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1. 'Estw p > 0 kai λ ∈ (0, 1). An x, y > 0 jètoume

Mλ
p (x, y) = (λxp + (1− λ)yp)1/p.

An x, y ≥ 0 kai xy = 0 jètoume Mλ
p (x, y) = 0.

(a) DeÐxte ìti
lim

p→0+
Mλ

p (x, y) = xλy1−λ.

(b) DeÐxte ìti an x, y, z, w ≥ 0, a, b, γ > 0 kai 1
a + 1

b = 1
γ , tìte

Mλ
a (x, y) ·Mλ

b (z, w) ≥ Mλ
γ (xz, yw).

(g) 'Estw f, g, h : Rn → R+ metr simec sunart seic kai èstw p > 0, λ ∈ (0, 1). Upojètoume ìti
oi f kai g eÐnai oloklhr¸simec kai ìti, gia k�je x, y ∈ Rn,

h(λx + (1− λ)y) ≥ Mλ
p (f(x), g(y)).

Tìte, ∫

Rn

h ≥ Mλ
p

pn+1

(∫

Rn

f,

∫

Rn

g

)
.

2. 'Estw K èna kurtì s¸ma ston Rn kai èstw f : K → R+. Lème ìti h f eÐnai α-koÐlh gia
k�poion α > 0 an h f1/α eÐnai koÐlh sto K. Dhlad , an

f1/α (λx1 + µx2) ≥ λf1/α(x1) + µf1/α(x2)

gia k�je x1, x2 ∈ K kai λ, µ > 0 me λ + µ = 1.
(a) 'Estw f, g : K → R+. An h f eÐnai α-koÐlh kai h g eÐnai β-koÐlh, tìte h f ·g eÐnai (α+β)-koÐlh.
(b) 'Estw K èna kurtì s¸ma ston Rn kai èstw θ ∈ Sn−1. Gia k�je y ∈ Pθ⊥(K) sumbolÐzoume me
Iy to sÔnolo {t ∈ R : y + tθ ∈ K} (parathr ste ìti to Iy eÐnai di�sthma gia k�je y ∈ Pθ⊥(K)).
'Estw f : K → R+ mia suneq c sun�rthsh. JewroÔme thn probol  thc f sth dieÔjunsh tou θ:
eÐnai h sun�rthsh

(Pθf)(y) :=
∫

Iy

f(y + tθ)dt, y ∈ Pθ⊥(K).

DeÐxte ìti an h f eÐnai α-koÐlh, tìte h Pθf eÐnai (1 + α)-koÐlh. Upìdeixh. Qrhsimopoi ste thn
'Askhsh 1.
(g) 'Estw F ènac k-di�statoc upìqwroc tou Rn. DeÐxte ìti h sun�rthsh f : F⊥ → R me
f(x) = |K ∩ (F + x)|1/k eÐnai koÐlh sto forèa thc (aut  eÐnai h genik  morf  thc arq c tou
Brunn). Upìdeixh. H qarakthristik  sun�rthsh tou K eÐnai α-koÐlh gia k�je α > 0! Jewr ste
orjokanonik  b�sh {θ1, . . . , θk} tou F kai, prob�llontac diadoqik� thn f stic dieujÔnseic θi,
deÐxte ìti h x 7→ |K ∩ (F + x)| eÐnai (α + k)-koÐlh sto PF⊥(K), gia k�je α > 0.

3. 'Estw f : Rn → R+ oloklhr¸simh sun�rthsh. OrÐzoume

∆f(z) = sup
{√

f(x)f(−y) : x, y ∈ Rn, z =
x + y

2

}
.

(a) DeÐxte ìti ∫

Rn

f(x)dx ≤
∫

Rn

∆f(z)dz.

(a) An h f eÐnai logarijmik� koÐlh, deÐxte ìti
∫

Rn

∆f(z)dz ≤ 2n

∫

Rn

f(x)dx.


