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1. To �e¸rhma kathgorÐac tou Baire

Orismìc. 'Ena uposÔnolo A enìc metrikoÔ q¸rou lègetai poujen� puknì an
(
A
)◦
= ∅. 'Ena sÔnolo lègetai

1hc kathgorÐac an eÐnai arijm simh ènwsh poujen� pukn¸n sunìlwn.

Je¸rhma. 'Estw (X, ρ) pl rhc metrikìc q¸roc kai Gn ⊂ X mia akoloujÐa anoiqt¸n kai pukn¸n sunìlwn.

Tìte h tom  A :=
∞⋂

n=1

Gn eÐnai puknì sÔnolo.

Apìdeixh. 'Estw D tuqìntac anoiqtìc dÐskoc. ArkeÐ na deÐxoume ìti A ∩ D , ∅. AfoÔ ta Gn eÐnai anoiqt�

kai pukn�, mporoÔme na epilèxoume epagwgik� mia akoloujÐa anoiqt¸n dÐskwn Dn tètoia ¸ste

D1 ⊂ D, Dn+1 ⊂ Dn, Dn ⊂ Gn, diam(Dn) <
1
n
.

Tìte

B :=
∞⋂

n=1

Dn ⊂ A kai B ⊂ D.

Epomènwc arkeÐ na deÐxoume ìti B , ∅. Epilègoume xn ∈ Dn. Tìte h xn eÐnai Cauchy diìti gia n ≥ m èqoume

ρ(xn, xm) ≤ diam(Dm) <
1
m
.

AfoÔ o X eÐnai pl rhc, èqoume ìti xn → x gia k�poio x. All� xm ∈ Dn gia k�je m ≥ n �ra x ∈ Dn gia k�je

n. 'Omwc Dn+1 ⊂ Dn, sunep¸c x ∈ B. �

Je¸rhma (Baire). 'Enac pl rhc metrikìc q¸roc den eÐnai 1hc kathgorÐac.

Apìdeixh. 'Estw ìti o X eÐnai pl rhc kai ìti X =
∞⋃

n=1

An, ìpou ta An eÐnai poujen� pukn�. Tìte

∞⋂
n=1

(
An

){
= ∅

kai ta
(
An

){
eÐnai anoiqt� kai pukn�, �topo apì to prohgoÔmeno �e¸rhma. �

Par�deigma. To Q eÐnai 1hc kathgorÐac, to R eÐnai pl rhc q¸roc, �ra Q , R. 'Allh mia apìdeixh ìti

up�rqoun �rrhtoi arijmoÐ.

Par�deigma. An f j : R → R, j ∈ J, eÐnai mia oikogèneia kat� shmeÐo �ragmènwn suneq¸n sunart sewn,

tìte up�rqei èna di�sthma p�nw sto opoÐo oi f j eÐnai omoiìmorfa �ragmènec. Pr�gmati èqoume ìti

R =

∞⋃
n=1

⋂
j∈J

{x : | f j(x)| ≤ n} =
∞⋃

n=1

An.

AfoÔ oi f j eÐnai suneqeÐc, ta An eÐnai kleist�. Apì to �e¸rhma tou Baire, to R den eÐnai 1hc kathgorÐac,

�ra k�poio apì ta An èqei mh kenì eswterikì, epomènwc perièqei èna di�sthma. P�nw s�autì to di�sthma

oi f j eÐnai omoiìmorfa �ragmènec.

4



2. Q¸roi Banach

Orismìc. 'Enac q¸roc me nìrma eÐnai èna 
eug�ri (X, ‖ · ‖), ìpou X eÐnai ènac grammikìc q¸roc, kai

‖ · ‖ : X → [0,∞)

mia apeikìnish (h nìrma) ètsi ¸ste gia k�je x, y ∈ X, λ ∈ F, èqoume :
(1) ‖x‖ = 0⇔ x = 0.
(2) ‖λx‖ = |λ|‖x‖.
(3) ‖x + y‖ ≤ ‖x‖ + ‖y‖.

'Enac q¸roc me nìrma eÐnai metrikìc q¸roc mèsw thc metrik c ρ(x, y) = ‖x − y‖. H prìsjesh kai o

�ajmwtìc pollaplasiasmìc eÐnai suneqeÐc apeikonÐseic. SÔgklish wc proc th nìrma miac akoloujÐac xn

se k�poio x shmaÐnei ‖xn − x‖ → 0.

Orismìc. 'Enac pl rhc q¸roc me nìrma lègetai q¸roc Banach.

K�je kleistìc (grammikìc) upìqwroc enìc q¸rou Banach eÐnai q¸roc Banach.

Je¸rhma. 'Estw X q¸roc me nìrma. O X eÐnai Banach an kai mìno an :

Gia k�je akoloujÐa xn ston X èqoume

∞∑
n=1

‖xn‖ < ∞ ⇒ h seir�

∞∑
n=1

xn sugklÐnei (wc proc th nìrma).

Apìdeixh. 'Estw ìti o X eÐnai Banach kai ìti

∞∑
n=1

‖xn‖ < ∞. Tìte gia n > m èqoume

∥∥∥∥∥∥∥
n∑

k=1

xk −

m∑
k=1

xk

∥∥∥∥∥∥∥ ≤
n∑

k=m+1

‖xk‖.

'Ara h akoloujÐa twn merik¸n ajroism�twn thc seir�c eÐnai Cauchy, epomènwc h seir� sugklÐnei.

AntÐstrofa, an xn eÐnai mia akoloujÐa Cauchy, tìte mporoÔme epagwgik� na epilèxoume mia upa-

koloujÐa xkn tètoia ¸ste ‖xkn+1 − xkn‖ ≤ 2−n, �ra

∞∑
n=1

‖xkn+1 − xkn‖ < ∞. Epomènwc, apì upìjesh, h seir�

∞∑
n=1

(xkn+1 − xkn ) sugklÐnei. All� h seir� aut  eÐnai thleskopik : h akoloujÐa twn merik¸n ajroism�twn

thc eÐnai h akoloujÐa xkn+1 − xk1 . 'Ara h xkn sugklÐnei. Sunep¸c kai h xn sugklÐnei (an mia akoloujÐa

Cauchy èqei sugklÐnousa upakoloujÐa tìte sugklÐnei). �

Par�deigma. 'Estw C([−1, 1]) o q¸roc twn suneq¸n pragmatik¸n sunart sewn sto [−1, 1] me nìrma

‖ f ‖1 =
∫ 1

−1
| f (x)| dx.

Tìte o (C([−1, 1]), ‖ · ‖1) den eÐnai q¸roc Banach diìti h akoloujÐa

fn(x) =


0, −1 ≤ x ≤ 0
nx, 0 ≤ x ≤ 1/n
1, 1/n ≤ x ≤ 1

eÐnai Cauchy all� den sugklÐnei se suneq  sun�rthsh (an sunèkline, to ìrio thc �a  tan tautotik� 0 sto

[−1, 0] kai tautotik� 1 sto (0, 1]).

Par�deigma (O q¸roc twn �ragmènwn suneq¸n sunart sewn). 'Estw X metrikìc q¸roc. Jètoume

Cb(X) = { f : X → F | f suneq c kai �ragmènh} ,

‖ f ‖∞ = sup
x∈X
| f (x)|, f ∈ Cb(X).

Tìte o (Cb(X), ‖ · ‖∞) eÐnai q¸roc Banach. Pr�gmati, an fn eÐnai mia akoloujÐa Cauchy wc proc th nìrma,

tìte h fn eÐnai omoiìmorfa Cauchy, �ra sugklÐnei omoiìmorfa se mia �ragmènh suneq  sun�rthsh f ,

epomènwc fn
‖·‖∞
−→ f .
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Par�deigma (O q¸roc twn suneq¸n sunart sewn pou {mhdenÐzontai sto �peiro}). 'Estw X metrikìc q¸roc.

Jètoume

C0(X) =
{
f : X → F | f suneq c kai gia k�je ε > 0, to sÔnolo {x : | f (x)| ≥ ε} eÐnai sumpagèc

}
.

Tìte o C0(X) eÐnai kleistìc upìqwroc tou (Cb(X), ‖ · ‖∞), �ra eÐnai q¸roc Banach. Pr�gmati, to ìti o C0(X)
apoteleÐtai apì �ragmènec sunart seic prokÔptei apì to ìti mia suneq c sun�rthsh eÐnai �ragmènh s�èna

sumpagèc sÔnolo. To ìti o C0(X) eÐnai grammikìc upìqwroc prokÔptei apì tic sqèseic

{x : | f (x) + g(x)| ≥ ε} ⊂ {x : | f (x)| ≥ ε/2} ∪ {x : |g(x)| ≥ ε/2},

{x : |λ f (x)| ≥ ε} = {x : | f (x)| ≥ ε/|λ|} (λ , 0).
Tèloc, an fn ∈ C0(X) me fn → f , tìte gia k�je ε > 0, up�rqei n0 tètoio ¸ste ‖ fn0 − f ‖∞ < ε/2. 'Ara

{x : | f (x)| ≥ ε} ⊂ {x : | fn0 (x)| ≥ ε/2}.

Sunep¸c f ∈ C0(X), to opoÐo shmaÐnei ìti o C0(X) eÐnai kleistìc.

Par�deigma (O q¸roc ìlwn twn migadik¸n mètrwn se mia σ-�lgebra). 'Estw X èna sÔnolo, kai A mia

σ-�lgebra sto X. Jètoume

M(X,A ) = to sÔnolo ìlwn twn migadik¸n mètrwn sthn A

|µ|(A) = sup

 ∞∑
i=1

|µ(Ai)| : {Ai}
∞
i=1 metr simh diamèrish tou A

 gia A ∈ A , µ ∈ M(X,A )

‖µ‖ = |µ|(X).
Tìte o (M(X,A ), ‖ · ‖) eÐnai q¸roc Banach. ArkeÐ na deÐxoume ìti an µn eÐnai mia akoloujÐa mètrwn me
∞∑

n=1

‖µn‖ < ∞, tìte h seir�

∞∑
n=1

µn sugklÐnei wc proc th nìrma. Gia k�je A ∈ A èqoume

∞∑
n=1

|µn(A)| ≤
∞∑

n=1

‖µn‖ < ∞,

�ra h seir�

∞∑
n=1

µn (A) sugklÐnei apìluta. Jètoume loipìn µ(A) =
∞∑

n=1

µn(A). Ja deÐxoume ìti to µ eÐnai

migadikì mètro kai ìti

∞∑
n=1

µn = µ. 'Estw Ai mia akoloujÐa xènwn an� dÔo metr simwn sunìlwn. Tìte

µ

 ∞⋃
i=1

Ai

 = ∞∑
n=1

∞∑
i=1

µn (Ai) =
∞∑

i=1

∞∑
n=1

µn (Ai) =
∞∑

i=1

µ (Ai) .

Sth dipl  seir� mporèsame na all�xoume th seir� thc �jroishc diìti

∞∑
n=1

∞∑
i=1

|µn(Ai)| ≤
∞∑

n=1

|µn|

 ∞⋃
i=1

Ai

 ≤ ∞∑
n=1

‖µn‖ < ∞.

'Ara to µ eÐnai migadikì mètro. Tèloc gia k�je {Ai}
∞
i=1 metr simh diamèrish tou X èqoume

∞∑
i=1

∣∣∣∣∣∣∣
 n∑

k=1

µk − µ

 (Ai)

∣∣∣∣∣∣∣ ≤
∞∑

k=n+1

∞∑
i=1

|µk (Ai) | ≤
∞∑

k=n+1

‖µk‖ < ∞.

PaÐrnontac supremum wc proc ìlec tic metr simec diamerÐseic∥∥∥∥∥∥∥
n∑

k=1

µk − µ

∥∥∥∥∥∥∥ ≤
∞∑

k=n+1

‖µk‖ → 0

kaj¸c n→ ∞.

Par�deigma (Oi q¸roi Lp, p ≥ 1). 'Estw (X,A , µ) q¸roc �etikoÔ mètrou, kai p ≥ 1. Jètoume

Lp(X,A , µ) =
{

f : X → F | f metr simh kai

∫
| f |p < ∞

}

‖ f ‖p =
(∫
| f |p

)1/p

.
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Tìte o (Lp(X,A , µ), ‖ · ‖p) eÐnai q¸roc Banach (tautÐzoume sunart seic pou sumfwnoÔn sqedìn pantoÔ).

Pr�gmati, èstw fn mia akoloujÐa ston Lp me

∞∑
n=1

‖ fn‖p < ∞. Jètoume

g(x) =
∞∑

n=1

| fn(x)|.

Tìte apì �e¸rhma monìtonhc sÔgklishc kai anisìthta Minkowski paÐrnoume(∫
gp

)1/p

≤

∞∑
n=1

‖ fn‖p < ∞.

'Ara h g an kei ston Lp kai epomènwc eÐnai sqedìn pantoÔ peperasmènh. Autì shmaÐnei ìti h seir�

∞∑
n=1

fn(x)

sugklÐnei apìluta gia sqedìn ìla ta x. Jètoume loipìn f (x) =
∞∑

n=1

fn(x). Tìte f ∈ Lp kai apì �e¸rhma

kuriarqhmènhc sÔgklishc kai anisìthta Minkowski∥∥∥∥∥∥∥ f −
n∑

k=1

fk

∥∥∥∥∥∥∥
p

≤

∞∑
k=n+1

‖ fk‖p → 0

kaj¸c n→ ∞.
O q¸roc Lp(Rn) (mètro Lebesgue) eÐnai diaqwrÐsimoc diìti an �èsoume

R = {[a1, b1] × · · · × [an, bn] : a1 < b1, . . . , an < bn �htoÐ}

D = {χR : R ∈ R}

tìte to D eÐnai arijm simo kai 〈D〉 = Lp(Rn).

