suneq c.

[Upod. gia to (a): Pwc moi�zei mÐa f pou megistopoieÐ to olokl rwma sto aristerì mèloc?]

Prìblhma 4: SumbolÐzoume me a(n, k) to pl joc twn epÐ apeikonÐsewn f : {1, 2, . . . , n} →
{1, 2, . . . , k}. DeÐxte ìti to polu¸numo

∑n
k=1 a(n, k)x

k èqei n diakekrimènec pragmatikèc rÐzec
gia k�je jetikì akèraio n.

H di�rkeia thc exètashc eÐnai 3 ¸rec. KALH EPITUQIA!



LÔseic

Prìblhma 1: ParathroÔme ìti

det(A) ≡


1 1 1 1
−1 1 1 1
−1 −1 1 1
−1 −1 −1 1

 ≡ 2 (mod 3)

kai sumperaÐnoume ìti det(A) 6= 0.

Prìblhma 2: To (a) eÐnai �mesh sunèpeia tou Jewr matoc tou Wilson, to opoÐo dhl¸nei ìti
(p− 1)! ≡ −1 (mod p). Gia to (b), jètontac b = 2−1 stic tautìthtec

(a+ b)2 = a2 + 2ab+ b2, (a− b)2 = a2 − 2ab+ b2

paÐrnoume
a = (a+ b)2 − a2 − b2 = a2 + b2 − (a− b)2.

To zhtoÔmeno prokÔptei parathr¸ntac ìti èna toul�qiston apì ta a+ b kai a− b eÐnai di�foro
tou mhdenìc kai qrhsimopoi¸ntac to apotèlesma tou (a).

Prìblhma 3: (a) Ja deÐxoume thn anisìthta

I(f) :=

∫ 1

0

xf(x) dx ≤ |m|M
2(M −m)

. (1)

To k�tw fr�gma −|m|M/{2(M −m)} gia to olokl rwma apodeiknÔetai an�loga.
Mia f pou jèlei na megistopoi sei thn I(f) ja epidi¸xei na p�rei ìso megalÔterec timèc

mporeÐ (dhl. thn tim  M) se x ìso pio meg�la gÐnetai sto [0, 1]. Kai gia na èqei olokl rwma 0
ja p�rei kai mikrèc timèc (dhl. m) all� se x kont� sto 0. OdhgoÔmaste ètsi sto na jewr soume
thn sun�rthsh

fa(x) =

{
m an x ∈ [0, a),

M an x ∈ [a, 1],

To a pou thn k�nei na èqei olokl rwma 0 eÐnai to a = M/(M−m) ∈ (0, 1). Gia aut  thn epilog 
tou a èqoume

I(fa) =
|m|M

2(M −m)
.

T¸ra gia opoiand pote f pou ikanopoieÐ tic upojèseic thc �skhshc èqoume

I(f)− I(fa) =

∫ a

0

x(f(x)− fa(x)) dx+

∫ 1

a

x(f(x)− fa(x)) dx

≤ a

∫ a

0

(f(x)− fa(x)) dx+ a

∫ 1

a

(f(x)− fa(x)) dx

= a

∫ 1

0

(f(x)− fa(x)) dx = 0.

(b) An gia mÐa f h anisìthta (1) isqÔei wc isìthta, tìte apì thn apìdeixh tou (a) prokÔptei
ìti prèpei h f sqedìn pantoÔ sto [0, a) na paÐrnei thn tim  m kai sqedìn pantoÔ sto [a, 1] na



paÐrnei thn tim  M . 'Ara den mporeÐ na eÐnai suneq c. 'Omoia epiqeirhmatologoÔme kai sthn
perÐptwsh pou I(f) = −I(fa).

Prìblhma 4: 'Estw En(x) =
∑n

k=1 a(n, k)x
k. Gia mia epÐ apeikìnish f : {1, 2, . . . , n + 1} →

{1, 2, . . . , k} up�rqoun k epilogèc gia thn tim  b = f(n + 1). DiakrÐnontac tic peript¸seic na
up�rqei   ìqi x ∈ {1, 2, . . . , n} me f(x) = b, brÐskoume ìti

a(n+ 1) = ka(n, k − 1) + ka(n, k).

Apì thn anagwgik  aut  sqèsh prokÔptei ìti

En+1(x) = xEn(x) + x(x+ 1)E ′n(x) = x
d

dx
((x+ 1)En(x)) .

To zhtoÔmeno èpetai efarmìzontac to Je¸rhma tou Rolle kai epagwg  sto n.


