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1*.1 ProspajeÐste na apodeÐxete thn isìthta Parseval:∑
n∈Z |f̂(n)|2 = 1

2π

∫ 2π

0
|f(t)|2dt.

ParathreÐste pr¸ta ìti gia trigwnometrik� polu¸numa, dhl. sunart seic thc morf c f(t) =
∑n

k=−n akeikt

h isìthta eÐnai apl  efarmog  idiot twn thc sun�rthshc ek(t) = eikt. P¸c mporeÐ kaneÐc na per�sei t¸ra
se aujaÐretec suneqeÐc sunart seic?

2*. Up�rqei akoloujÐa (fn) suneq¸n sunart sewn fn : [0, 1] → R ¸ste
(a) ∀n ∀t, 0 ≤ fn(t) ≤ 1
(b) gia k�je t h (fn(t))n eÐnai fjÐnousa (�ra sugklÐnei)
(g) h sun�rthsh-ìrio f den eÐnai kan Riemann oloklhr¸simh.

3*. BreÐte mia suneq  kampÔlh sto epÐpedo, me parametrik  morf 

γ = {(x(t), y(t)) : t ∈ [a, b]} ⊂ R2

(ìpou oi x, y : [a, b] → R eÐnai suneqeÐc sunart seic) pou den eÐnai eujugrammÐsimh.

4. 'Estw X �peiro sÔnolo kai A = {E ⊆ X : E peperasmèno   X \E peperasmèno}. DeÐxte ìti h A eÐnai
�lgebra sto X. Exet�ste an eÐnai σ-�lgebra sto X. Ti sumbaÐnei ìtan X = N?

5. 'Estw X uperarijm simo sÔnolo kai A = {E ⊆ X : E arijm simo   X \ E arijm simo}. DeÐxte ìti h
A eÐnai σ-�lgebra sto X.

6. 'Estw M⊆ P(X) mia σ-�lgebra pou èqei �peira stoiqeÐa. DeÐxte ìti:

(a) H M perièqei mia �peirh akoloujÐa xènwn an� dÔo sunìlwn.

(b) H M èqei uperarijm sima to pl joc stoiqeÐa.

7. 'Estw E ⊆ P(X). DeÐxte ìti

M(E) =
⋃ {

M(F) : F ⊆ E , F arijm simo
}
.

[Upìdeixh: DeÐxte ìti h oikogèneia sto dexiì mèloc eÐnai σ-�lgebra.]

8. 'Estw (X,M, µ) q¸roc mètrou. An (En)n eÐnai mia akoloujÐa sunìlwn sthn M, orÐzoume

lim supEn =
∞⋂

k=1

∞⋃
n=k

En,

lim inf En =
∞⋃

k=1

∞⋂
n=k

En.

(a) DeÐxte ìti

lim supEn = {x ∈ X : x ∈ En gia �peira n},
lim inf En = {x ∈ X : x ∈ En gia ìla ektìc apì peperasmèna n}.

(b) DeÐxte ìti µ(lim inf En) ≤ lim inf µ(En). EpÐshc, an µ
( ⋃

n En

)
< ∞, tìte µ(lim sup En) ≥ lim supµ(En).

9. 'Estw (X,M, µ) q¸roc mètrou kai E,F ∈M. DeÐxte ìti µ(E) + µ(F ) = µ(E ∪ F ) + µ(E ∩ F ).

10. 'Estw (X,M, µ) peperasmènoc q¸roc mètrou.

(a) An E,F ∈M kai µ(E 4 F ) = 0, deÐxte ìti µ(E) = µ(F ).
(b) Lème ìti E ∼ F an µ(E 4 F ) = 0. DeÐxte ìti h ∼ eÐnai sqèsh isodunamÐac sth M.
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(g) An E,F ∈M, orÐzoume ρ(E,F ) = µ(E 4 F ). DeÐxte ìti ρ(E,G) ≤ ρ(E,F ) + ρ(F,G), �ra h ρ orÐzei
mia metrik  sto q¸ro M/ ∼ twn kl�sewn isodunamÐac.

11. 'Estw (X,M, µ) q¸roc mètrou. An to µ eÐnai hmipeperasmèno, deÐxte ìti gia k�je C > 0 kai gia k�je
E ∈M me µ(E) = ∞ up�rqei F ⊂ E, F ∈M, me C < µ(F ) < ∞.

12. 'Estw (X,M, µ) q¸roc mètrou. An to µ eÐnai σ-peperasmèno, deÐxte ìti eÐnai hmipeperasmèno. DeÐxte
ìti to antÐstrofo den isqÔei.

13. 'Estw (X,M, µ) q¸roc mètrou. OrÐzoume µ0 sth M, jètontac

µ0(E) = sup{µ(F ) : F ⊆ E kai µ(F ) < ∞}.

DeÐxte ìti

(a) To µ0 eÐnai hmipeperasmèno mètro (to {hmipeperasmèno mèroc} tou µ).

(b) An to µ eÐnai hmipeperasmèno, tìte µ0 = µ.

(g) Up�rqei mètro ν sth M pou paÐrnei mìno tic timèc 0 kai ∞, tètoio ¸ste µ = µ0 + ν.


