
4 Mètra ginìmeno - Je¸rhma Fubini

Orismìc 4.1 An1 (X,A) kai (Y,B) eÐnai metr simoi q¸roi, ta sÔnola A×B ìpou A ∈ A
kai B ∈ B lègontai metr sima orjog¸nia. OrÐzoume 2

A⊗ B =M{A×B ⊆ X × Y : A ∈ A, B ∈ B}.

Parat rhsh BC = BR ⊗ BR.

Prìtash 4.1 An (Z, C) eÐnai metr simoc q¸roc kai f : Z → X × Y , tìte h f eÐnai C-
A⊗B-metr simh an kai mìnon an h π1◦f : Z → X eÐnai C-A-metr simh kai h π2◦f : Z → Y
eÐnai C-B-metr simh (ìpou πi oi kartesianèc probolèc X × Y → X kai X × Y → Y ).

Pìrisma 4.2 'Estw (Z, C) metr simoc q¸roc kai f1, f2 : Z → R.
(a) An oi f1, f2 eÐnai metr simec, tìte oi f1 + f2 : Z → R kai f1f2 : Z → R eÐnai
metr simec.
(b) Oi f1, f2 eÐnai metr simec an kai mìnon an h f1 + if2 : Z → C eÐnai metr simh.

Prìtash 4.3 An (X,A, µ) kai (Y,B, ν) eÐnai q¸roi mètrou, up�rqei mètro

π ≡ µ× ν : A⊗ B → [0,+∞]

¸ste
π(A×B) = µ(A)ν(B) ìtan A ∈ A, B ∈ B.

An ta µ, ν eÐnai σ-peperasmèna, tìte to π eÐnai monadikì kai σ-peperasmèno.

H idèa thc apìdeixhc. To π orÐzetai kal� sthn oikogèneia C twn peperasmènwn xènwn
en¸sewn metrhsÐmwn orjogwnÐwn. H C eÐnai �lgebra (Prìtash 1.7). EpekteÐnoume to π
sthn A⊗ B qrhsimopoi¸ntac to Je¸rhma epèktashc Karajeodwr .

Orismìc 4.2 (Tomèc (sections)) An E ⊆ X × Y kai f : X × Y → Z, gia k�je
(x, y) ∈ X × Y jètoume

Ex = {v ∈ Y : (x, v) ∈ E} ⊆ Y

Ey = {s ∈ X : (s, y) ∈ E} ⊆ X

fx : Y → Z fx(v) = f(x, v) (v ∈ Y )

f y : X → Z f y(s) = f(s, y) (s ∈ X).

Par�deigma (χE)x = χEx .

Prìtash 4.4 An E ∈ A⊗ B tìte gia k�je (x, y) ∈ X × Y ,

Ex ∈ B, Ey ∈ A.
1fubinew, 24 Dec. 08
2
Βεβαίως το σύνολο {A × B : A ∈ A, B ∈ B} δεν είναι άλγεβρα συνόλων, είναι όμως «στοιχειώδης

οικογένεια» (Ορισμός 1.4).
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Prìtash 4.5 An f : X × Y → C eÐnai A⊗B-metr simh tìte gia k�je (x, y) ∈ X × Y ,

fx eÐnai B-metr simh, f y eÐnai A-metr simh.

Apìdeixh Parat rhse ìti, an U ⊆ C eÐnai anoiktì, tìte gia k�je x ∈ X èqoume (giatÐ?)

f−1
x (U) = (f−1(U))x.