Par�deigma (O q¸roc L∞). 'Estw (X,A , µ) q¸roc �etikoÔ mètrou. Jètoume

L∞(X,A , µ) = { f : X → F | f metr simh kai ousiwd¸c �ragmènh}

‖ f ‖∞ = inf{M > 0 : µ({x : | f (x)| > M}) = 0}.
'Opwc sto prohgoÔmeno par�deigma, o L∞ eÐnai q¸roc Banach. Se antÐjesh me to prohgoÔmeno par�deig-

ma, o L∞(Rn) den eÐnai diaqwrÐsimoc, diìti an �èsoume

R = {[a1, b1] × · · · × [an, bn] : a1 < b1, . . . , an < bn pragmatikoÐ}

D = {χR : R ∈ R}

tìte to D eÐnai uperarijm simo kai ta stoiqeÐa tou èqoun an� dÔo apìstash 1.

Eidikèc peript¸seic twn prohgoÔmenwn q¸rwn eÐnai oi klasikoÐ akoloujiakoÐ q¸roi :

• c0 =

{
x ∈ FN : lim

n
x(n) = 0

}
, ‖x‖∞ = sup

n
|x(n)|

(c0 = C0(N), ìpou to N èqei th diakrit  metrik )

• `p =

x ∈ FN :
∞∑

n=1

|x(n)|p < ∞

 , ‖x‖p =
 ∞∑

n=1

|x(n)|p
1/p

(`p = Lp(N,P(N), µ), ìpou to µ eÐnai to arijmhtikì mètro µ(A) = card(A))

• `∞ =

{
x ∈ FN : sup

n
|x(n)| < ∞

}
, ‖x‖∞ = sup

n
|x(n)|

(`∞ = L∞(N,P(N), µ), ìpwc prin)
Oi q¸roi c0 kai `p, 1 ≤ p < ∞ eÐnai diaqwrÐsimoi diìti h grammik  � kh tou sunìlou

{en : n ∈ N}, ìpou en(k) = 0 an n , k kai en(n) = 1,

eÐnai pukn  stouc q¸rouc autoÔc. AntÐjeta, o `∞ den eÐnai diaqwrÐsimoc, diìti to sÔnolo

{χA : A ⊂ N}

eÐnai uperarijm simo kai ta stoiqeÐa tou èqoun an� dÔo apìstash 1.
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3. Fragmènoi grammikoÐ telestèc

Orismìc. 'Estw X, Y q¸roi me nìrma. 'Enac grammikìc telest c (telest c = apeikìnish) T : X → Y lègetai

�ragmènoc an up�rqei M > 0 tètoio ¸ste ‖T (x)‖ ≤ M‖x‖ gia k�je x ∈ X. To in�mum aut¸n twn M lègetai

nìrma tou telest  kai sumbolÐzetai me ‖T‖.

Parathr seic.

• An o T eÐnai �ragmènoc, tìte ‖T (x)‖ ≤ ‖T‖·‖x‖ gia k�je x, diìti gia ε > 0 aujaÐreto, up�rqei M > 0
tètoio ¸ste M < ‖T‖+ ε kai ‖T (x)‖ ≤ M‖x‖. All� tìte ‖T (x)‖ < (‖T‖+ ε)‖x‖, �ra ‖T (x)‖ ≤ ‖T‖ · ‖x‖.
• An o T eÐnai �ragmènoc, tìte

‖T‖ = sup
‖x‖=1
‖T (x)‖ = sup

‖x‖≤1
‖T (x)‖.

Pr�gmati, an M1 eÐnai to pr¸to supremum sthn parap�nw sqèsh kai M2 to deÔtero, tìte pro-

�an¸c M1 ≤ M2 ≤ ‖T‖. T¸ra, gia x , 0 èqoume∥∥∥∥∥∥T
(

x
‖x‖

)∥∥∥∥∥∥ ≤ M1,

�ra ‖T (x)‖ ≤ M1‖x‖. Epomènwc ‖T‖ ≤ M1.

• 'Enac telest c T eÐnai �ragmènoc an kai mìno eÐnai suneq c. Pr�gmati, an o T eÐnai suneq c,

tìte up�rqei δ > 0 tètoio ¸ste ‖x‖ < δ⇒ ‖T (x)‖ < 1. Epomènwc gia x , 0∥∥∥∥∥∥T
(
δx

2‖x‖

)∥∥∥∥∥∥ < 1.

'Ara ‖T (x)‖ < 2δ−1‖x‖ kai ètsi o telest c eÐnai �ragmènoc.

AntÐstrofa, an o T eÐnai �ragmènoc, tìte ‖T (x) − T (y)‖ ≤ ‖T‖ · ‖x − y‖ gia k�je x, y, �ra o T eÐnai

(omoiìmorfa) suneq c.

An X, Y eÐnai q¸roi me nìrma tìte �ètoume

B(X,Y) = {T : X → Y | T �ragmènoc grammikìc telest c}.

O B(X,Y) eÐnai q¸roc me nìrma diìti gia T1,T2 ∈ B(X,Y), λ ∈ F

sup
‖x‖=1
‖T1(x) + T2(x)‖ ≤ ‖T1‖ + ‖T2‖,

sup
‖x‖=1
‖λT1(x)‖ = |λ| · ‖T1‖.

Je¸rhma. 'Estw X q¸roc me nìrma, Y q¸roc Banach. Tìte o B(X,Y) eÐnai q¸roc Banach.

Apìdeixh. 'Estw mia akoloujÐa �ragmènwn telest¸n Tn tètoia ¸ste

∞∑
n=1

‖Tn‖ < ∞. Tìte gia k�je x ∈ X

èqoume
∞∑

n=1

‖Tn(x)‖ ≤ ‖x‖
∞∑

n=1

‖Tn‖ < ∞.

AfoÔ o Y eÐnai q¸roc Banach, h seir�

∞∑
n=1

Tn(x) sugklÐnei. Jètoume T (x) =
∞∑

n=1

Tn(x). Tìte o T eÐnai

�ragmènoc kai T =
∞∑

n=1

Tn diìti gia ‖x‖ ≤ 1 èqoume

‖T (x)‖ ≤
∞∑

n=1

‖Tn‖

kai ∥∥∥∥∥∥∥T −
n∑

k=1

Tk

∥∥∥∥∥∥∥ ≤
∞∑

k=n+1

‖Tk‖ → 0

kaj¸c n→ ∞. �

Par�deigma. O telest c T : (C1([0, 1]), ‖ · ‖∞)→ (C([0, 1]), ‖ · ‖∞) me T ( f ) = f ′ den eÐnai �ragmènoc diìti h
akoloujÐa fn(x) = e−nx eÐnai �ragmènh, all� h f ′n ìqi.
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Par�deigma. 'Estw 1 < p < ∞ kai q o suzug c ekjèthc (dhl. p−1 + q−1 = 1). StajeropoioÔme g ∈ Lq kai

orÐzoume Tg : Lp → L1 me Tg( f ) = f g. Tìte o Tg eÐnai �ragmènoc grammikìc telest c kai ‖Tg‖ = ‖g‖q.
Pr�gmati apì thn anisìthta Holder èqoume ‖Tg( f )‖1 ≤ ‖g‖q‖ f ‖p gia k�je f ∈ Lp, �ra ‖Tg‖ ≤ ‖g‖q. 'Estw

t¸ra f mia metr simh sun�rthsh tètoia ¸ste |g| = gei f (i eÐnai h �antastik  mon�da). Tìte ‖ei f |g|q−1‖p =

‖g‖q/p
q . 'Ara

‖g‖qq = ‖Tg(ei f |g|q−1)‖1 ≤ ‖Tg‖ · ‖ei f |g|q−1‖p = ‖Tg‖ · ‖g‖
q/p
q .

Epomènwc ‖Tg‖ ≥ ‖g‖q.

Orismìc. 'Estw X, Y q¸roi me nìrma kai T : X → Y grammikìc telest c.

• An o T eÐnai �ragmènoc, antistrèyimoc, me �ragmèno antÐstrofo (isodÔnama, an o T eÐnai epÐ kai

up�rqoun M1,M2 > 0 ètsi ¸ste M1‖x‖ ≤ ‖T (x)‖ ≤ M2‖x‖ gia k�je x ∈ X), tìte lème ìti o T eÐnai

isomorfismìc kai oi X, Y isomorfikoÐ (gr�foume X ∼ Y ).
• An ‖T (x)‖ = ‖x‖ gia k�je x, tìte lème ìti o T eÐnai isometrÐa kai ìti o X emfuteÔetai isometrik� ston

Y (gr�foume X ↪→ Y ).
• An o T eÐnai isometrÐa kai epÐ, tìte lème ìti oi X kai Y eÐnai isometrikoÐ (gr�foume X � Y ).

Orismìc. 'Estw X q¸roc me nìrma. Duo nìrmec ‖ · ‖1, ‖ · ‖2 ston X lègontai isodÔnamec, an h tautotik 

apeikìnish

id : (X, ‖ · ‖1)→ (X, ‖ · ‖2)
eÐnai isomorfismìc. IsodÔnama, an up�rqoun M1,M2 > 0 ètsi ¸ste M1‖x‖1 ≤ ‖x‖2 ≤ M2‖x‖1 gia k�je x.

Par�deigma. M(N,P(N)) � `1, mèsw thc isometrÐac T : M(N,P(N))→ `1, T (µ)(n) = µ({n}).

Par�deigma. L1(Rn) ↪→ M(Rn,B(Rn)) mèsw thc isometrÐac

T ( f )(A) =
∫

A
f (x) dx, A ∈ B(Rn).

H T den eÐnai epÐ (gia par�deigma, èna mètro Dirac den an kei sthn eikìna thc T ).
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4. Q¸roi peperasmènhc di�stashc

Je¸rhma. 'Estw X grammikìc q¸roc peperasmènhc di�stashc. Tìte ìlec oi nìrmec ston X eÐnai isodÔnamec.

Apìdeixh. 'Estw {e1, e2, . . . , en} mia algebrik  ��sh tou X. Tìte k�je x ∈ X èqei monadik  anapar�stash

x =
n∑

k=1

fk(x)ek, ìpou fk(x) ∈ F. OrÐzoume mia nìrma ‖ · ‖2 ston X wc ex c

‖x‖2 =

 n∑
k=1

| fk(x)|2
1/2

.

Tìte (X, ‖ · ‖2) � Fn mèsw thc isometrÐac x 7→ ( f1(x), . . . , fn(x)) (to Fn ennoeÐtai ìti èqei th sunhjismènh

EukleÐdeia nìrma). 'Estw t¸ra ‖ · ‖ mia tuqoÔsa nìrma ston X. Ja deÐxoume ìti eÐnai isodÔnamh me thn

‖ · ‖2. ParathroÔme ìti h monadiaÐa sfaÐra S ‖·‖2 (0, 1) = {y ∈ X : ‖y‖2 = 1} eÐnai ‖ · ‖2-sumpagèc sÔnolo kai

�ewroÔme th sun�rthsh Φ : S ‖·‖2 (0, 1)→ R me Φ(x) = ‖x‖. Tìte h Φ eÐnai ‖ · ‖2-suneq c diìti

|Φ(x) − Φ(y)| ≤ ‖x − y‖ =

∥∥∥∥∥∥∥
n∑

k=1

fk(x − y)ek

∥∥∥∥∥∥∥ ≤ max
1≤k≤n

‖ek‖

n∑
k=1

| fk(x − y)| ≤ max
1≤k≤n

‖ek‖
√

n

 n∑
k=1

| fk(x − y)|2
1/2

= max
1≤k≤n

‖ek‖
√

n‖x − y‖2.

EpÐshc Φ(x) > 0 gia k�je x ∈ S ‖·‖2 (0, 1). Epomènwc lìgw sump�geiac up�rqoun A, B > 0 ètsi ¸ste

A ≤ ‖x‖ ≤ B gia k�je x ∈ S ‖·‖2 (0, 1). 'Ara gia k�je x èqoume A‖x‖2 ≤ ‖x‖ ≤ B‖x‖2. �

Je¸rhma. 'Estw (X, ‖ · ‖) q¸roc me nìrma peperasmènhc di�stashc, (Y, ‖ · ‖′) tuqìntac q¸roc me nìrma kai

T : X → Y grammikìc telest c. Tìte o T eÐnai �ragmènoc.

Apìdeixh. 'Estw {e1, . . . en} mia algebrik  ��sh tou X. 'Opwc sthn prohgoÔmenh apìdeixh, orÐzoume

‖x‖1 =
n∑

k=1

| fk(x)|.

Oi ‖ · ‖ kai ‖ · ‖1 eÐnai isodÔnamec, �ra arkeÐ na deÐxoume ìti o T eÐnai �ragmènoc wc proc thn ‖ · ‖1. 'Eqoume

‖T (x)‖′ ≤
n∑

k=1

| fk(x)| · ‖T (ek)‖′ ≤ max
1≤k≤n

‖T (ek)‖′
n∑

k=1

| fk(x)| = max
1≤k≤n

‖T (ek)‖′‖x‖1.

�

PorÐsmata.

• 'Estw X, Y q¸roi me nìrma tètoioi ¸ste dim X = dim Y < ∞. Tìte X ∼ Y.
• K�je q¸roc me nìrma peperasmènhc di�stashc eÐnai q¸roc Banach.

• K�je upìqwroc peperasmènhc di�stashc enìc q¸rou me nìrma eÐnai kleistìc.

Je¸rhma. 'Estw X apeirodi�statoc q¸roc Banach. Tìte h di�stash tou X eÐnai uperarijm simh.

Apìdeixh. 'Estw ìti up rqe akoloujÐa en ∈ X tètoia ¸ste X = 〈en : n ∈ N〉. Tìte X =
∞⋃

n=1

〈e1, . . . , en〉. Oi

upìqwroi sthn prohgoÔmenh ènwsh eÐnai peperasmènhc di�stashc, �ra eÐnai kleistoÐ. Epomènwc, apì to

�e¸rhma Baire, k�poioc apì autoÔc èqei mh kenì eswterikì kai sunep¸c tautÐzetai me olìklhro to q¸ro.

Autì eÐnai �topo afoÔ upojèsame ìti o X eÐnai apeirodi�statoc. �

Je¸rhma. 'Enac q¸roc me nìrma X eÐnai topik� sumpag c an kai mìno an èqei peperasmènh di�stash.

Apìdeixh. An o X èqei peperasmènh di�stash tìte eÐnai isomorfikìc me ton Fn o opoÐoc eÐnai topik�

sumpag c. AntÐstrofa, an ènac q¸roc me nìrma eÐnai topik� sumpag c, tìte k�je kleistì kai �ragmèno

uposÔnolì tou eÐnai sumpagèc, idiaÐtera h sfaÐra S (0, 1) eÐnai sumpag c. 'Estw ìti o X den eÐnai pepe-

�asmènhc di�stashc. Epilègoume e1, me ‖e1‖ = 1. AfoÔ o X eÐnai apeirodi�statoc, up�rqei x < 〈e1〉. To

〈e1〉 eÐnai kleistì, �ra δ := dist(x, 〈e1〉) > 0. Epomènwc up�rqei y ∈ 〈e1〉 tètoio ¸ste 0 < ‖x − y‖ < 2δ.
Jètoume e2 =

x − y
‖x − y‖

. Tìte ‖e2‖ = 1 kai dist(e2, 〈e1〉) ≥ 1/2. SuneqÐzontac me ton Ðdio trìpo paÐrnoume mia

akoloujÐa shmeÐwn en p�nw sth monadiaÐa sfaÐra tètoia ¸ste dist(en, 〈ek : k < n〉) ≥ 1/2. Epomènwc ta

shmeÐa thc akoloujÐac apèqoun an� dÔo apìstash toul�qisto 1/2. 'Ara h akoloujÐa den mporeÐ na èqei

sugklÐnousa upakoloujÐa, �topo diìti h sfaÐra eÐnai sumpagèc sÔnolo. �
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5. O q¸roc phlÐko

'Estw X grammikìc q¸roc kai Y ⊂ X grammikìc upìqwroc. Jètoume

X/Y = {x + Y : x ∈ X}.

To X/Y onom�zetai sÔnolo phlÐko kai ta stoiqeÐa tou sÔmploka. To X/Y gÐnetai grammikìc q¸roc me

pr�xeic

(x1 + Y) + (x2 + Y) = (x1 + x2) + Y, x1, x2 ∈ X,

λ(x + Y) = λx + Y, x ∈ X, λ ∈ F.

To oudètero stoiqeÐo eÐnai to sÔmploko Y. H di�stash tou X/Y eÐnai h sundi�stash tou Y. An epiplèon o
X eÐnai q¸roc me nìrma kai o Y kleistìc upìqwroc, tìte orÐzoume

‖x + Y‖ = inf
y∈Y
‖x + y‖ = inf

y∈Y
‖x − y‖ = dist(x,Y).

Je¸rhma. 'Estw X q¸roc me nìrma kai Y ⊂ X kleistìc grammikìc upìqwroc. Tìte

(1) O (X/Y, ‖ · ‖) eÐnai q¸roc me nìrma.
(2) H �usik  apeikìnish Q : X → X/Y me Q(x) = x + Y eÐnai �ragmènoc grammikìc telest c.

(3) An o X eÐnai q¸roc Banach, tìte kai o X/Y eÐnai q¸roc Banach.

(4) An o Y kai o X/Y eÐnai q¸roi Banach tìte kai o X eÐnai q¸roc Banach.

Apìdeixh.

(1) An ‖x + Y‖ = 0 tìte dist(x,Y) = 0, �ra x ∈ Y afoÔ Y kleistìc. Epomènwc, x + Y = Y. EpÐshc, gia
x1, x2 ∈ X kai λ ∈ F, λ , 0 èqoume

‖(x1 + x2) + Y‖ = inf
y∈Y
‖x1 + x2 + y‖ ≤ ‖x1 + x2 + y1 + y2‖ ≤ ‖x1 + y1‖ + ‖x2 + y2‖,

gia k�je y1, y2 ∈ Y. PaÐrnontac inf wc proc y1 kai y2 sthn prohgoÔmenh sqèsh, èqoume thn

trigwnik  anisìthta. Tèloc

‖λ(x1 + Y)‖ = |λ| inf
y∈Y

∥∥∥∥∥x1 +
y
λ

∥∥∥∥∥ = |λ| inf
y∈Y
‖x1 + y‖ = |λ|‖x1 + Y‖.

(2) ‖Q(x)‖ = ‖x + Y‖ = inf
y∈Y
‖x + y‖ ≤ ‖x‖. 'Ara Q �ragmènoc kai m�lista ‖Q‖ ≤ 1.

(3) 'Estw xn+Y ∈ X/Y tètoia ¸ste

∞∑
n=1

‖xn + Y‖ < ∞. Epilègoume yn ∈ Y tètoia ¸ste ‖xn+yn‖ < 2‖xn+Y‖.

Tìte

∞∑
n=1

‖xn + yn‖ < ∞. AfoÔ o X eÐnai q¸roc Banach, up�rqei x ∈ X tètoio ¸ste

∞∑
n=1

(xn + yn) = x.

AfoÔ h Q eÐnai suneq c èqoume

x + Y = Q(x) = Q

 ∞∑
n=1

(xn + yn)

 = ∞∑
n=1

Q(xn + yn) =
∞∑

n=1

(xn + yn + Y) =
∞∑

n=1

(xn + Y).

(4) 'Estw xn mia akoloujÐa Cauchy ston X. Tìte h xn +Y eÐnai Cauchy ston X/Y �ra up�rqei x+Y ∈
X/Y tètoio ¸ste (xn+Y)− (x+Y)→ 0. Epomènwc up�rqei upakoloujÐa xkn me ‖(xkn − x)+Y‖ < 1/n.
'Ara up�rqoun yn ∈ Y me ‖xkn + yn − x‖ < 1/n. Tìte h yn eÐnai Cauchy diìti

‖xn − xm‖ ≤ ‖xkn + yn − x‖ + ‖xkn − xkm‖ + ‖xxm + ym − x‖ ≤
1
n
+

1
m
+ ‖xkn − xkm‖.

AfoÔ o Y eÐnai q¸roc Banach, yn → y gia k�poio y ∈ Y. All� xkn + yn − x → 0, �ra xkn → x − y.
Dhlad  h xn eÐnai Cauchy kai èqei sugklÐnousa upakoloujÐa, epomènwc sugklÐnei.

�

Par�deigma. An o X eÐnai q¸roc me nìrma, o Y ⊂ X kleistìc upìqwroc kai o Z ⊂ X upìqwroc peperasmè-

nhc di�stashc, tìte o Y + Z eÐnai kleistìc. Pr�gmati, o Q(Z) eÐnai upìqwroc peperasmènhc di�stashc tou
X/Y, �ra kleistìc. Epomènwc h antÐstrofh eikìna Q−1(Q(Z)) eÐnai kleistì sÔnolo. All� Q−1(Q(Z)) = Y+Z.
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Par�deigma. Jètoume

A = {x ∈ `2 : ∀k ∈ N x(2k) = 0},
B = {x ∈ `2 : ∀k ∈ N x(2k − 1) = 0}.

Tìte A, B kleistoÐ upìqwroi, `2 = A ⊕ B kai `2/A � B, `2/B � A, mèsw twn isometri¸n

b 7→ b + A, b ∈ B, kai a 7→ a + B, a ∈ A

antÐstoiqa.
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6. Fragmèna grammik� sunarthsoeid  - O duðkìc q¸roc

An o X eÐnai grammikìc q¸roc, tìte mia grammik  apeikìnish Λ : X → F lègetai grammikì sunarth-

soeidèc. O pur nac enìc mh tetrimmènou sunarthsoeidoÔc èqei p�nta sundi�stash 1. An o X eÐnai q¸roc

me nìrma, �ètoume X∗ = B(X,F). O X∗ lègetai (topologikìc) duðkìc tou X kai eÐnai p�nta q¸roc Banach

afoÔ to F eÐnai q¸roc Banach.

Je¸rhma. 'Estw X q¸roc me nìrma kai Λ : X → F mh tetrimmèno grammikì sunarthsoeidèc. Tìte, Λ ∈ X∗

an kai mìno an o pur nac kerΛ eÐnai kleistìc.

Apìdeixh. An Λ ∈ X∗ tìte o kerΛ = Λ−1({0}) eÐnai kleistì sÔnolo san antÐstrofh eikìna kleistoÔ sunì-

lou. Gia thn antÐstrofh kateÔjunsh, orÐzoume ton telest  T : X/kerΛ → F me T (x + kerΛ) = Λ(x) kai

parathroÔme ìti to akìloujo di�gramma (ìpou Q eÐnai h �usik  apeikìnish)

X X/kerΛ

F

-Q

@
@

@
@R

Λ

?

T

eÐnai metajetikì, dhlad  Λ = T ◦Q. All� Q �ragmènoc. EpÐshc T �ragmènoc diìti dim(X/kerΛ) = 1. 'Ara
T �ragmènoc. �

Par�deigma. An o X eÐnai apeirodi�statoc q¸roc me nìrma, tìte up�rqei grammikì sunarthsoeidèc Λ

to opoÐo den eÐnai �ragmèno. Pr�gmati, èstw en ∈ X mia akoloujÐa apì grammik� anex�rthta stoiqeÐa.

EpekteÐnoume to sÔnolo {en : n ∈ N} se mia algebrik  ��sh tou X, èstw {en : n ∈ N} ∪ { fi : i ∈ I}, kai
orÐzoume to Λ wc ex c :

Λ(en) = n‖en‖, Λ( fi) = 0.
To Λ den eÐnai �ragmèno diìti

sup
‖x‖=1
|Λ(x)| ≥

∣∣∣∣∣∣Λ
(

en

‖en‖

)∣∣∣∣∣∣ = n

gia k�je n.

Par�deigma. (Fn)∗ ∼ Fn, diìti dimFn = dim(Fn)∗ = n < ∞.

Par�deigma (To �e¸rhma anapar�stashc tou Riesz). 'Estw X topik� sumpag c metrikìc q¸roc tètoioc

¸ste k�je anoiqtì sÔnolo eÐnai arijm simh ènwsh sumpag¸n sunìlwn. Tìte C0(X)∗ � M(X,B(X)) mèsw

thc isometrÐac

T : M(X,B(X))→ C0(X)∗

T (µ)( f ) =
∫

f dµ.

San eidik  perÐptwsh èqoume ìti c∗0 � `
1 mèsw thc isometrÐac

T : `1 → c∗0

T (x)(y) =
∞∑

n=1

x(n)y(n).

Autì prokÔptei apì to ìti c0 = C0(N) kai to ìti M(N,P(N)) � `1, mèsw thc isometrÐac

M(N,P(N)) 3 µ 7→ (µ({n}))∞n=1 ∈ `
1.

Par�deigma. 'Estw (X,A , µ) q¸roc �etikoÔ mètrou kai 1 < p < ∞. Tìte (Lp(X,A , µ))∗ � Lq(X,A , µ), mèsw
thc isometrÐac

T : Lq(X,A , µ)→ (Lp(X,A , µ))∗

T (g) = Λg,

ìpou Λg( f ) =
∫

f g kai q o suzug c ekjèthc. Gia aplìthta �a d¸soume thn apìdeixh sthn perÐptwsh ìpou

µ(X) < ∞. H T eÐnai kal� orismènh apì thn anisìthta Holder, h opoÐa epÐshc mac dÐnei ìti ‖T (g)‖ ≤ ‖g‖q.
Ap�thn �llh, gia kat�llhlh pragmatik  sun�rthsh f èqoume

‖g‖qq =
∫
|g|q =

∫
gei f |g|q−1 = |Λg(ei f |g|q−1)| ≤ ‖T (g)‖ · ‖ei f |g|q−1‖p = ‖T (g)‖ · ‖g‖q/p

q .
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Epomènwc ‖g‖q ≤ ‖T (g)‖, �ra h T eÐnai isometrÐa. DeÐqnoume t¸ra ìti h T eÐnai epÐ, dhlad  an Λ ∈ (Lp)∗

tìte up�rqei g ∈ Lq tètoio ¸ste Λ = Λg. Jètoume ν(A) = Λ(χA) gia k�je A metr simo. Tìte to ν eÐnai mètro
diìti an An eÐnai mia akoloujÐa xènwn an� dÔo metr simwn sunìlwn, tìte

χ⋃∞
n=1 An =

∞∑
n=1

χAn

(wc proc thn ‖ · ‖p), �ra

ν

 ∞⋃
n=1

An

 = ∞∑
n=1

Λ(An) =
∞∑

n=1

ν(An)

diìti h Λ eÐnai suneq c. EpÐshc to ν eÐnai apìluta suneqèc wc proc µ diìti an µ(A) = 0 tìte χA = 0 (me

thn ènnoia twn Lp q¸rwn), �ra ν(A) = Λ(0) = 0. Epomènwc, apì to �e¸rhma Radon­Nikodym, up�rqei g
oloklhr¸simh tètoia ¸ste

ν(A) =
∫

A
g dµ.

Apì autì sunep�getai ìti

Λ(s) =
∫

gs

gia k�je s apl . DeÐqnoume t¸ra ìti g ∈ Lq. StajeropoioÔme M > 0, �ètoume A = {|g| ≤ M} kai gr�foume
ìpwc prin |g| = ei f g gia kat�llhlh pragmatik  f . Tìte h sun�rthsh ei f |g|q−1χA an kei ston Lp epomènwc

gia k�je ε > 0, up�rqei apl  sun�rthsh s me ‖s − ei f |g|q−1χA‖p < ε. T¸ra èqoume∫
A
|g|q ≤

∫
A
|g| · |ei f |g|q−1χA − s| +

∣∣∣∣∣∫ gsχA

∣∣∣∣∣ ≤ M(µ(X))1/q‖ei f |g|q−1χA − s‖p + |Λ(sχA)|

≤ M(µ(X))1/qε + ‖Λ‖ · ‖s‖p ≤ M(µ(X)1/qε + ‖Λ‖(‖ei f |g|q−1χA − s‖p + ‖ei f |g|q−1χA‖p)

≤ M(µ(X))1/qε + ‖Λ‖(ε + ‖ei f |g|q−1χA‖p).

H prohgoÔmenh sqèsh isqÔei gia k�je ε > 0, �ra∫
A
|g|q ≤ ‖Λ‖ · ‖ei f |g|q−1χA‖p = ‖Λ‖

(∫
A
|g|q

)1/p

.

Epomènwc (∫
{|g|≤M}

|g|q
)1/q

≤ ‖Λ‖

gia k�je M > 0, �ra g ∈ Lq. SumperaÐnoume ìti Λ(s) = Λg(s) gia k�je s apl , �ra Λ = Λg, afoÔ Λ, Λg

suneqeÐc kai to sÔnolo twn apl¸n sunart sewn eÐnai puknì ston Lp.

Eidik  perÐptwsh autoÔ tou apotelèsmatoc eÐnai to ìti (`p)∗ � `q mèsw thc isometrÐac

T : `q → (`p)∗

T (x)(y) =
∞∑

n=1

x(n)y(n).

Par�deigma (Apìdeixh parìmoia me thn prohgoÔmenh). 'Estw (X,A , µ) q¸roc �etikoÔ σ-peperasmènou
mètrou. Tìte (L1(X,A , µ))∗ � L∞(X,A , µ), mèsw thc isometrÐac

T : L∞(X,A , µ)→ (L1(X,A , µ))∗

T (g)( f ) =
∫

f g.

Eidik  perÐptwsh: (`1)∗ � `∞ mèsw thc isometrÐac

T : `∞ → (`1)∗

T (x)(y) =
∞∑

n=1

x(n)y(n).

H upìjesh ìti to mètro prèpei na eÐnai σ-peperasmèno eÐnai aparaÐthth (se antÐjesh me to prohgoÔmeno

par�deigma, ìpou to apotèlesma isqÔei gia aujaÐreta mètra).
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7. To �e¸rhma Hahn­Banach

Orismìc. 'Estw X grammikìc q¸roc.

• Mia apeikìnish q : X → R lègetai upogrammikì sunarthsoeidèc an

(1) q(x + y) ≤ q(x) + q(y), gia k�je x, y ∈ X.
(2) q(λx) = λq(x) , gia k�je x ∈ X, λ ≥ 0.

• Mia apeikìnish p : X → [0,∞) lègetai hminìrma an

(1) p(x + y) ≤ p(x) + p(y), gia k�je x, y ∈ X.
(2) p(λx) = |λ|p(x) , gia k�je x ∈ X, λ ∈ F.

Mia nìrma eÐnai hminìrma kai mia hminìrma eÐnai upogrammikì sunarthsoeidèc.

Je¸rhma. 'Estw X ènac R-grammikìc q¸roc, q : X → R èna upogrammikì sunarthsoeidèc, kai Y ⊂ X
ènac grammikìc upìqwroc me dim(X/Y) = 1. An ϕ : Y → R eÐnai èna grammikì sunarthsoeidèc tètoio ¸ste

ϕ(y) ≤ q(y) gia k�je y ∈ Y, tìte up�rqei grammikì sunarthsoeidèc F : X → R tètoio ¸ste F|Y = ϕ kai F ≤ q
(dhlad  to ϕ èqei �ragmènh grammik  epèktash s�olìklhro to q¸ro).

Apìdeixh. AfoÔ o Y èqei sundi�stash 1, up�rqei x0 ∈ X tètoio ¸ste

X = Y ⊕ 〈x0〉 = {y + tx0 : y ∈ Y, t ∈ R}.

Epomènwc gia na prosdiorÐsoume to F arkeÐ na prosdiorÐsoume to F(x0). Ac upojèsoume up�rqei mia

tètoia epèktash F kai ac �èsoume a0 = F(x0). Ja �roÔme poièc sunj kec prèpei na ikanopoieÐ to a0 ¸ste

F ≤ q kai sth sunèqeia �a deÐxoume ìti autèc oi sunj kec ìntwc ikanopoioÔntai apì k�poion arijmì.

'Estw t > 0. Tìte gia k�je y1 ∈ Y èqoume

F(y1 + tx0) = ϕ(y1) + ta0 ≤ q(y1 + tx0)

isodÔnama

a0 ≤ −ϕ
(y1

t

)
+ q

(
x0 +

y1

t

)
.

H sqèsh aut  isqÔei gia k�je y1 ∈ Y, �ra eÐnai isodÔnamh me

a0 ≤ −ϕ(y1) + q(x0 + y1), (*)

gia k�je y1 ∈ Y. To Ðdio epiqeÐrhma gia t < 0 dÐnei ìti

a0 ≥ ϕ(y2) − q(−x0 + y2), (**)

gia k�je y2 ∈ Y. Dhlad  an to a0 ikanopoieÐ tic (∗) kai (∗∗), tìte F ≤ q. T¸ra, gia na up�rqei tètoio a0 �a

prèpei ϕ(y2) − q(−x0 + y2) ≤ −ϕ(y1) + q(x0 + y1) gia k�je y1, y2 ∈ Y. All� autì isqÔei diìti

ϕ(y1) + ϕ(y2) = ϕ(y1 + y2) ≤ q(y1 + y2) ≤ q(x0 + y1) + q(−x0 + y2).

Sunep¸c an epilèxoume a0 tètoio ¸ste

sup
y∈Y

[ϕ(y) − q(−x0 + y)] ≤ a0 ≤ inf
y∈Y

[−ϕ(y) + q(x0 + y)]

tìte h F(y + tx0) = ϕ(y) + ta0 eÐnai h 
htoÔmenh epèktash. �

Je¸rhma. To prohgoÔmeno �e¸rhma isqÔei gia k�je grammikì upìqwro Y ⊂ X.

Apìdeixh. Jètoume

A = {(Z, f ) | Y ⊂ Z ⊂ X gramm. upìqwroc, f : Z → R gramm. sunarthsoeidèc tètoio ¸ste f |Y = ϕ, f ≤ q}.

OrÐzoume mia merik  di�taxh ≤ sto A wc ex c : (Z1, f1) ≤ (Z2, f2) an kai mìno an Z1 ⊂ Z2 kai f2|Z1 = f1. 'Estw
t¸ra (Zi, fi)i∈I mia alusÐda sto A . Jètoume Z =

⋃
i∈I

Zi kai orÐzoume f : Z → R me f (z) = fi(z) an z ∈ Zi. Tìte

to (Z, f ) eÐnai �nw �r�gma thc alusÐdac sto A , �ra apì to l mma tou Zorn, to A èqei maximal stoiqeÐo,

èstw (Z0, f0). All� Z0 = X diìti an up rqe x0 < Z0, tìte, sÔmfwna me to prohgoÔmeno �e¸rhma, �a up rqe

grammik  epèktash f̃0 tou f0 ston upìqwro Z0⊕〈x0〉 tètoia ¸ste f̃0 ≤ q. 'Ara (Z0, f0) �
(
Z0 ⊕ 〈x0〉, f̃0

)
, �topo

giatÐ to (Z0, f0) eÐnai maximal. Epomènwc h f0 : X → R eÐnai h 
htoÔmenh epèktash. �

Je¸rhma (Hahn­Banach). 'Estw X ènac F-grammikìc q¸roc me nìrma, Y ⊂ X grammikìc upìqwroc kai p
mia hminìrma ston X. An f : Y → F eÐnai èna grammikì sunarthsoeidèc tètoio ¸ste | f | ≤ p, tìte to f èqei mia

grammik  epèktash F : X → F tètoia ¸ste |F| ≤ p.
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Apìdeixh.

(1) An F = R, tìte apì to prohgoÔmeno �e¸rhma, to f èqei grammik  epèktash F : X → R me F ≤ p.
All� tìte −F(x) = F(−x) ≤ p(−x) = p(x), �ra |F| ≤ p.

(2) An F = C, tìte �ètoume u = Re f kai �lèpoume to u san R-grammikì. 'Etsi, apì to (1), to u èqei

R-grammik  epèktash U : X → R me |U | ≤ p. Jètoume F(x) = U(x) − iU(ix). Tìte to F eÐnai

C-grammikì diìti F(ix) = iF(x). EpÐshc to F epekteÐnei to f afoÔ gia y ∈ Y èqoume

F(y) = Re f (y) − iRe(i f (y)) = Re f (y) + iIm f (y) = f (y).

Tèloc gia k�je x up�rqei θ tètoio ¸ste

|F(x)| = eiθF(x) = F(eiθx) = U(eiθx) ≤ p(eiθx) = p(x).

�

PorÐsmata.

(1) An o X eÐnai q¸roc me nìrma, Y ⊂ X grammikìc upìqwroc kai y∗ ∈ Y∗, tìte up�rqei x∗ ∈ X∗

tètoio ¸ste x∗|Y = y∗ kai ‖x∗‖ = ‖y∗‖. Autì prokÔptei apì to prohgoÔmeno �e¸rhma an �èsoume

p(x) = ‖y∗‖ · ‖x‖.
(2) 'Estw X q¸roc me nìrma, Y kleistìc grammikìc upìqwroc, kai x0 < Y. Tìte up�rqei x∗0 ∈ X∗

me ‖x∗0‖ = 1 tètoio ¸ste x∗0|Y = 0 kai x∗(x0) = dist(x0,Y) =: d. Autì �aÐnetai wc ex c : Jètoume

Z = Y ⊕ 〈xo〉 kai orÐzoume z∗ : Z → F me z∗(y + λx0) = λd, y ∈ Y, λ ∈ F. Tìte

sup
‖z‖=1
|z∗(z)| = sup

z,0

|z∗(z)|
‖z‖

= sup
y∈Y, λ,0

|λ|d
‖y + λx0‖

= sup
y∈Y

d
‖y + x0‖

=
d

infy∈Y ‖y + x0‖
= 1.

'Ara z∗ ∈ Z∗ kai ‖z∗‖ = 1. Apì to pìrisma (1) up�rqei x∗0 ∈ X∗ me ‖x∗0‖ = ‖z
∗‖ = 1, x∗0|Y = z∗|Y = 0,

kai x∗0(x0) = z∗(x0) = d.
(3) 'Estw X q¸roc me nìrma kai x0 , 0. Tìte up�rqei x∗0 ∈ X∗ me ‖x∗0‖ = 1 tètoio ¸ste x∗0(x0) = ‖x0‖.

Autì prokÔptei apì to pìrisma (2) me Y = {0}.
(4) 'Amesh sunèpeia tou (3) eÐnai ìti gia k�je x èqoume

‖x‖ = sup
‖x∗‖=1

|x∗(x)|,

kai m�lista to sup eÐnai max. Parathr ste ìti h prohgoÔmenh sqèsh prokÔptei apì èna mh

profanèc �e¸rhma, en¸ h {duðk } sqèsh

‖x∗‖ = sup
‖x‖=1
|x∗(x)|

eÐnai tetrimmènh sunèpeia tou orismoÔ thc nìrmac enìc sunarthsoeidoÔc.

Je¸rhma. 'Estw X q¸roc me nìrma. An o X∗ eÐnai diaqwrÐsimoc, tìte kai o X eÐnai diaqwrÐsimoc.

Apìdeixh. 'Estw {x∗n : n ∈ N} puknì uposÔnolo thc monadiaÐac sfaÐrac tou X∗. Gia k�je n epilègoume

xn ∈ X sth monadiaÐa sfaÐra tou X ètsi ¸ste |x∗n(xn)| > 1/2 kai �ètoume Y = 〈xn : n ∈ N〉. Tìte Y = X,
diaforetik�, apì Hahn­Banach, �a up rqe x∗ ∈ X∗ me nìrma 1 tètoio ¸ste x∗|Y = 0. Epilègoume t¸ra x∗n
me ‖x∗n − x∗‖ < 1/2. Tìte 1/2 < |x∗n(xn)| = |(x∗n − x∗)(xn)| ≤ ‖x∗n − x∗‖ < 1/2, �topo. �

To antÐstrofo den isqÔei. O `1 eÐnai diaqwrÐsimoc, all� o duðkìc tou eÐnai isometrikìc me ton `∞ o

opoÐoc den eÐnai diaqwrÐsimoc.

Orismìc. 'Estw X q¸roc me nìrma. O duðkìc tou X∗ lègetai deÔteroc duðkìc kai sumbolÐzetai me X∗∗.
OrÐzoume t¸ra mia apeikìnish J : X → X∗∗ me J(x)(x∗) = x∗(x). H J onom�zetai kanonik  emfÔteush kai eÐnai

isometrÐa diìti

‖J(x)‖ = sup
‖x∗‖=1

|J(x)(x∗)| = sup
‖x∗‖=1

|x∗(x)| = ‖x‖.

An epiplèon h J eÐnai epÐ tìte o X lègetai autopaj c (re�exive).

H J mac epitrèpei na doÔme ton X san upìqwro tou X∗∗ (X ↪→ X∗∗) kai na gr�foume (kataqrhstik�)

x(x∗) (�ewr¸ntac to x sunarthsoeidèc pou dra p�nw ston pr¸to duðkì, dhlad  stoiqeÐo tou deÔterou

duðkoÔ). H èkfrash x(x∗) p�nta �a shmaÐnei J(x)(x∗).

Par�deigma. O c0 den eÐnai autopaj c diìti eÐnai diaqwrÐsimoc, en¸ o c∗∗0 eÐnai isometrikìc me ton `∞

o opoÐoc den eÐnai diaqwrÐsimoc. OmoÐwc o `1 den eÐnai autopaj c diìti an  tan tìte o (`1)∗∗ �a  tan

diaqwrÐsimoc, �ra kai o (`1)∗ � `∞ �a  tan diaqwrÐsimoc.
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Par�deigma. 'Estw 1 < p < ∞. Tìte o `p eÐnai autopaj c. Pr�gmati, �ewroÔme tic isometrÐec

S : `p → (`q)∗, S (x)(y) =
∞∑

n=1

x(n)y(n),

T : `q → (`p)∗, T (y)(x) =
∞∑

n=1

x(n)y(n),

R : (`q)∗ → (`p)∗∗, R(y∗) = y∗ ◦ T−1.

Oi treic autèc apeikonÐseic eÐnai epÐ kai to parak�tw di�gramma metajetikì (dhlad  J = R ◦ S ).

`p (`q)∗

(`p)∗∗

-S

@
@

@@R
J

?

R

Epomènwc h J eÐnai epÐ, �ra o `p eÐnai autopaj c.
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8. O duðkìc enìc upìqwrou kai o duðkìc tou q¸rou phlÐko

Je¸rhma. 'Estw X q¸roc me nìrma, kai Y ⊂ X kleistìc grammikìc upìqwroc. Jètoume

Y⊥ = {x∗ ∈ X∗ : x∗|Y = 0}.

Tìte

(1) Y∗ � X∗/Y⊥.
(2) (X/Y)∗ � Y⊥.

Apìdeixh.

(1) Apì �e¸rhma Hahn­Banach, gia k�je y∗ ∈ Y∗, up�rqei epèktash ly∗ ∈ X∗ (dhlad  ly∗ |Y = y∗), me
‖ly∗‖ = ‖y∗‖. JewroÔme thn apeikìnish

T : Y∗ → X∗/Y⊥, T (y∗) = ly∗ + Y⊥.

H T eÐnai kal� orismènh diìti an x∗1, x
∗
2 ∈ X∗ eÐnai dÔo epekt�seic tou y∗ tìte (x∗1 − x∗2)|Y = 0, �ra

x∗1+Y⊥ = x∗2+Y⊥. Profan¸c, h T eÐnai epÐ. Tèloc, h T eÐnai isometrÐa. Pr�gmati, gia k�je y∗ ∈ Y∗

èqoume ‖T (y∗)‖ = ‖ly∗ + Y⊥‖ ≤ ‖ly∗‖ = ‖y∗‖. Ap�thn �llh, gia k�je x∗0 ∈ Y⊥, èqoume (ly∗ + x∗0)|Y = y∗,
�ra ‖y∗‖ ≤ ‖ly∗ + x∗0‖. Epomènwc ‖y

∗‖ ≤ ‖ly∗ + Y⊥‖ = ‖T (y∗)‖.
(2) JewroÔme thn apeikìnish

S : (X/Y)∗ → Y⊥, S (Λ) = Λ ◦ Q,

ìpou Q eÐnai h �usik  apeikìnish Q : X → X/Y, Q(x) = x + Y.

X X/Y

F

-Q

@
@

@@R
S (Λ)=Λ◦Q

?

Λ

H S eÐnai kal� orismènh diìti S (Λ)|Y = 0. H S eÐnai epÐ giatÐ an x∗0 ∈ Y⊥, kai �èsoume

Λ0 : X/Y → F, Λ0(x + Y) = x∗0(x).

tìte Λ0 kal� orismènh, Λ0 ∈ (X/Y)∗, kai S (Λ0) = x∗0. Tèloc, h S eÐnai isometrÐa diìti gia k�je

Λ ∈ (X/Y)∗, èqoume ‖S (Λ)‖ = ‖Λ ◦ Q‖ ≤ ‖Λ‖ · ‖Q‖ ≤ ‖Λ‖. EpÐshc, gia k�je x + Y ∈ X/Y kai k�je

y ∈ Y èqoume

|Λ(x + Y)| = |Λ(x + y + Y)| = |Λ(Q(x + y))| ≤ ‖S (Λ)‖ · ‖x + y‖.

Epomènwc, |Λ(x + Y)| ≤ ‖S (Λ)‖ · ‖x + Y‖. 'Ara, ‖Λ‖ ≤ ‖S (Λ)‖.
�
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9. Ta �ewr mata anoiqt c apeikìnishc, kleistoÔ graf matoc kai omoiìmorfou �r�gmatoc

Je¸rhma (Anoiqt c apeikìnishc). 'Estw X,Y q¸roi Banach kai T : X → Y �ragmènoc kai epÐ grammikìc

telest c. Tìte o T eÐnai anoiqt  apeikìnish (stèlnei anoiqt� sÔnola se anoiqt� sÔnola).

Apìdeixh. Isqurizìmaste kat�arq�c ìti gia k�je ε > 0 up�rqei δ > 0 tètoio ¸ste DY (0, δ) ⊂ T (DX(0, ε)).
Pr�gmati, gia k�je n ∈ N èqoume

X =
∞⋃

k=1

kDX

(
0, ε2−n−1

)
,

epomènwc

Y =
∞⋃

k=1

kT
(
DX

(
0, ε2−n−1

))
.

O Y eÐnai q¸roc Banach, �ra apì to �e¸rhma Baire, up�rqei kn tètoio ¸ste[
knT

(
DX

(
0, ε2−n−1))]◦ , ∅,

�ra [
T

(
DX

(
0, ε2−n−1))]◦ , ∅.

sunep¸c up�rqoun y0 ∈ Y kai 0 < δn < 1/n tètoia ¸ste

DY (y0, δn) ⊂ T
(
DX

(
0, ε2−n−1)).

Tìte

DY (0, δn) ⊂ T (DX (0, ε2−n)).

Pr�gmati, an y ∈ DY (0, δn) , tìte y + y0 ∈ T
(
DX

(
0, ε2−n−1)), �ra up�rqei akoloujÐa xi ∈ DX

(
0, ε2−n−1

)
tètoia

¸ste T (xi) → y + y0. EpÐshc, up�rqei x′i ∈ DX

(
0, ε2−n−1

)
tètoia ¸ste T (x′i ) → y0. Epomènwc T (xi − x′i ) → y.

All� xi − x′i ∈ DX
(
0, ε2−n), �ra y ∈ T (DX (0, ε2−n)).

Ja deÐxoume t¸ra ìti DY (0, δ1) ⊂ T (DX(0, ε)), apì to opoÐo prokÔptei o isqurismìc. 'Estw y ∈ DY (0, δ1).
Tìte up�rqei x1 ∈ X me ‖x1‖ < ε/2 tètoio ¸ste ‖y − T (x1)‖ < δ2, �ra up�rqei x2 ∈ X me ‖x2‖ < ε/4 tètoio

¸ste ‖y − T (x1) − T (x2)‖ < δ3. PaÐrnoume ètsi mia akoloujÐa shmeÐwn xn ∈ X me ‖xn‖ < ε2−n kai

‖y − T (x1 + · · · + xn)‖ < δn+1.

AfoÔ o X eÐnai q¸roc Banach, up�rqei x ∈ X me ‖x‖ < ε tètoio ¸ste

∞∑
n=1

xn = x. All�

‖y − T (x1 + · · · + xn)‖ → 0

kaj¸c n→ ∞, �ra y = T (x). Epomènwc y ∈ T (DX(0, ε)).
Gia na oloklhr¸soume thn apìdeixh, �a deÐxoume ìti an to U ⊂ X eÐnai anoiqtì, tìte to T (U) eÐnai

anoiqtì. 'Estw y ∈ T (U), tìte up�rqoun x ∈ U kai ε > 0 tètoia ¸ste y = T (x) kai DX(x, ε) ⊂ U. Epomènwc

T (DX(0, ε)) ⊂ −y+ T (U). All� apì ta prohgoÔmena, up�rqei δ > 0 tètoio ¸ste DY (0, δ) ⊂ T (DX(0, ε)). 'Ara
DY (y, δ) ⊂ T (U), sunep¸c to T (U) eÐnai anoiqtì. �

Je¸rhma (AntÐstrofhc apeikìnishc). 'Estw X,Y q¸roi Banach kai T : X → Y 1-1 & epÐ �ragmènoc

grammikìc telest c. Tìte o T eÐnai isomorfismìc.

Apìdeixh. Apì �e¸rhma anoiqt c apeikìnishc, o T eÐnai anoiqt  apeikìnish, �ra o T−1 eÐnai suneq c. �

Orismìc. An Xn eÐnai mia akoloujÐa q¸rwn me nìrma kai 1 ≤ p ≤ ∞, tìte �ètoume⊕
p

Xn =

x ∈
∞∏

n=1

Xn :
∞∑

n=1

‖x(n)‖p < ∞

 , an 1 ≤ p < ∞,

⊕
p

Xn =

x ∈
∞∏

n=1

Xn : sup
n
‖x(n)‖ < ∞

 , an p = ∞.

To
⊕

p Xn onom�zetai p-�jroisma thc akoloujÐac Xn. Gia k�je x ∈
⊕

p Xn �ètoume

‖x‖p =

 ∞∑
n=1

‖x(n)‖p
1/p

, an 1 ≤ p < ∞,
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‖x‖p = sup
n
‖x(n)‖, an p = ∞.

To p-�jroisma genikeÔei touc `p q¸rouc (ìpou Xn = F). Parathr ste ìti to p-�jroisma miac akolou-

�Ðac q¸rwn Banach eÐnai q¸roc Banach.

Je¸rhma (KleistoÔ graf matoc). 'Estw X,Y q¸roi Banach kai T : X → Y grammikìc telest c tètoioc ¸ste

to gr�fhma

Gr(T ) := {(x,T (x)) : x ∈ X}

eÐnai kleistìc upìqwroc tou X
⊕

1 Y. Tìte o T eÐnai �ragmènoc.

Apìdeixh. O X
⊕

1 Y eÐnai q¸roc Banach, �ra to Gr(T ) eÐnai q¸roc Banach. JewroÔme tic probolèc

P1 : Gr(T )→ X, P1(x,T (x)) = x,

P2 : Gr(T )→ Y, P2(x,T (x)) = T (x).

Oi P1, P2 eÐnai profan¸c suneqeÐc. EpÐshc, h P1 eÐnai 1-1 & epÐ, �ra apì to �e¸rhma antÐstrofhc

apeikìnishc, h P−1
1 eÐnai suneq c. All� T = P2 ◦ P−1

1 .

X Gr(T )

Y

-
P−1

1

@
@

@
@R

T
?

P2

Epomènwc h T eÐnai suneq c. �

H upìjesh thc plhrìthtac sto �e¸rhma anoiqt c apeikìnishc eÐnai aparaÐthth, ìpwc �aÐnetai apì

ta akìlouja paradeÐgmata.

Par�deigma. JewroÔme ton tautotikì telest 

I : (C([0, 1]), ‖ · ‖∞)→ (C([0, 1]), ‖ · ‖1), I( f ) = f

(‖ · ‖∞ eÐnai h supremum nìrma, kai ‖ f ‖1 =
∫
| f |). O I eÐnai �ragmènoc, 1-1 & epÐ all� den eÐnai anoiqt 

apeikìnish diìti tìte �a  tan isomorfismìc, �topo afoÔ o (C([0, 1]), ‖ · ‖1) den eÐnai q¸roc Banach.

Par�deigma. 'Estw (X, ‖ · ‖) ènac apeirodi�statoc, diaqwrÐsimoc q¸roc Banach, kai {ei : i ∈ I } mia
algebrik  ��sh tou X me ‖ei‖ = 1 gia k�je i. AfoÔ o X eÐnai q¸roc Banach, to I eÐnai uperarijm simo.

K�je x ∈ X èqei mia monadik  anapar�stash

x =
∑
i∈I

fi(x)ei, fi(x) ∈ F

(sto parap�nw �jroisma, to polÔ peperasmènoi to pl joc ìroi eÐnai mh mhdenikoÐ). OrÐzoume mia �llh

nìrma ‖.‖1 ston X wc ex c :

‖x‖1 =
∑
i∈I

| fi(x)|.

Tìte h tautotik  apeikìnish

I : (X, ‖ · ‖1)→ (X, ‖ · ‖), I(x) = x

eÐnai 1-1& epÐ �ragmènoc grammikìc telest c, all� ìqi anoiqt , diìti an  tan, �a eÐqame (X, ‖·‖1) ∼ (X, ‖·‖).
Autì eÐnai �topo, diìti o (X, ‖·‖1) den eÐnai diaqwrÐsimoc afoÔ h ��sh eÐnai uperarijm simh kai ta stoiqeÐa

thc èqoun apìstash an� duo Ðsh me 2.

Je¸rhma (Arq  omoiìmorfou �r�gmatoc). 'Estw X q¸roc Banach, Y q¸roc me nìrma, kai Ti : X → Y,
i ∈ I, mia oikogèneia �ragmènwn grammik¸n telest¸n tètoia ¸ste gia k�je x ∈ X èqoume

sup
i∈I
‖Ti(x)‖ < ∞.

Tìte up�rqei M > 0 tètoio ¸ste

sup
i∈I
‖Ti‖ ≤ M.
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Apìdeixh. Apì thn upìjesh sunep�getai ìti

X =
∞⋃

n=1

⋂
i∈I

{x ∈ X : ‖Ti(x)‖ ≤ n} =:
∞⋃

n=1

An.

Ta sÔnola An eÐnai kleist� diìti oi Ti eÐnai �ragmènoi, �ra apì to �e¸rhma Baire, up�rqei n0 tètoio ¸ste

A◦n0
, ∅. Epomènwc, up�rqoun x0 ∈ X kai δ > 0 tètoia ¸ste D(x0, δ) ⊂ An0 . 'Estw t¸ra x ∈ X me ‖x‖ = 1.

Tìte

‖Ti(x)‖ ≤
2
δ

(∥∥∥∥∥Ti

(
x0 +

δ

2
x
)∥∥∥∥∥ + ‖Ti(x0)‖

)
≤

4n0

δ
,

gia k�je i. 'Ara

sup
i∈I
‖Ti‖ ≤

4n0

δ
.

�

Je¸rhma (Banach­Steinhaus). 'Estw X q¸roc Banach, Y q¸roc me nìrma, kai Tn : X → Y mia ako-

loujÐa �ragmènwn grammik¸n telest¸n tètoia ¸ste gia k�je x ∈ X to lim Tn(x) up�rqei. Tìte o telest c

T (x) := lim Tn(x) eÐnai �ragmènoc. Dhlad , to kat� shmeÐo ìrio miac akoloujÐac �ragmènwn telest¸n eÐnai

�ragmènoc telest c.

Apìdeixh. H akoloujÐa Tn(x) eÐnai �ragmènh gia k�je x (afoÔ sugklÐnei). Apì thn arq  omoiìmorfou

�r�gmatoc, up�rqei M > 0 tètoio ¸ste sup
n
‖Tn‖ ≤ M. All� tìte

‖T (x)‖ = lim
n
‖Tn(x)‖ ≤ M‖x‖,

gia k�je x. �
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10. StoiqeÐa genik c topologÐac

Orismìc. 'Enac topologikìc q¸roc eÐnai èna 
eug�ri (X,T ), ìpou X eÐnai èna sÔnolo kai T mia oikogèneia

uposunìlwn tou X tètoia ¸ste :

• ∅, X ∈ T .

• H T eÐnai kleist  wc proc tic en¸seic : an Gi ∈ T , i ∈ I, gia opoiod pote sÔnolo deikt¸n I, tìte⋃
i∈I

Gi ∈ T .

• H T eÐnai kleist  wc proc tic peperasmènec tomèc : an G1, . . . ,Gn ∈ T , tìte

n⋂
k=1

Gk ∈ T .

H T onom�zetai topologÐa, kai ta stoiqeÐa thc anoiqt� sÔnola. O X lègetai q¸roc Hausdor�, an gia k�je

x, y ∈ X me x , y, up�rqoun U,V ⊂ X anoiqt� tètoia ¸ste x ∈ U, y ∈ V kai U ∩ V = ∅.

Par�deigma. An o X eÐnai ènac metrikìc q¸roc, tìte h oikogèneia twn anoiqt¸n (wc proc th metrik  !)

uposunìlwn tou X eÐnai mia topologÐa. 'Enac topologikìc q¸roc lègetai metrikopoi simoc an h topologÐa

tou ep�getai apì k�poia metrik .

Par�deigma. An X eÐnai èna sÔnolo, tìte oi oikogèneiec {∅, X} kai P(X) eÐnai topologÐec (tetrimmènh kai

diakrit  antÐstoiqa).

Par�deigma. An X eÐnai èna �peiro sÔnolo, tìte h oikogèneia {A ⊂ X : card(X \A) < ∞} eÐnai mia topologÐa

(h opoÐa den eÐnai Hausdor� diìti k�je duo mh ken� anoiqt� sÔnola tèmnontai).

Orismìc. 'Estw (X,T ) topologikìc q¸roc. Mia oikogèneia B ⊂ T lègetai ��sh gia thn topologÐa, an

k�je anoiqtì sÔnolo eÐnai ènwsh sunìlwn thc B.

Par�deigma. S�èna metrikì q¸ro, h oikogèneia ìlwn twn anoiqt¸n dÐskwn eÐnai mia ��sh gia thn topologÐa

pou ep�gei h metrik .

Orismìc. 'Estw X topologikìc q¸roc, kai x ∈ X.
• 'Ena sÔnolo N ⊂ X lègetai perioq  tou x an up�rqeiG anoiqtì tètoio ¸ste x ∈ G ⊂ N. H oikogèneia

ìlwn twn perioq¸n tou x onom�zetai sÔsthma perioq¸n tou x.
• Mia upooikogèneia B tou sust matoc perioq¸n tou x lègetai ��sh perioq¸n tou x, an gia k�je

perioq  N tou x up�rqei B ∈ B tètoio ¸ste B ⊂ N.

Par�deigma. S�èna metrikì q¸ro h oikogèneia {D(x, 1/n) : n ∈ N} eÐnai mia ��sh perioq¸n tou x.

Orismìc. 'Estw X topologikìc q¸roc, kai A ⊂ X.
• To A lègetai kleistì, an to sumpl rwm� tou eÐnai anoiqtì.

• To A lègetai sumpagèc, an k�je anoiqt  k�luyh tou A èqei peperasmènh upok�luyh.

• Jètoume A = clA =
⋂
{F : A ⊂ F, F kleistì} (kleistìthta tou A).

• Jètoume A◦ = intA =
⋃
{G : G ⊂ A, G anoiqtì} (eswterikì tou A).

Orismìc. 'Estw X,Y topologikoÐ q¸roi, f : X → Y mia sun�rthsh, kai x ∈ X. H f lègetai suneq c sto

x, an gia k�je perioq  V ⊂ Y tou f (x) up�rqei perioq  U ⊂ X tou x tètoia ¸ste f (U) ⊂ V. An h f
eÐnai antistrèyimh, suneq c s�olìklhro to X, kai h f −1 eÐnai suneq c s�olìklhro to Y, tìte h f lègetai

omoiomorfismìc.

JumÐzoume ìti èna kateujunìmeno sÔnolo eÐnai èna merik� diatetagmèno sÔnolo (Λ,≤) tètoio ¸ste gia

k�je a, b ∈ Λ up�rqei c ∈ Λ me a ≤ c kai b ≤ c. An t¸ra to X eÐnai k�poio sÔnolo, tìte mia sun�rthsh

x : Λ → X onom�zetai dÐktuo sto X. 'Opwc kai sthn perÐptwsh twn akolouji¸n (twn opoÐwn genÐkeush

apoteloÔn ta dÐktua) qrhsimopoioÔme to sumbolismì xλ antÐ x(λ) (gia λ ∈ Λ).

Orismìc. 'Estw X topologikìc q¸roc, (xλ)λ∈Λ dÐktuo sto X, kai x ∈ X. Lème ìti to xλ sugklÐnei sto x (xλ → x,
lim
λ∈Λ

xλ = x), an gia k�je perioq  N tou x, up�rqei λ0 ∈ Λ tètoio ¸ste xλ ∈ N gia k�je λ ≥ λ0.

Parathr ste ìti s�èna q¸ro Hausdor� to ìrio enìc diktÔou eÐnai monadikì. Ta dÐktua paÐzoun stouc

topologikoÔc q¸rouc ton �ìlo pou paÐzoun oi akoloujÐec stouc metrikoÔc q¸rouc. Gia par�deigma, an to

A eÐnai uposÔnolo enìc topologikoÔ q¸rou kai x k�poio shmeÐo, tìte x ∈ A an kai mìno an up�rqei dÐktuo

shmeÐwn tou A to opoÐo sugklÐnei sto x. OmoÐwc, mia sun�rthsh f eÐnai suneq c sto x an kai mìno an gia

k�je dÐktuo xλ me xλ → x, èqoume f (xλ)→ f (x).
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'Estw t¸ra Xi, i ∈ I, mia oikogèneia topologik¸n q¸rwn, kai èstw

X =
∏
i∈I

Xi

to kartesianì touc ginìmeno. H mikrìterh topologÐa sto X wc proc thn opoÐa oi probolèc

πi : X → Xi, πi(x) = x(i)

eÐnai suneqeÐc sunart seic, onom�zetai topologÐa ginìmeno. An to (xλ)λ∈Λ eÐnai èna dÐktuo sto X kai x ∈ X,
tìte xλ → x an kai mìno an πi(xλ) → πi(x) gia k�je i ∈ I (dhlad  to dÐktuo sugklÐnei an kai mìno an

sugklÐnei kat� suntetagmènh). Mia ��sh gia thn topologÐa ginìmeno eÐnai ìla ta sÔnola thc morf c

n⋂
k=1

π−1
ik

(
Gik

)
,

ìpou n = 1, 2, . . . , kai Gik ⊂ Xik anoiqtì. IsodÔnama, mia ��sh apoteleÐtai apì ìla ta {orjog¸nia}∏
i∈I

Gi,

ìpou Gi = Xi gia ìla ektìc apì to polÔ peperasmèna to pl joc i1, . . . , in gia ta opoÐa to Gik eÐnai k�poio

anoiqtì uposÔnolo tou Xik .

Par�deigma. 'Estw fn, f : R → R ètsi ¸ste fn → f kat� shmeÐo. Tìte, an tautÐsoume tic sunart seic

apì to R sto R me ta shmeÐa tou q¸rou RR, èqoume ìti fn → f wc proc thn topologÐa ginìmeno.

Parathr ste ìti o RR den eÐnai metrikopoi simoc diìti kanèna shmeÐo tou den èqei arijm simh ��sh

perioq¸n. 'Etsi èqoume èna par�deigma {�usiologik c} sÔgklishc h opoÐa den mporeÐ na perigrafeÐ mèsw

k�poiac metrik c.

Je¸rhma. To kartesianì ginìmeno q¸rwn Hausdor� eÐnai q¸roc Hausdor�.

Je¸rhma. To kartesianì ginìmeno miac arijm simhc oikogèneiac metrikopoi simwn q¸rwn eÐnai metrikopoi -

simoc q¸roc.

Je¸rhma (Tychono� ). To kartesianì ginìmeno sumpag¸n q¸rwn eÐnai sumpag c q¸roc.
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11. TopologikoÐ dianusmatikoÐ q¸roi kai topik� kurtoÐ q¸roi

Orismìc. 'Enac topologikìc dianusmatikìc q¸roc   TVS (Topological Vector Space) eÐnai ènac grammikìc

q¸roc X me mia topologÐa tètoia ¸ste to {0} eÐnai kleistì, kai oi pr�xeic thc prìsjeshc

X × X 3 (x, y) 7→ x + y ∈ X

kai tou �ajmwtoÔ pollaplasiasmoÔ

F × X 3 (λ, x) 7→ λx ∈ X
eÐnai suneqeÐc (ta X × X kai F × X èqoun thn topologÐa ginìmeno).

Parat rhsh. Gia k�je x0 ∈ X kai λ0 ∈ F me λ0 , 0, oi apeikonÐseic

Tx0 : X → X, Tx0 (x) = x0 + x

kai

Mλ0 : X → X, Mλ0 (x) = λ0x
eÐnai omoiomorfismoÐ.

Parat rhsh. To N eÐnai perioq  tou 0 an kai mìno an to x + N eÐnai perioq  tou x. Dhlad  oi perioqèc

opoioud pote shmeÐou kajorÐzontai apì tic perioqèc tou mhdenìc. EpÐshc, to N eÐnai perioq  tou 0 an kai

mìno an to λN eÐnai perioq  tou 0 gia k�je mh mhdenikì �ajmwtì λ. Tèloc, k�je monosÔnolo eÐnai kleistì.
('Ola aut� prokÔptoun apì to ìti oi apeikonÐseic thc prohgoÔmenhc parat rhshc eÐnai omoiomorfismoÐ.)

Parat rhsh. 'Enac TVS X eÐnai q¸roc Hausdor�. Pr�gmati, èstw x, y ∈ X me x , y. Tìte to {x − y} eÐnai
kleistì kai 0 < {x− y}, �ra up�rqei V perioq  tou 0 tètoia ¸ste x− y < V. Apì th sunèqeia thc prìsjeshc,

up�rqei U perioq  tou 0 tètoia ¸ste U + U ⊂ V. Epomènwc (x − U) ∩ (y + U) = ∅.

Par�deigma. 'Estw X grammikìc q¸roc kai P mia oikogèneia hminorm¸n sto X tètoia ¸ste⋂
p∈P

{x : p(x) = 0} = {0}.

Gia k�je x ∈ X, ε > 0, p1, . . . , pn ∈P, n ∈ N, �ètoume

Vx,p1,...,pn,ε =

n⋂
i=1

{y : pi(x − y) < ε}.

H P kajorÐzei mia topologÐa sto X wc ex c : Gia k�je x ∈ X, mia ��sh perioq¸n gia to x eÐnai h oikogèneia

Bx =
{
Vx,p1,...,pn,ε : ε > 0, p1, . . . , pn ∈P , n ∈ N

}
.

Dhlad , orÐzoume èna sÔnolo G ⊂ X na eÐnai anoiqtì an kai mono an gia k�je x ∈ G up�rqei V ∈ Bx tètoio

¸ste V ⊂ G. Me aut n thn topologÐa, o X eÐnai TVS. Pr�gmati, kat�arq�c parathroÔme ìti èna dÐktuo zγ
sto X sugklÐnei se k�poio z ∈ X an kai mìno an p(zγ − z)→ 0 gia k�je p ∈P. Epomènwc, an (xα, yα) eÐnai
èna dÐktuo sto X × X me (xα, yα)→ (x, y) kai (λβ,wβ) eÐnai èna dÐktuo sto F × X me (λβ,wβ)→ (λ,w), tìte h
sunèqeia thc prìsjeshc kai tou pollaplasiasmoÔ prokÔptei apì tic anisìthtec

p((xα + yα) − (x + y)) ≤ p(xα − x) + p(yα − y),

kai

p(λβwβ − λw) ≤ |λβ − λ|p(wβ) + |λ|p(wβ − w).
Tèloc, an x < {0}, tìte up�rqei hminìrma p ∈P tètoia ¸ste p(x) > 0. 'Ara up�rqei ε > 0 me

0 < {y : p(x − y) < ε}.

Epomènwc to {0} eÐnai kleistì.

Orismìc. 'Enac topik� kurtìc q¸roc   LCS (Locally Convex Space) eÐnai ènac TVS h topologÐa tou opoÐou

kajorÐzetai apì mia oikogèneia hminorm¸n akrib¸c ìpwc sto prohgoÔmeno par�deigma.

Par�deigma. 'Estw X metrikìc q¸roc. JewroÔme ton grammikì q¸ro C(X) ìlwn twn suneq¸n sunart sewn
apì to X sto F. Gia k�je K ⊂ X sumpagèc, kai f ∈ C(X) �ètoume

pK( f ) = sup
x∈K
| f (x)| = ‖ f |K‖∞.

Tìte h topologÐa pou kajorÐzei h oikogèneia hminorm¸n {pK : K ⊂ X sumpagèc} k�nei ton C(X) LCS.
Parathr ste ìti èna dÐktuo fξ sugklÐnei se k�poia sun�rthsh f wc proc thn topologÐa aut , an kai
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mìno an fξ → f omoiìmorfa se k�je sumpagèc uposÔnolo tou X (autì DEN shmaÐnei ìti h sÔgklish eÐnai

omoiìmorfh s�olìklhro to X).

Par�deigma. 'EstwΩ ⊂ C anoiqtì. JewroÔme ton grammikì q¸ro H(Ω) ìlwn twn analutik¸n sunart sewn
sto Ω. H topologÐa pou kajorÐzei h oikogèneia hminorm¸n tou prohgoÔmenou paradeÐgmatoc k�nei ton

H(Ω) LCS.

Par�deigma. 'Estw X q¸roc me nìrma. Gia k�je x ∈ X, x∗ ∈ X∗ �ètoume px∗ (x) = |x∗(x)|. H topologÐa pou

kajorÐzei ston X h oikogèneia hminorm¸n {px∗ : x∗ ∈ X∗} onom�zetai asjen c topologÐa (w-topologÐa) kai
k�nei ton X LCS. Prèpei na elègxoume ìti⋂

x∗∈X∗
{x : |x∗(x)| = 0} = {0}.

Autì prokÔptei �mesa apì to �e¸rhma Hahn­Banach: an x0 , 0 tìte up�rqei x∗0 ∈ X∗ me x∗0(x0) , 0, �ra
to x0 den an kei sthn parap�nw tom .

Parathr ste ìti èna dÐktuo xδ sugklÐnei asjen¸c se k�poio x (xδ
w
→ x) an kai mìno an x∗(xδ)→ x∗(x) gia

k�je x∗ ∈ X∗. H w-topologÐa eÐnai asjenèsterh (dhl. mikrìterh) apì thn ‖ · ‖-topologÐa (th sunhjismènh

topologÐa pou ep�gei h nìrma ston X), afoÔ, profan¸c, oi asjeneÐc perioqèc
n⋂

k=1

{x : |x∗k(x)| < ε}, ε > 0, x∗1, . . . , x
∗
n ∈ X∗, n ∈ N,

eÐnai ‖ · ‖-anoiqt� sÔnola. 'Etsi, an èna dÐktuo sugklÐnei wc proc th nìrma, tìte sugklÐnei asjen¸c.

Par�deigma. 'Estw X q¸roc me nìrma. Gia k�je x ∈ X, x∗ ∈ X∗ �ètoume px(x∗) = |x∗(x)|. H topologÐa pou

kajorÐzei ston X∗ h oikogèneia hminorm¸n {px : x ∈ X} onom�zetai asjen c-∗ topologÐa (w∗-topologÐa) kai
k�nei ton X∗ LCS (se antÐjesh me to prohgoÔmeno par�deigma, to ìti⋂

x∈X

{x∗ : |x∗(x)| = 0} = {0},

eÐnai tetrimmèno).

Se ì,ti afor� th sÔgklish diktÔwn èqoume

x∗θ
w∗
→ x∗ ⇔ x∗θ(x)→ x∗(x), gia k�je x ∈ X.

Parathr ste ìti ston X∗ èqoume treic topologÐec : thn sunhjismènh topologÐa pou ep�gei h nìrma, thn

w-topologÐa tou prohgoÔmenou paradeÐgmatoc (h opoÐa ep�getai apì ton X∗∗), kai thn w∗-topologÐa pou

ep�getai apì ton X. K�je mia eÐnai asjenèsterh apì thn prohgoÔmenh ìpwc �aÐnetai apì thn akìloujh

seir� sunepagwg¸n:

x∗ξ
‖·‖
−→ x∗ ⇒ x∗ξ

w
−→ x∗ ⇒ x∗ξ

w∗
−→ x∗.

H deÔterh sunepagwg  prokÔptei mèsw thc kanonik c emfÔteushc J : X → X∗∗. An x∗ξ → x∗ asjen¸c, tìte
x∗∗(x∗ξ) → x∗∗(x) gia k�je x∗∗ ∈ X∗∗. IdiaÐtera J(x)(x∗ξ) → J(x)(x∗) gia k�je x ∈ X. 'Ara x∗ξ(x) → x∗(x) gia
k�je x ∈ X, epomènwc x∗ξ → x∗ asjen¸c-∗.

Orismìc. 'Estw X grammikìc q¸roc kai A ⊂ X.

• To A lègetai kurtì, an gia k�je x, y ∈ A, kai k�je t ∈ [0, 1], èqoume (1 − t)x + ty ∈ A.
• H kurt  � kh tou A eÐnai to mikrìtero kurtì upersÔnolo tou A:

coA =
⋂
{C ⊂ X : A ⊂ C, C kurtì}.

• An epiplèon o X eÐnai TVS, tìte h kleist  kurt  � kh tou A eÐnai to mikrìtero kurtì kai kleistì

upersÔnolo tou A:

coA =
⋂
{C ⊂ X : A ⊂ C, C kurtì & kleistì}.

Je¸rhma. 'Estw X TVS, kai A ⊂ X.

(1) An to A eÐnai kurtì, tìte ta A kai A◦ eÐnai kurt�.
(2) coA = coA.

Apìdeixh.
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(1) Gia 0 < t < 1 èqoume

(1 − t)A + tA = (1 − t)A + tA ⊂ (1 − t)A + tA ⊂ A.

'Ara, A kurtì. EpÐshc, (1 − t)A◦ + tA◦ ⊂ A. All� (1 − t)A◦ + tA◦ anoiqtì, epomènwc

(1 − t)A◦ + tA◦ ⊂ A◦.

Sunep¸c A◦ kurtì.
(2) coA ⊂ coA, �ra coA ⊂ coA. All�, apì to (1), to coA eÐnai kleistì kai kurtì upersÔnolo tou A,

epomènwc coA ⊃ coA
�

Orismìc. 'Estw X grammikìc q¸roc, kai A ⊂ X.
• To A lègetai aporrofoÔn (absorbing), an gia k�je x ∈ X, up�rqei t > 0 tètoio ¸ste tx ∈ A.
• To A lègetai iorrophmèno (balanced), an gia k�je x ∈ A kai k�je λ ∈ F me |λ| ≤ 1, èqoume λx ∈ A.
• An epiplèon o X eÐnai TVS, to A lègetai �ragmèno, an gia k�je perioq  U tou 0, up�rqei ε > 0

tètoio ¸ste εA ⊂ U.

Parathr seic. 'Estw X TVS. Tìte :

(1) An A ⊂ X isorrophmèno, tìte A isorrophmèno. An epiplèon 0 ∈ A◦, tìte A◦ isorrophmèno.
(2) An V perioq  tou mhdenìc, tìte up�rqei mia isorrophmènh perioq  U tou mhdenìc tètoia ¸ste

U ⊂ V. Pr�gmati, apì th sunèqeia tou pollaplasiasmoÔ sto (0, 0) ∈ F × X, up�rqei δ > 0 kai

mia perioq  W tou 0 ¸ste gia k�je λ ∈ F me |λ| < δ èqoume λW ⊂ V. Jètoume

U =
⋃
|λ|<δ

λW.

(3) An V kurt  perioq  tou 0, tìte up�rqei kurt  kai isorrophmènh perioq  U tou 0 tètoia ¸ste

U ⊂ V. Pr�gmati, apì to (2), up�rqei isorrophmènh perioq  W tou 0 me W ⊂ V. Jètoume

U = (coW)◦.

Orismìc. 'Estw X grammikìc q¸roc kai A ⊂ X aporrofoÔn. Gia k�je x ∈ X �ètoume

pA(x) = inf{t > 0 : x ∈ tA}.

To pA eÐnai kal� orismèno diìti to A eÐnai aporrofoÔn, kai onom�zetai sunarthsoeidèc Minkowski.

Je¸rhma. 'Estw X grammikìc q¸roc kai A ⊂ X kurtì kai aporrofoÔn.

(1) To pA eÐnai upogrammikì.

(2) {x : pA(x) < 1} ⊂ A ⊂ {x : pA(x) ≤ 1}.
(3) An epiplèon to A eÐnai isorrophmèno, tìte to pA eÐnai hminìrma.

Apìdeixh.

(1) 'Estw x, y ∈ X. Tìte gia k�je t1, t2 > 0 me x ∈ t1A kai y ∈ t2A èqoume

x + y ∈ t1A + t2A = (t1 + t2)
(

t1
t1 + t2

A +
t2

t1 + t2
A
)
⊂ (t1 + t2)A.

Epomènwc pA(x + y) ≤ t1 + t2, �ra pA(x + y) ≤ pA(x) + pA(y). H �etik  omogèneia tou pA (pA(sx) =
spA(x), gia s ≥ 0) eÐnai profan c.

(2) An x ∈ A tìte pA(x) ≤ 1 apì ton orismì tou pA. An pA(x) < 1, tìte up�rqei 0 < t < 1 tètoio ¸ste

x ∈ tA ⊂ tA + (1 − t)A ⊂ A.
(3) Gia k�je λ ∈ F, me λ , 0, èqoume

pA(λx) = inf{t > 0 : λx ∈ tA} = inf
{

t > 0 : x ∈
t
|λ|

|λ|

λ
A
}
= inf

{
t > 0 : x ∈

t
|λ|

A
}
= |λ|pA(x).

�

Je¸rhma. 'Estw X TVS kai U ⊂ X anoiqtì kai kurtì me 0 ∈ U. Tìte :

(1) To U eÐnai aporrofoÔn, epomènwc to pU orÐzetai.

(2) U = {x : pU(x) < 1}.

Apìdeixh.

(1) 'Estw x ∈ X. Apì th sunèqeia tou pollaplasiasmoÔ sto (0, x), up�rqei δ > 0 tètoio ¸ste δx ∈ U.
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(2) 'Estw x ∈ U. Apì th sunèqeia tou pollaplasiasmoÔ sto (1, x), up�rqei δ > 1 tètoio ¸ste δx ∈ U.

'Ara x ∈ δ−1U, epomènwc pU(x) ≤ δ−1 < 1.
�

Je¸rhma. 'Estw X TVS. O X eÐnai LCS an kai mìno an to 0 èqei mia ��sh perioq¸n pou apoteleÐtai apì

anoiqt� kai kurt� sÔnola.

Apìdeixh. H kateÔjunsh (⇒) eÐnai profan c. Gia thn antÐstrofh kateÔjunsh, èstw T h topologÐa tou X.
Apì upìjesh, to 0 èqei mia ��sh perioq¸n pou apoteleÐtai apì anoiqt� kai kurt� sÔnola. Tìte to 0 èqei

mia ��sh perioq¸n B pou apoteleÐtai apì anoiqt�, kurt� kai isorrophmèna sÔnola (apì thn parat rhsh

(3) parap�nw). 'Ara gia k�je U ∈ B, to sunarthsoeidèc Minkowski pU eÐnai hminìrma. ParathroÔme ìti

h topologÐa pou kajorÐzei h oikogèneia {pU : U ∈ B} tautÐzetai me thn T diìti U = {x : pU(x) < 1} gia
k�je U ∈ B (k�je perioq  tou 0 wc proc th mia topologÐa eÐnai perioq  tou 0 wc proc thn �llh). Tèloc⋂

U∈B

{x : pU(x) = 0} ⊂
⋂

U∈B

{x : pU(x) < 1} =
⋂

U∈B

U = {0}

diìti h T eÐnai Hausdor�. Epomènwc o X eÐnai LCS. �

Je¸rhma. 'Estw X LCS. O X eÐnai metrikopoi simoc an kai mìno an h topologÐa tou kajorÐzetai apì mia

arijm simh oikogèneia hminorm¸n.

Apìdeixh. 'Estw ìti h topologÐa T tou X kajorÐzetai apì thn oikogèneia hminorm¸n {pn : n ∈ N} me
∞⋂

n=1

{x : pn(x) = 0} = {0}.

OrÐzoume mia metrik  d sto X wc ex c

d(x, y) =
∞∑

n=1

1
2n

pn(x − y)
1 + pn(x − y)

.

'Estw Td h topologÐa pou ep�gei h d. H d eÐnai analloÐwth stic metajèseic, epomènwc gia na sugkrÐnoume

tic duo topologÐec, arkeÐ na sugkrÐnoume perioqèc tou 0. 'Estw ε > 0. Epilègoume n0 tètoio ¸ste

∞∑
n=n0+1

1
2n <

ε

2
.

Tìte
n0⋂

n=1

{
x : pn(x) <

ε

2n0

}
⊂ Dd(0, ε),

�ra Td ⊂ T . EpÐshc, gia k�je n èqoume

Dd

(
0,

ε

2n(1 + ε)

)
⊂ {x : pn(x) < ε},

�ra T ⊂ Td.

AntÐstrofa, èstw ìti h T kajorÐzetai apì mia okogèneia hminorm¸n P. Upojètoume ìti h T ep�getai

apì k�poia metrik  ρ. Tìte gia k�je n up�rqoun hminìrmec pn
1, . . . , pn

kn
∈P kai εn > 0 ètsi ¸ste

kn⋂
i=1

{x : pn
i (x) < εn} ⊂ Dρ(0, 1/n).

Jètoume Q = {pn
i : i = 1, . . . , kn, n ∈ N}. Tìte h topologÐa pou kajorÐzei h Q tautÐzetai me thn T . �

Par�deigma. 'Estw Ω ⊂ C anoiqtì, kai H(Ω) o q¸roc twn analutik¸n sunart sewn sto Ω me thn topologÐa

pou kajorÐzetai apì thn oikogèneia hminorm¸n {pK : K ⊂ Ω sumpagèc}, ìpou pK( f ) = ‖ f |K‖∞. Tìte o H(Ω)
eÐnai metrikopoi simoc. Pr�gmati, gia k�je n ∈ N �ètoume

Kn = {z ∈ Ω : |z| ≤ n & dist(z,C \Ω) ≥ 1/n},

kai parathroÔme ìti h topologÐa tou H(Ω) kajorÐzetai apì thn oikogèneia {pKn : n ∈ N}.

Je¸rhma. 'Estw X LCS. H topologÐa tou X ep�getai apì nìrma an kai mìno an o X èqei èna mh kenì, anoiqtì

kai �ragmèno sÔnolo.

27



Apìdeixh. H mia kateÔjunsh eÐnai profan c. Gia thn antÐstrofh kateÔjunsh, èstw U ⊂ X mh kenì, anoiqtì

kai �ragmèno. MporoÔme na upojèsoume (k�nontac mia met�jesh) ìti 0 ∈ U. AfoÔ o X eÐnai LCS, up�rqei

V anoiqtì, kurtì kai isorrophmèno, tètoio ¸ste 0 ∈ V ⊂ U. 'Estw pV to sunarthsoeidèc Minkowski.

Isqurizìmaste ìti to pV eÐnai nìrma kai ep�gei thn topologÐa tou X. Pr�gmati, èstw x , 0. Tìte up�rqoun
perioqèc W0 kai Wx tou 0 kai tou x antÐstoiqa, tètoiec ¸ste W0 ∩ Wx = ∅. AfoÔ U �ragmèno, up�rqei

ε0 > 0 tètoio ¸ste W0 ⊃ ε0U ⊃ ε0V. All� ε0V = ε0{y : pV (y) < 1} = {y : pV (y) < ε0}. 'Ara pV (x) ≥ ε0, dhlad 

to pV eÐnai nìrma. T¸ra, afoÔ εV = {x : pV (x) < ε}, h topologÐa pou ep�gei h nìrma eÐnai mikrìterh apì

  Ðsh me thn topologÐa tou X. Ap�thn �llh, èstw ε > 0 kai p mia apì tic hminìrmec pou kajorÐzoun thn

topologÐa tou X. To {x : p(x) < ε} eÐnai perioq  tou 0, kai to U eÐnai �ragmèno. 'Ara up�rqei δ > 0 tètoio

¸ste

{x : p(x) < ε} ⊃ δU ⊃ δV = {x : pV (x) < δ}.
Epomènwc, h topologÐa tou X eÐnai mikrìterh apì   Ðsh me thn topologÐa pou ep�gei h nìrma. �
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12. O duðkìc enìc TVS - H gewmetrik  morf  tou �ewr matoc Hahn­Banach

Orismìc. 'Estw X TVS. To sÔnolo ìlwn twn suneq¸n grammik¸n sunarthsoeid¸n ston X onom�zetai duðkìc

q¸roc kai sumbolÐzetai me X∗.

Je¸rhma. 'Estw X TVS, kai Λ : X → F mh mhdenikì grammikì sunarthsoeidèc. Ta akìlouja eÐnai isodÔ-

nama:

(1) Λ suneqèc.

(2) kerΛ kleistìc.

(3) kerΛ ìqi puknìc.

(4) Λ �ragmèno (me th sunhjismènh ènnoia) se k�poia perioq  tou 0.

Apìdeixh. (1)⇒ (2)⇒ (3) profaneÐc.

(3) ⇒ (4). Apì thn upìjesh sunep�getai ìti up�rqoun x0 ∈ X kai U isorrophmènh perioq  tou 0 tètoia

¸ste (x0 + U) ∩ kerΛ = ∅. To Λ(U) eÐnai isorrophmèno uposÔnolo tou F, �ra eÐte Λ(U) �ragmèno, eÐte
Λ(U) = F. All� an Λ(U) = F, tìte up�rqei x ∈ U tètoio ¸ste Λ(x) = −Λ(x0), epomènwc Λ(x0 + x) = 0,
dhlad  x0 + x ∈ kerΛ, �topo.

(4) ⇒ (1). AfoÔ to Λ eÐnai grammik  apeikìnish, arkeÐ na deÐxoume ìti eÐnai suneqèc sto 0. Apì

upìjesh, up�rqoun M > 0 kai U perioq  tou 0, tètoia ¸ste Λ(U) ⊂ D(0,M). 'Ara gia k�je ε > 0
èqoume Λ(εM−1U) ⊂ D(0, ε). Epomènwc Λ suneqèc sto 0. �

Par�deigma (O q¸roc tou Schwartz kai o q¸roc twn katanom¸n). Gia k�je poludeÐkth α = (α1, . . . , αn) ∈
Zn
+, ϕ ∈ C∞(Rn) kai x = (x1, . . . , xn) ∈ Rn �ètoume

|α| = α1 + · · · + αn,

xα = xα1
1 · · · x

αn
n ,

Dαϕ =
∂|α|ϕ

∂α1 x1 · · · ∂αn xn
,

S =

{
ϕ ∈ C∞(Rn) : sup

x
|xαDβϕ(x)| < ∞, gia k�je α, β ∈ Zn

+

}
.

O S lègetai q¸roc tou Schwartz kai gÐnetai (metrikopoi simoc) LCS mèsw thc oikogèneiac hminorm¸n

{pα,β : α, β ∈ Zn
+}, ìpou

pα,β(ϕ) = sup
x
|xαDβϕ(x)|.

O duðkìc S ∗ lègetai q¸roc twn katanom¸n. K�je f ∈ Lp, 1 ≤ p ≤ ∞, ep�gei mia katanom  Λ f (ϕ) =
∫

fϕ,
ϕ ∈ S . OmoÐwc, k�je migadikì mètro Borel µ ep�gei mia katanom  Λµ(ϕ) =

∫
ϕ dµ. An f ∈ Lp, kai α ∈ Zn

+,

tìte h (asjen c) par�gwgoc thc f (  h par�gwgoc me thn ènnoia twn katanom¸n - distributional derivative)

eÐnai h katanom 

Λαf (ϕ) = (−1)|α|
∫
Rn

f (x)Dαϕ(x) dx = (−1)|α|Λ f (Dαϕ).

Gia par�deigma, an ψ ∈ S , tìte Λαψ(ϕ) = ΛDαψ(ϕ), dhlad  sthn perÐptwsh aut , h par�gwgoc me thn

ènnoia twn katanom¸n {sumfwneÐ} me th sunhjismènh par�gwgo (eÐnai h katanom  pou ep�getai apì th

sunhjismènh par�gwgo). An t¸ra h : R → R eÐnai h sun�rthsh Heaviside h(x) = 0 gia x < 0, h(x) = 1
gia x ≥ 0, tìte Λ(1)

h (ϕ) = φ(0) = Λδ0 (ϕ), ìpou δ0 eÐnai to mètro Dirac sto 0. Epomènwc, me thn ènnoia twn

katanom¸n, h par�gwgoc thc (mh paragwgÐsimhc me th sunhjismènh ènnoia) sun�rthshc h eÐnai èna mètro.

Genikìtera, an Λ ∈ (S )∗, tìte orÐzoume thn par�gwgo Λα ∈ (S )∗ mèsw thc sqèshc

Λα(ϕ) = (−1)|α|Λ(Dαϕ).

Se antÐjesh me thn perÐptwsh twn q¸rwn me nìrma, den eÐnai al jeia ìti o duðkìc enìc aujaÐretou

TVS eÐnai p�nta mh tetrimmènoc, ìpwc �aÐnetai apì to akìloujo:

Par�deigma (Oi q¸roi Lp, 0 < p < 1). 'Estw 0 < p < 1, kai f : [0, 1]→ F Lebesgue metr simh. Jètoume

ρ( f ) =
∫
| f |p, Lp = { f | ρ( f ) < ∞}, d( f , g) = ρ( f − g).

Tìte o (Lp, d) eÐnai metrikìc q¸roc, tètoioc ¸ste h prìsjesh kai o �ajmwtìc pollaplasiasmìc eÐnai

suneqeÐc. 'Ara o (Lp, d) eÐnai TVS. Ja deÐxoume kat�arq�c ìti o Lp den èqei mh tetrimmèna anoiqt� kai
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kurt� sÔnola. 'Estw loipìn G ⊂ X mh kenì, anoiqtì kai kurtì. MporoÔme na upojèsoume ìti 0 ∈ G. Tìte

up�rqei r > 0 me D(0, r) ⊂ G. 'Estw t¸ra f ∈ Lp. Epilègoume n ∈ N tètoio ¸ste np−1ρ( f ) < r. Apì th

sunèqeia tou oloklhr¸matoc up�rqei diamèrish 0 = t0 < · · · < tn = 1 tètoia ¸ste∫ ti

ti−1

| f |p =
ρ( f )

n
, i = 1, . . . , n.

Jètoume gi = n fχ[ti−1,ti). Tìte ρ(gi) = np−1ρ( f ) < r, epomènwc gi ∈ D(0, r) ⊂ G. All� to G eÐnai kurtì, �ra

f =
g1 + · · · + gn

n
∈ G.

Sunep¸c G = Lp. T¸ra, èstw Λ ∈ (Lp)∗. Tìte gia k�je n ∈ N, to sÔnolo Λ−1(DF(0, 1/n)) eÐnai mh kenì,

anoiqtì kai kurtì, �ra tautÐzetai me olìklhro ton q¸ro. Epomènwc

kerΛ = Λ−1({0}) =
∞⋂

n=1

Λ−1(DF(0, 1/n)) = Lp.

Sunep¸c (Lp)∗ = {0}.

An ìmwc o q¸roc eÐnai topik� kurtìc, tìte o duðkìc tou eÐnai p�nta mh tetrimmènoc :

Je¸rhma (H gewmetrik  morf  tou �ewr matoc Hahn­Banach). 'Estw X TVS kai A, B ⊂ X mh ken�, kurt�

kai xèna. Tìte :

(1) An to A eÐnai anoiqtì, tìte up�rqoun Λ ∈ X∗, kai λ0 ∈ R, tètoia ¸ste

ReΛ(a) < λ0 ≤ ReΛ(b),

gia k�je a ∈ A, b ∈ B.
(2) An o X eÐnai LCS, to A sumpagèc, kai to B kleistì, tìte up�rqoun Λ ∈ X∗, λ1, λ2 ∈ R tètoia ¸ste

ReΛ(a) < λ1 < λ2 < ReΛ(b),

gia k�je a ∈ A, b ∈ B.

Apìdeixh. Upojètoume ìti o X eÐnai epÐ tou R.

(1) StajeropoioÔme a0 ∈ A, b0 ∈ B kai �ètoume x0 = b0 − a0, U = x0 + A − B. Tìte to U eÐnai anoiqt 

kai kurt  perioq  tou 0, epomènwc to sunarthsoeidèc Minkowski pU eÐnai upogrammikì, kai

U = {x : pU(x) < 1}. IdiaÐtera pU(x0) ≥ 1, afoÔ x0 < U. OrÐzoume t¸ra f : 〈x0〉 → R me f (tx0) = t.
Tìte :

• Gia t ≥ 0 èqoume f (tx0) = t ≤ tpU(x0) = pU(tx0).
• Gia t < 0 èqoume f (tx0) = t < pU(tx0).

'Ara f ≤ pU sto 〈x0〉. Epomènwc, apì Hahn­Banach, h f èqei grammik  epèktash Λ : X → R,

tètoia ¸ste Λ ≤ pU . T¸ra, gia k�je x ∈ U èqoume Λ(x) ≤ pU(x) < 1. EpÐshc

Λ(−x) = −Λ(x) > −pU(x) > −1.

'Ara |Λ(x)| < 1 gia k�je x ∈ U ∩ (−U). Dhlad  to Λ eÐnai �ragmèno sthn perioq  U ∩ (−U) tou 0,

sunep¸c Λ ∈ X∗. Tèloc, gia k�je a ∈ A, b ∈ B èqoume

Λ(a) − Λ(b) + 1 = Λ(a) − Λ(b) + Λ(x0) = Λ(a − b + x0) ≤ pU(a − b + x0) < 1,

epomènwc Λ(a) < Λ(b). All� to Λ(A) eÐnai anoiqtì kai kurtì uposÔnolo tou R, �ra eÐnai èna

anoiqtì di�sthma, èstw I1. OmoÐwc to Λ(B) eÐnai k�poio di�sthma, èstw I2. AfoÔ k�je stoiqeÐo

tou I1 eÐnai mikrìtero apì k�je stoiqeÐo tou I2, an �èsoume λ0 na eÐnai to aristerì �kro tou I2,

�a p�roume

Λ(a) < λ0 ≤ Λ(b),

gia k�je a ∈ A, b ∈ B.
(2) AfoÔ o X eÐnai topik� kurtìc, to A sumpagèc, to B kleistì, kai A ∩ B = ∅, up�rqei V anoiqt 

kai kurt  perioq  tou 0, tètoia ¸ste (A + V) ∩ B = ∅.
[Apìdeixh : Gia k�je x ∈ A up�rqei perioq  Ux tou 0,tètoia ¸ste (x + Ux) ∩ B = ∅. Apì

topik  kurtìthta kai sunèqeia thc prìsjeshc sto (0, 0), up�rqei Vx anoiqt  kai kurt  perioq 

tou 0, tètoia ¸ste Vx + Vx ⊂ Ux. H {x + Vx}x∈A eÐnai anoiqt  k�luyh tou sumpagoÔc A, �ra èqei

peperasmènh upok�luyh, èstw {xk + Vxk }
n
k=1. Jètoume V =

⋂n
k=1 Vxk .]

30



Apì to (1), up�rqei Λ ∈ X∗, ètsi ¸ste to anoiqtì di�sthma Λ(A+V) na �rÐsketai arister� tou

diast matoc Λ(B). AfoÔ to Λ(A) eÐnai sumpagèc uposÔnolo tou Λ(A + V), èqei �etik  apìstash

apì to dexÐ �kro tou Λ(A + V) kai epomènwc mporoÔme na epilèxoume λ1, λ2, tètoia ