
Probl mata gia to diagwnismì epilog c

gia th Majhmatik  Olumpi�da IMC 2012

10 IounÐou 2012

Prìblhma 1: Na prosdioristoÔn arijmoÐ n ∈ N kai x1, x2, ..., xn > 0 tètoioi ¸ste:

1. x1 + x2 + ...+ xn ≥ 2,

2. x31 + x32 + ...+ x3n ≤ 8/49, kai

3. to n na eÐnai to el�qisto dunatì.

Prìblhma 2: Jètoume

an =

bn/2c∑
k=0

(
n− k
k

)
(−4)−k

gia n ∈ N. BreÐte rhtoÔc arijmoÔc a, b, c tètoiouc ¸ste na isqÔei an = (an + b) cn gia k�je
n ∈ N.

Prìblhma 3: DÐnontai pÐnakec A,B,C ∈ Cn×n me AB = BA, AC = CA kai BC = CB.
DeÐxte ìti up�rqoun pragmatikoÐ arijmoÐ α, β, γ, ìqi ìloi Ðsoi me 0, tètoioi ¸ste

det(αA+ βB + γC) = 0.

Prìblhma 4: 'Estw f : [0, 1]→ [0,∞) suneq c sun�rthsh. Na brejeÐ to ìrio

lim
n→∞

n

∫ 1

0

(
∞∑
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xk

k

)2

f(x) dx.

H di�rkeia thc exètashc eÐnai 3 ¸rec. KALH EPITUQIA!



LÔseic

Prìblhma 1: Profan¸c n > 1. Enallaktik�, jèloume na broÔme gia poi� n to el�qisto thc
posìthtac f(x) := x31 + · · ·+ x3n sto [0,∞)n ∩ {x : x1 + · · ·+ xn ≥ 2} eÐnai mikrìtero tou 8/49.
Profan¸c to el�qisto lamb�netai sto sumpagèc K := [0,∞)n ∩ {x : x1 + · · · + xn = 2} se mÐa
n-�da x = (x1, x2, . . . , xn).

Parat rhsh: x1 = x2 = · · · = xn.

GiatÐ an p. q. x1 6= x2 tìte antikajist¸ntac sto x to zeug�ri (x1, x2) me to(
x1 + x2

2
,
x1 + x2

2

)
paÐrnoume èna x̃ ∈ K me f(x̃) < f(x). Autì giatÐ gia a > 0, to el�qisto thc h(x) = x3+(a−x)3
lamb�netai mìno sto a/2, afoÔ h′(x) = 3a(2x− a).

'Ara to el�qisto thc f sto K lamb�netai sto x = (2/n, 2/n, . . . , 2/n) kai isoÔtai me 8/n2.
H 8/n2 ≤ 8/49 isodunameÐ me n ≥ 7.

Prìblhma 2: UpologÐzoume th genn tria sun�rthsh
∑
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SumperaÐnoume ìti an = (n+ 1)/2n gia k�je n ∈ N, opìte to zhtoÔmeno isqÔei me a = b = 1 kai
c = 1/2.

Prìblhma 3: 'Estw λ ∈ C mia idiotim  tou pÐnaka A kai èstw V = {x ∈ Cn : Ax = λx}
o antÐstoiqoc idioq¸roc. O pÐnakac B af nei ton V analloÐwto, afoÔ gia k�je x ∈ V isqÔei
A(Bx) = B(Ax) = B(λx) = λ(Bx) kai sunep¸c Bx ∈ V . 'Estw µ ∈ C mia idiotim  tou perio-
rismoÔ tou pÐnaka B sto q¸ro V kai èstwW = {x ∈ V : Bx = µx} o antÐstoiqoc idioq¸roc. Me
an�logo trìpo, ìpwc prohgoumènwc, brÐskoume ìti o C af nei ton W analloÐwto kai sunep¸c
ìti èqei toul�qiston mÐa idiotim  ν ∈ C me antÐstoiqo idiodi�nusma y ∈ W . SunoyÐzontac, deÐxame



ìti up�rqoun λ, µ, ν ∈ C kai mh mhdenikì di�nusma y ∈ Cn, tètoia ¸ste Ay = λy, By = µy kai
Cy = νy.

AfoÔ oi treic migadikoÐ arijmoÐ λ, µ, ν eÐnai grammik¸c exarthmènoi epÐ tou R, up�rqoun
pragmatikoÐ arijmoÐ α, β, γ, ìqi ìloi Ðsoi me 0, tètoioi ¸ste αλ + βµ + γν = 0. ParathroÔme
tìte ìti (αA+ βB + γC)(y) = (αλ+ βµ+ γν)(y) = 0. 'Ara, o pÐnakac αA+ βB + γC èqei mh
tetrimmèno pur na kai sunep¸c h orÐzous� tou eÐnai Ðsh me mhdèn.

Prìblhma 4: B ma 1: An f ≡ 1, tìte to ìrio isoÔtai me 2 log 2.
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Stic pio p�nw isìthtec, treÐc forèc k�noume an�lush se apl� kl�smata, kai qrhsimopoioÔme
thleskopikìthta. 'Ara
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B ma 2: Me qr sh tou prohgoÔmenou b matoc, deÐqnoume ìti to zhtoÔmeno ìrio isoÔtai me
(2 log 2)f(1).