Je¸rhma 4.6 (Fubini gia qarakthristikèc) JewroÔme q¸rouc σ-peperasmènou
mètrou (X,A, µ) kai (Y,B, ν). Gia k�je E ∈ A⊗ B,
(a) oi sunart seic

X → [0,+∞] : x→ ν(Ex) =

∫
Y

χE(x, y)dν(y)

Y → [0,+∞] : y → µ(Ey) =

∫
X

χE(x, y)dµ(x)

eÐnai A (antistoÐqwc B) metr simec kai

(b) isqÔoun oi isìthtec∫
X

(∫
Y

χE(x, y)dν(y)

)
dµ(x) =

∫
Y

(∫
X

χE(x, y)dµ(x)

)
dν(y) = (µ× ν)(E)

dhlad 

(µ× ν)(E) =

∫
X

ν(Ex)dµ(x) =

∫
Y

µ(Ey)dν(y). (1)

H idèa thc apìdeixhc Upojètoume pr¸ta ìti µ(X) < ∞ kai ν(Y ) < ∞. JewroÔme thn
oikogèneia Θ ⊆ A⊗ B twn sunìlwn gia ta opoÐa (ìla) ta sumper�smata tou Jewr matoc
isqÔoun. ParathroÔme ìti h Θ perièqei ìla ta metr sima orjog¸nia. ApodeiknÔoume ìti
h Θ eÐnai kleist  wc proc peperasmènec xènec en¸seic, �ra perièqei thn �lgebra C pou
par�goun ta metr sima orjog¸nia. ApodeiknÔoume ìti h Θ eÐnai kleist  wc proc aÔxousec
en¸seic (Je¸rhma monìtonhc sÔgklishc) kaj¸c kai wc proc fjÐnousec tomèc (Je¸rhma
kuriarqhmènhc sÔgklishc). 'Epetai tìte (dec to epìmeno L mma) ìti h Θ perièqei thn σ-
�lgebra pou par�goun ta metr sima orjog¸nia, �ra Θ = A⊗ B.
H epèktash sthn perÐptwsh σ-peperasmènwn mètrwn gÐnetai gr�fontac ton X × Y wc
arijm simh xènh ènwsh metrhsÐmwn orjogwnÐwn peperasmènou mètrou kai efarmìzontac
thn grammikìthta twn oloklhrwm�twn kai to Je¸rhma Beppo Levi.

L mma 4.7 (Monotìnwn kl�sewn) 'Estw C mia �lgebra sunìlwn kaiM mia oiko-
gèneia pou eÐnai kleist  wc proc aÔxousec en¸seic kai wc proc fjÐnousec tomèc (mia tètoia
M lègetai monìtonh kl�sh). An hM perièqei thn C, tìte perièqei thn σ-�lgebraM(C)
pou par�gei h C.

Apìdeixh ParaleÐpetai.

Prìtash 4.8 (Arq  Cavalieri) An (X,A, µ) kai (Y,B, ν) eÐnai q¸roi σ-peperasmènou
mètrou kai E,F ∈ A⊗ B, tìte

(µ× ν)(E) = (µ× ν)(F ) ⇐⇒ ν(Ex) = ν(Fx) µ-sqedìn gia k�je x ∈ X
⇐⇒ µ(Ey) = µ(F y) ν-sqedìn gia k�je y ∈ Y.
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Apìdeixh 'Amesh apì thn sqèsh (1) sto Je¸rhma 4.6.

Parat rhsh 4.9 Me tic upojèseic tou Jewr matoc 4.6, an h

f : X × Y → [0,+∞] me f(x, y) =
N∑

k=1

ckχEk
(x, y) (ck ≥ 0)

eÐnai apl  kai A⊗ B-metr simh, tìte h φf : X → [0,+∞] me

φf (x) =

∫
Y

f(x, y)dν(y) =
∑

k

ckν((Ek)x)

eÐnai A metr simh3 wc grammikìc sunduasmìc metrhsÐmwn sunart sewn.

Epiplèon èqoume∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
X

φf (x)dµ(x) =
∑

k

ck

∫
X

ν((Ek)x)dµ(x) =
∑

k

ckπ(E)

(ìpou π = µ× ν) sunep¸c∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∑
k

ckπ(E) =

∫
X×Y

f(x, y)dπ(x, y).

