
ASUMPTWTIKH KURTH GEWMETRIA (2006�07)
ASKHSEIS � FULLADIO 3

(HmeromhnÐa Par�doshc: 11 IounÐou 2007)

1. 'Estw g1, . . . , gn anex�rthtec tupikèc kanonikèc tuqaÐec metablhtèc se ènan q¸ro pijanìthtac
Ω kai èstw {e1, . . . , en} mia orjokanonik  b�sh tou Rn.
(a) 'Estw X = (Rn, ‖ · ‖). DeÐxte ìti

‖G‖q :=

(∫

Ω

www
n∑

i=1

gi(ω)ei

www
q

dω

)1/q

= cn,qMq(X)

ìpou

Mq(X) =
(∫

Sn−1
‖x‖qdσ(x)

)1/q

,

kai upologÐste tic stajerèc cn,1 kai cn,2.
(b) DeÐxte ìti: an 1 ≤ k ≤ n,

∫

Ω

www
k∑

i=1

gi(ω)ei

www dω ≤
∫

Ω

www
n∑

i=1

gi(ω)ei

www dω.

(g) DeÐxte ìti: an Y eÐnai ènac k�di�statoc upìqwroc tou X, tìte

M1(Y ) ≤ c
√

n/kM1(X),

ìpou c > 0 apìluth stajer�.

2. 'Estw f : Sn−1 → R Lipschitz suneq c sun�rthsh me stajer� 1 kai èstw L o mèsoc Lévy thc
f .
(a) DeÐxte ìti, gia k�je t > 0,

(σ ⊗ σ)
({(x, y) ∈ Sn−1 : |f(x)− f(y)| ≥ t}) ≤ 2σ

({x : |f(x)− L| ≥ t/2}) ≤ c1 exp(−c2t
2n).

(b) 'Estw E(f) =
∫

Sn−1 f(x) dσ(x). DeÐxte ìti, gia k�je a ∈ R,
∫

Sn−1
exp(a2|f(x)− E(f)|2) dσ(x) ≤

∫

Sn−1

∫

Sn−1
exp

(
a2(f(x)− f(y))2

)
dσ(x) dσ(y).

(g) DeÐxte ìti
∫

Sn−1

∫

Sn−1
exp

(
a2(f(x)− f(y))2

)
dσ(x) dσ(y) ≤ ca2

∫ ∞

0

tea2t2−ct2ndt,

kai, epilègontac, a ' √
n, deÐxte ìti

∫

Sn−1

∫

Sn−1
exp

(
c1n(f(x)− f(y))2

)
dσ(x) dσ(y) ≤ c2,

ìpou c1, c2 > 0 apìlutec stajerèc.
(d) DeÐxte ìti, gia k�je t > 0,

σ
({x : |f(x)− E(f)| ≥ t}) ≤ c3 exp(−c4t

2n),

ìpou c3, c4 > 0 apìlutec stajerèc.

3. 'Estw X = (Rn, ‖ · ‖). SumbolÐzoume me b th mikrìterh jetik  stajer� gia thn opoÐa h
anisìthta ‖x‖ ≤ b‖x‖2 isqÔei gia k�je x ∈ Rn. DeÐxte ìti

max
{

M1, c1

b
√

q√
n

}
≤ Mq ≤ max

{
2M1, c2

b
√

q√
n

}



gia k�je q ∈ [1, n], ìpou c1, c2 eÐnai apìlutec jetikèc stajerèc.

(a) Upìdeixh gia thn dexi� anisìthta: H sun�rthsh ‖x‖ : Sn−1 → R eÐnai Lipschitz suneq c me
stajer� b. Apì th sfairik  isoperimetrik  anisìthta èpetai ìti

σ
(
x ∈ Sn−1 :

∣∣ ‖x‖ −M1

∣∣ > t
) ≤ 2 exp(−ct2n/b2)

gia k�je t > 0. Apì thn trigwnik  anisìthta ston Lq(Sn−1),

Mq −M1 ≤ ‖‖x‖ −M1 ‖q.

(b) Upìdeixh gia thn arister  anisìthta: Up�rqei z ∈ Sn−1 ¸ste BX ⊂ {y : |〈y, z〉| ≤ 1/b}.
Sunep¸c,

{x ∈ Sn−1 : ‖x‖ ≥ t} ⊃ Ct := {x ∈ Sn−1 : |〈x, z〉| ≥ t/b}
gia k�je t > 0. Qrhsimopoi ste thn

Mq =
(

q

∫ ∞

0

tq−1σ({x : ‖x‖ ≥ t})dt

)1/q

≥
(

q

∫ ∞

0

tq−1σ(Ct)dt

)1/q

.

4. (a) 'Estw x1, . . . , xt ∈ Sn−1. DeÐxte ìti up�rqei y ∈ Sn−1 ¸ste

t∑

i=1

|〈y, xi〉| ≥
√

t.

