
Mètra Borel sto R
Prìtash 1 'Estw F : R → R aÔxousa, dexi� suneq c. Up�rqei monadikì mètro Borel
µF sto R ¸ste

µF ((a, b]) = F (b)− F (a) gia k�je a, b ∈ R, a ≤ b.

Apìdeixh 'Estw F− ≡ inf{F (x) : x ∈ R} kai F+ ≡ sup{F (x) : x ∈ R}, opìte −∞ ≤
F− ≤ F+ ≤ +∞. AfoÔ h F eÐnai eÐnai aÔxousa, ta ìria lim

x→−∞
F (x) kai lim

x→+∞
F (x)

up�rqoun sto [−∞,+∞] kai isqÔei lim
x→−∞

F (x) = F− kai lim
x→+∞

F (x) = F+. EpekteÐnoume

loipìn thn F sto [−∞,+∞] jètontac F (−∞) = F− kai F (+∞) = F+.

Jewr¸ thn oikogèneia

E = {(a, b] : −∞ ≤ a < b <∞} ∪ {(a,∞) : −∞ ≤ a < +∞} ∪ {∅}

(ta stoiqeÐa thc ja onom�zoume h-diast mata). EÐnai stoiqei¸dhc oikogèneia, epomènwc to
sÔnolo A ìlwn twn peperasmènwn en¸sewn I1 ∪ I2 ∪ · · · ∪ In xènwn h-diasthm�twn eÐnai
�lgebra.

Pr¸to B ma Orismìc tou µF sthn A.
OrÐzoume µF ((a, b]) = F (b)− F (a) ìtan a, b ∈ R, a ≤ b

µF ((−∞, b]) = F (b)− lim
a→−∞

F (a) = F (b)− F (−∞),

µF ((a,+∞)) = lim
b→+∞

F (b)− F (a) = F (+∞)− F (a).

An A =
n⋃

j=1

(aj, bj], ìpou −∞ ≤ a1 < b1 ≤ a2 < b2 · · · ≤ an < bn ≤ +∞

eÐnai èna stoiqeÐo1 thc A, jètoume

µF (
n⋃

j=1

(aj, bj]) =
n∑

j=1

(F (bj)− F (aj)).

Apì ton orismì èqoume

µF (
n⋃

j=1

(aj, bj]) =
n∑

j=1

µF ((aj, bj]).

Isqurismìc: To µF eÐnai kal� orismèno sthn A.
Dhlad , an èna A ∈ A grafteÐ kat� dÔo diaforetikoÔc trìpouc A =

⋃n
i=1 Ii =

⋃m
j=1 Jj,

ìpou Ii, Jj ∈ E , tìte
∑n

i=1 µF (Ii) =
∑m

j=1 µF (Jj).

Apìdeixh. (a) Upojètoume pr¸ta ìti h oikogèneia {Jj} apoteleÐtai apì èna mìno h-
di�sthma, dhlad  ìti

⋃n
i=1 Ii = (c, d]. Tìte, anadiat�ssontac en an�gkh ta h-diast mata

Ii = (ai, bi], ja èqoume

c = a1 < b1 = a2 < b2 = a3 < · · · < bn = d

1
όπου, αν bn = +∞, με το σύμβολο (an, bn] θα εννοούμε το (an,+∞)
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kai sunep¸c

(��
��F (b1)−F (a1))+(��

��F (b2)−����F (a2))+ · · ·+(F (bn)−����F (an)) = −F (a1)+F (bn) = F (d)−F (c)

diìti F (b1) = F (a2), F (b2) = F (a3), . . . , F (bn−1) = F (an).

(b) An t¸ra
⋃n

i=1 Ii =
⋃m

j=1 Jj, tìte k�je h-di�sthma Ii eÐnai ènwsh twn h-diasthm�twn
Ii ∩ Ij, j = 1, . . . ,m, epomènwc apì to (a)

µF (Ii) = µF

(
m⋃

j=1

(Ii ∩ Jj)

)
=

m∑
j=1

µF (Ii ∩ Jj)

kai omoÐwc µF (Jj) = µF

(
n⋃

i=1

(Ii ∩ Jj)

)
=

n∑
i=1

µF (Ii ∩ Jj)

�ra
n∑

i=1

µF (Ii) =
n∑

i=1

(
m∑

j=1

µF (Ii ∩ Jj)

)
=

m∑
j=1

(
n∑

i=1

µF (Ii ∩ Jj)

)
=

m∑
j=1

µF (Jj).