Genikìtera,

Je¸rhma 4.10 (Tonelli) 'Estw f : X × Y → [0,+∞] ìpou oi (X,A, µ) kai (Y,B, ν)
eÐnai q¸roi σ-peperasmènou mètrou. An h f eÐnai A⊗ B-metr simh, tìte
(a) oi sunart seic

X → [0,+∞] : x→
∫

Y

f(x, y)dν(y)

Y → [0,+∞] : y →
∫

X

f(x, y)dµ(x)

eÐnai A (antistoÐqwc B) metr simec kai

(b) isqÔoun oi isìthtec
∫∫

fdνdµ =
∫∫

fdµdν =
∫
fdπ, dhlad ∫

X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
Y

(∫
X

f(x, y)dµ(x)

)
dν(y) =

∫
X×Y

fd(µ× ν).

Apìdeixh An h f eÐnai apl , deÐxame sthn Parat rhsh 4.9 ìti h φf eÐnai A-metr simh kai
ìti
∫

X
φfdµ =

∫
fdπ.

Sth genik  perÐptwsh, jewroÔme mia aÔxousa akoloujÐa (fn) apì A ⊗ B-metr simec su-
nart seic ¸ste fn ↗ f kat� shmeÐo. Apì to Je¸rhma Monìtonhc SÔgklishc ston X × Y
èqoume ∫

X×Y

fndπ ↗
∫

X×Y

fdπ. (2)

3
Δεν είναι εν γένει απλή. Πάρε για παράδειγμα την f = χE όπου E ⊆ [0, 1] × [0, 1] το σύνολο Borel

E = {(x, y) : x ≤ y} και υπολόγισε την φf (μέτρο Lebesgue).
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'Omwc, an φn(x) =
∫

Y
fn(x, y)dν(y) tìte k�je φn eÐnai A-metr simh. EpÐshc, gia k�je

x ∈ X, epeid  (fn)x(y) ↗ fx(y) gia k�je y ∈ Y , apì to Je¸rhma Monìtonhc SÔgklishc
ston Y èqoume

φn(x) =

∫
Y

(fn)x(y)dν(y)↗
∫

Y

fx(y)dν(y) ≡ φf (x) gia k�je x ∈ X.

'AfoÔ h φf eÐnai kat� shmeÐo ìrio metrhsÐmwn, eÐnai A-metr simh kai (apì to Je¸rhma
Monìtonhc SÔgklishc ston X) èpetai ìti∫

X

φndµ↗
∫

X

φfdµ.

'Omwc k�je fn eÐnai apl , �ra (apì thn Parat rhsh 4.9)∫
X

φndµ =

∫
X

(∫
Y

fn(x, y)dν(y)

)
dµ(x) =

∫
X×Y

fndπ.

'Eqoume loipìn ∫
X

φfdµ = lim
n

∫
X×Y

fndπ. (3)

Apì tic (2) kai (3) èpetai ìti∫
X×Y

fdπ =

∫
X

φfdµ =

∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x)

kai h �llh isìthta prokÔptei me ton Ðdio trìpo. 2

Par�deigma 4.11 To sumpèrasma den isqÔei p�nta ìtan den eÐnai kai oi dÔo q¸roi σ-
peperasmènou mètrou. Gia par�deigma, èstw X = Y = [0, 1], A = B ta sÔnola Borel, µ
to mètro Lebesgue kai ν to mètro aparÐjmhshc. An D = {(x, x) : x ∈ [0, 1]}, tìte ta trÐa
oloklhr¸mata

∫
Y

(
∫

X
χDdµ)dν = 0,

∫
X

(
∫

Y
χDdν)dµ = 1 kai

∫
X×Y

χDd(µ× ν) = +∞ eÐnai
diaforetik� an� dÔo.

Ac deÐxoume ìti
∫

X×Y
χDd(µ× ν) = +∞, dhlad  ìti π(D) = (µ× ν)(D) = +∞. AfoÔ to

D eÐnai A⊗ B-metr simo, to mètro tou isoÔtai me to exwterikì tou mètro, dhlad 

π(D) = inf

{
∞∑
i=1

π(Ai ×Bi) : Ai ∈ A, Bi ∈ B, D ⊆
⋃
i

Ai ×Bi

}
.