Upìdeixh: Jewr ste ìla ta dianÔsmata thc morf c z(ε) =
∑t

i=1 εixi ìpou εi = ±1, kai epilèxte
èna me th megalÔterh dunat  EukleÐdeia nìrma.

5. 'Estw X = (Rn, ‖·‖). 'Estw t(X) o mikrìteroc fusikìc t gia ton opoÐo up�rqoun U1, . . . , Ut ∈
O(n) ¸ste

(∗) 1
2
M‖x‖2 ≤ 1

t

t∑

i=1

‖Ui(x)‖ ≤ 2M‖x‖2

gia k�je x ∈ Rn. DeÐxte ìti

t(X) ≥ 1
4
(b/M)2.

Upìdeixh. Upojèste ìti h (∗) isqÔei gia k�poiouc U1, . . . , Ut ∈ O(n). Jewr ste x0 ∈ Sn−1 me
‖x0‖ = b kai qrhsimopoi ste thn 'Askhsh 4 gia ta xi = U−1

i (x0).

6. 'Estw X = (Rn, ‖ · ‖1) kai Y = (Rn, ‖ · ‖2). Upojètoume ìti v(BX) ≤ nα kai v(BY ∗) ≤ nβ gia
k�poiouc α, β ≥ 1. DeÐxte ìti

d(X, Y ) ≤ c
√

α + β
√

n log n.

Upìdeixh: MporeÐte na upojèsete ìti

1√
n

Bn
2 ⊆ BX ⊆ Bn

2 ⊆ BY ⊆ √
nBn

2 .

Parathr ste ìti, gia k�je U ∈ O(n), ‖U−1 : Y → X‖ ≤ n kai

‖U : X → Y ‖ = sup
x∈BX

‖Ux‖Y = max
x∈Ext(BX)

max
y∗∈Ext(BY ∗ )

|〈U(x), y∗〉|,

ìpou Ext(A) eÐnai to sÔnolo twn koruf¸n tou polutìpou A. Gia stajer� x, y kai gia ε > 0,
ektim ste to

ν(U ∈ O(n) : |〈U(x), y∗〉| ≥ ε).



7. 'Estw 1 ≤ k ≤ n kai èstw fk : Sn−1 → R h sun�rthsh

fk(x) =
√

x2
1 + · · ·+ x2

k.

Dhlad , fk(x) = ‖Pk(x)‖2, ìpou Pk h orjog¸nia probol  ston span{e1, . . . , ek}.
(a) DeÐxte ìti o mèsoc Lévy med(fk) ikanopoieÐ thn

med(fk) ≥ 1
2

√
k

n

an k ≥ C log n, ìpou C > 0 (arket� meg�lh) apìluth stajer�.
(b) 'Estw u ∈ Sn−1. DeÐxte ìti, gia k�je t ∈ (0, 1),

νn,k({F ∈ Gn,k : | ‖PF (u)‖2 −med(fk)| ≥ t ·med(fk)}) ≤ c1 exp(−c2t
2k).

(g) 'Estw x1, . . . , xn ∈ Rn. DeÐxte ìti up�rqoun k ≤ c log n (ìpou c > 0 apìluth stajer�) kai
F ∈ Gn,k ¸ste

1
2
med(fk)‖xi − xj‖2 ≤ ‖PF (xi)− PF (xj)‖2 ≤ 2med(fk)‖xi − xj‖2

gia k�je i, j = 1, . . . , n.

8. 'Estw P èna summetrikì polÔtopo ston Rn kai èstw X = (Rn, ‖ · ‖P ). Gr�foume f(P ) gia to
pl joc twn (n− 1)�di�statwn edr¸n tou kai v(P ) gia to pl joc twn koruf¸n tou.
(a) DeÐxte ìti k(X) ≤ log f(P ) kai k(X∗) ≤ log v(P ).
(b) DeÐxte ìti log f(P ) log v(P ) ≥ cn, ìpou c > 0 apìluth stajer�.

9. 'Estw K èna summetrikì kurtì s¸ma ston Rn. Upojètoume ìti h Bn
2 eÐnai to elleiyoeidèc

mègistou ìgkou tou K kai ìti vr(K) = A.
(a) DeÐxte ìti ∫

O(n)

∫

Sn−1

1
‖Uθ‖n‖θ‖n

σ(dθ)ν(dU) = A2n.

(b) Gia k�je U ∈ O(n) jètoume NU (θ) = ‖Uθ‖+‖θ‖
2 , θ ∈ Sn−1. DeÐxte ìti up�rqei U ∈ O(n) ¸ste

∫

Sn−1

1
NU (θ)2n

dσ(θ) ≤ A2n

kai sumper�nate ìti NU (θ) ≥ c
A2 gia k�je θ ∈ Sn−1.

(g) An o U ikanopoieÐ to (b), deÐxte ìti

Bn
2 ⊂ K ∩ U(K) ⊂ 8A2Bn

2 .