An t¸ra apodeÐxw ìti to µF eÐnai promètro sthn A, tìte apì to Je¸rhma epèktashc
Karajeodwr  to µF ja dèqetai s-prosjetik  epèktash sthn s-�lgebra pou par�getai apì
thn A, h opoÐa perièqei ìla ta hmianoikt� diast mata kai sunep¸c eÐnai h s-�lgebra Borel.
Epiplèon h epèktash aut  ja eÐnai monadik , kaj¸c to µF eÐnai s-peperasmèno sthn A,
efìson R = ∪n∈Z(n, n+ 1] kai µF ((n, n+ 1]) <∞ gia k�je n ∈ Z.
Mènei loipìn na apodeÐxw ìti

DeÔtero B ma: To µF eÐnai promètro sthn A.
Pr�gmati, (i) To µF eÐnai peperasmèna prosjetikì sthn A.
Autì eÐnai �mesh sunèpeia tou orismoÔ: An A =

⋃n
i=1 Ii kai B =

⋃m
j=1 Jj an koun sthn A

kai eÐnai xèna, tìte ìla ta h-diast mata Ii kai Jj eÐnai xèna opìte

µF (A ∪B) = µF (
n⋃

i=1

Ii ∪
m⋃

j=1

Jj) =
∑

µF (Ii) +
∑

µF (Jj) = µF (A) + µF (B).

(ii) To µF eÐnai s-prosjetikì sthn A. Prèpei na deÐxw ìti

An An ∈ A eÐnai xèna an� dÔo kai ∪∞n=1An = A ∈ A, tìte µF (A) =
∞∑

n=1

µF (An). (1)

Den eÐnai dÔskolo na peisjoÔme ìti arkeÐ na periorisjoÔme sthn perÐptwsh ìpou ta An kai
A eÐnai h-diast mata. Pr�gmati:

Ex upojèsewc, afoÔ A ∈ A, to A eÐnai peperasmènh ènwsh xènwn h-diasthm�twn,
A =

⋃m
j=1 Jj. Efìson k�je Ai ⊂ A =

⋃m
j=1 Jj èqoume Ai =

⋃m
j=1(Jj ∩ Ai) kai sunep¸c

∞⋃
i=1

(
m⋃

j=1

(Jj ∩ Ai)

)
= A =

m⋃
j=1

Jj �ra
m⋃

j=1

(
∞⋃
i=1

(Jj ∩ Ai)

)
=

m⋃
j=1

Jj

opìte, epeid  ta Jj eÐnai xèna,

∞⋃
i=1

(Jj ∩ Ai) = Jj gia k�je j = 1, . . .m.
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All� k�je Jj ∩Ai eÐnai peperasmènh ènwsh xènwn h-diasthm�twn, opìte apì thn prohgoÔ-
menh isìthta to Jj eÐnai ènwsh xènwn h-diasthm�twn

∞⋃
i=1

Iij = Jj gia k�je j = 1, . . .m.

ArkeÐ loipìn na deÐxoume ìti

∞∑
i=1

µF (Iij) = µF (Jj) gia k�je j = 1, . . .m

giatÐ tìte, prosjètontac tic m autèc isìthtec kat� mèlh, apì thn peperasmènh prosjeti-
kìthta tou µF ja prokÔyei h (1).

Me �lla lìgia, arkeÐ na apodeÐxw ìti

An In eÐnai xèna an� dÔo h-diast mata kai ∪∞n=1 In = I eÐnai h-di�sthma, tìte

µF (I) =
∞∑

n=1

µF (In). (2)

Apìdeixh thc (2) H sqèsh

µF (I) ≥
∞∑

n=1

µF (In)

eÐnai eÔkolh: Gia k�je N ∈ N, epeid  to µF eÐnai peperasmèna prosjetikì kai ta I, In
an koun sthn �lgebra A, èqoume

µF (I) = µF (
N⋃

n=1

In) + µF (I \
N⋃

n=1

In) ≥ µF (
N⋃

n=1

In) =
N∑

n=1

µF (In)

opìte µF (I) ≥ sup
N

N∑
n=1

µF (In) =
∞∑

n=1

µF (In).

Gia thn antÐstrofh anisìthta, upojètw pr¸ta ìti to I eÐnai fragmèno di�sthma (opìte kai
k�je In ja eÐnai fragmèno) kai gr�fw I = (a, b], In = (an, bn].