JewroÔme mia tuqaÐa arijm simh k�luyh D ⊆
⋃

iAi × Bi. Gia k�je x ∈ [0, 1] up�rqei
i ∈ N ¸ste (x, x) ∈ Ai × Bi, opìte x ∈ Ai ∩ Bi ≡ Ci. 'Eqoume loipìn [0, 1] =

⋃
iCi,

�ra k�poio Cj ja èqei jetikì mètro Lebesgue: µ(Cj) > 0. Tìte ìmwc to Cj eÐnai �peiro,
opìte ν(Cj) = +∞. Sunep¸c π(Aj × Bj) ≥ π(Cj × Cj) = µ(Cj)ν(Cj) = +∞ kai �ra∑∞

i=1 π(Ai ×Bi) = +∞. AfoÔ h k�luyh eÐnai tuqaÐa, èpetai ìti π(D) = +∞.

Par�deigma 4.12 H upìjesh f ≥ 0 den mporeÐ en gènei na paraleifjeÐ. Gia par�deigma,
an (X,A, µ) = (Y,B, ν) = (N,P(N), µ) (µ to mètro aparÐjmhshc) kai

f(x, y) =


1, x = y
−1, x = y + 1
0, alli¸c

tìte
∫

Y
(
∫

X
fdµ)dν = 0 en¸

∫
X

(
∫

Y
fdν)dµ = 1.

ParathroÔme ed¸ ìti
∫

X×Y
|f |d(µ× ν) = +∞.
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Je¸rhma 4.13 (Fubini) 'Estw f ∈ L1(X × Y,A ⊗ B, µ × ν) ìpou oi (X,A, µ) kai
(Y,B, ν) eÐnai q¸roi σ-peperasmènou mètrou. Tìte

(a) sqedìn ìlec oi tomèc thc f eÐnai oloklhr¸simec, dhlad 
µ-sqedìn gia k�je x ∈ X isqÔei ìti

∫
Y
|f(x, y)|dν(y) < +∞

kai ν-sqedìn gia k�je y ∈ Y isqÔei ìti
∫

X
|f(x, y)|dµ(y) < +∞

(b) oi (sqedìn pantoÔ orismènec) sunart seic

x→
∫

Y

f(x, y)dν(y) kai y →
∫

X

f(x, y)dµ(x)

orÐzoun stoiqeÐa4 tou L1(X,A, µ) (antistoÐqwc L1(Y,B, ν)) kai

(g) isqÔoun oi isìthtec∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
X×Y

fd(µ× ν) =

∫
Y

(∫
X

f(x, y)dµ(x)

)
dν(y).

Apìdeixh Ja apodeÐxoume to Je¸rhma gia thn perÐptwsh f(X) ⊆ [−∞,+∞]. H perÐ-
ptwsh f(X) ⊆ C èpetai eÔkola.

Apì to Je¸rhma Tonelli h sun�rthsh φ|f | : X → [0,+∞] me φ|f |(x) =
∫

Y
|f(x, y)|dν(y)

eÐnai A-metr simh kai∫
X

φ|f |(x)dµ(x) =

∫
X

(∫
Y

|f(x, y)|dν(y)

)
dµ(x) =

∫
X×Y

|f |dπ < +∞.

Epomènwc to sÔnolo
A = {x ∈ A : φ|f |(x) <∞}

an kei sthn A kai µ(Ac) = 0. Me �lla lìgia

µ-sqedìn gia k�je x ∈ X,
∫

Y

|fx(y)|dν(y) < +∞, dhl. fx ∈ L1(ν).

Gia ton Ðdio lìgo up�rqei B ∈ B me ν(Bc) = 0 ¸ste gia k�je y ∈ B na isqÔei f y ∈ L1(µ)
kai to (a) apodeÐqjhke.

Efarmìzoume to Je¸rhma Tonelli sthn f+ = max{f, 0}: èpetai ìti h sun�rthsh
φ+ : X → [0,+∞] me φ+(x) =

∫
Y
f+(x, y)dν(y) eÐnai A-metr simh kai ìti∫

X

φ+dµ =

∫
X

(∫
Y

(f+)x(y)dν(y)

)
dµ(x) =

∫
X×Y

f+d(µ× ν) ≤
∫

X×Y

|f |d(µ× ν) <∞,

dhlad  φ+ ∈ L1(µ). OmoÐwc h sun�rthsh φ−(x) =
∫

Y
f−(x, y)dν(y) an kei ston L1(µ) kai∫

X

φ+dµ =

∫
X×Y

f+d(µ× ν) <∞,
∫

X

φ−dµ =

∫
X×Y

f−d(µ× ν) <∞

�ra

∫
X

φ+dµ−
∫

X

φ−dµ =

∫
X×Y

fd(µ× ν) . (4)

'Omwc, an x ∈ A opìte fx ∈ L1(ν) kai �ra (f±)x ∈ L1(ν), èqoume∫
Y

fx(y)dν(y) =

∫
Y

(f+)x(y)dν(y)−
∫

Y

(f−)x(y)dν(y) = φ+(x)− φ−(x) ∈ R.

4
δηλαδή π.χ. η πρώτη συνάρτηση είναι µ-ισοδύναμη με μία g ∈ L1(X,A, µ)
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Dhlad  h sun�rthsh

x→
∫

Y

f(x, y)dν(y)

eÐnai µ-sqedìn pantoÔ orismènh kai Ðsh me th diafor� dÔo stoiqeÐwn tou L1(µ), �ra orÐzei
stoiqeÐo tou L1(µ). Akribèstera, an jèsoume

g(x) = φ+(x)χA(x)− φ−(x)χA(x) (x ∈ X) (5)

tìte h g eÐnai (pantoÔ) diafor� dÔo sunart sewn tou L1(µ) me timèc sto R, �ra an kei
ston L1(µ) kai ikanopoieÐ

g(x) =

∫
Y

f(x, y)dν(y) gia k�je x ∈ A

dhlad  µ-sqedìn pantoÔ.

Apì thn (5) kai th grammikìthta tou oloklhr¸matoc ston L1(µ) èqoume loipìn∫
X

(∫
Y

f(x, y)dν(y)

)
dµ(x) =

∫
X

g(x)dµ(x)

=

∫
X

φ+(x)dµ(x)−
∫

X

φ−(x)dµ(x)
(4)
=

∫
X×Y

f(x, y)dπ(x, y).

OmoÐwc h (ν-sqedìn pantoÔ orismènh) sun�rthsh

y →
∫

X

f(x, y)dµ(x)

orÐzei stoiqeÐo tou L1(ν) kai prokÔptei ìti∫
Y

(∫
X

f(x, y)dµ(x)

)
dν(y) =

∫
X×Y

f(x, y)dπ(x, y).

2

Parat rhsh 4.14 Ta Jewr mata Tonelli kai Fubini sun jwc qrhsimopoioÔntai se sun-
duasmì: an dojeÐ mia A ⊗ B-metr simh sun�rthsh f , parathroÔme ìti apì to Je¸rhma
Tonelli oi sqèseic

(i)

∫
X

(∫
Y

|f(x, y)|dν(y)

)
dµ(x) <∞

(ii)

∫
Y

(∫
X

|f(x, y)|dµ(x)

)
dν(y) <∞

kai (iii)

∫
X×Y

|f(x, y)|dπ(x, y) <∞ (ìpou π = µ× ν)

eÐnai isodÔnamec. Elègqoume loipìn an k�poio apì ta diadoqik� oloklhr¸mata sto (i)  
sto (ii) dÐnei peperasmèno apotèlesma, opìte èqoume ìti f ∈ L1(X × Y,A × B, π), kai
an autì isqÔei, tìte efarmìzontac to Je¸rhma Fubini sumperaÐnoume ìti to {diplì} olo-
kl rwma

∫
X×Y

fdπ up�rqei kai isoÔtai me opoiod pote apì ta ta diadoqik� oloklhr¸mata∫
Y

(∫
X
f(x, y)dµ(x)

)
dµ(y) kai

∫
X

(∫
Y
f(x, y)dν(y)

)
dµ(x).
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