H F eÐnai dexi� suneq c (!). Sunep¸c gia k�je ε > 0 up�rqei δ > 0 ¸ste

F (a+ δ)− F (a) < ε (3)

kai, gia ton Ðdio lìgo, gia k�je n ∈ N up�rqei δn > 0 ¸ste

F (bn + δn)− F (bn) <
ε

2n
. (4)

Epeid  (a, b] = ∪n(an, bn], èqoume [a + δ, b] ⊆ ∪n(an, bn + δn). 'Omwc to [a + δ, b] eÐnai
sumpagèc (!), �ra to anoiktì k�lumma {(an, bn+δn) : n ∈ N} èqei peperasmèno upok�lumma:
up�rqei N ∈ N ¸ste

[a+ δ, b] ⊆
N⋃

n=1

(an, bn + δn).

An k�poio apì ta anoikt� aut� diast mata perièqetai ex olokl rou se k�poio �llo, to
paraleÐpoume kai exakoloujoÔme na èqoume k�lumma tou [a+ δ, b]. Anadiat�ssontac t¸ra

3



en an�gkh ta diast mata, mporoÔme na upojèsoume ìti k�je (an, bn + δn) tèmnei to epìmeno
di�sthma (an+1, bn+1 + δn+1) kai den to uperkalÔptei, dhlad  ìti

bn + δn ∈ (an+1, bn+1 + δn+1) gia k�je n = 1, 2, . . . , N − 1. (5)

'Eqoume tìte

µF (I) = F (b)− F (a) < F (b)− F (a+ δ) + ε apì thn (3)

≤ F (bN + δN)− F (a1) + ε (afoÔ F aÔxousa kai a1 < a+ δ, b < bN + δN)

= (F (bN + δN)− F (aN)) + (F (aN)− F (aN−1)) + · · ·+ (F (a2)− F (a1)) + ε

= (F (bN + δN)− F (aN)) +
N−1∑
k=1

(F (ak+1)− F (ak)) + ε

≤ (F (bN + δN)− F (aN)) +
N−1∑
k=1

(F (bk + δk)− F (ak)) + ε (lìgw thc (5))

=
N∑

k=1

(F (bk + δk)− F (ak)) + ε

≤
N∑

k=1

(
F (bk) +

ε

2k
− F (ak)

)
+ ε (apì thn (4))

≤
N∑

k=1

(
µF ((ak, bk]) +

ε

2k

)
+ ε ≤

∞∑
k=1

(
µF ((ak, bk]) +

ε

2k

)
+ ε

≤
∞∑

k=1

µF ((ak, bk]) + 2ε.

Epeid  to ε > 0 eÐnai aujaÐreto, apodeÐxame, me thn upìjesh ìti to I eÐnai fragmèno, thn
apaitoÔmenh anisìthta

µF (I) ≤
∞∑

k=1

µF (Ik).

'Otan to I eÐnai thc morf c I = (−∞, b] ìpou b ∈ R (dhlad  (−∞, b] =
⋃∞

n=1 In) tìte
2

gia k�je M < ∞ kalÔptw to di�sthma [−M, b] me peperasmèno pl joc diasthm�twn thc
morf c (an, bn + δn) kai ìpwc prin katal gw sthn anisìthta

µF ([−M, b]) = F (b)− F (−M) ≤
N∑

k=1

µF ((ak, bk]) + 2ε ≤
∞∑

k=1

µF (Ik) + 2ε

epomènwc
µF (I) = F (b)− lim

M→+∞
F (−M) ≤

∞∑
k=1

µF (Ik) + 2ε

gia k�je ε > 0, opìte p�li èpetai h apaitoÔmenh anisìthta. Me ton Ðdio trìpo, ìtan
I = (a,+∞), katal goume gia k�je M < +∞ sthn

µF ((a,M ]) = F (M)− F (a) ≤
∞∑

k=1

µF (Ik) + 2ε.

2
αρκεί να υποθέσω ότι όλα τα In είναι φραγμένα, διότι αλλιώς, αν π.χ. I1 = (−∞, b1] οπότε
I = (−∞, b] = (−∞, b1] ∪

⋃∞
n=2(an, bn] έχω

µF (I) = µF ((−∞, b1]) + µF (
⋃∞

n=2(an, bn]) = µF ((−∞, b1]) +
∑∞

n=2 µF ((an, bn])
από την προηγούμενη περίπτωση.

4


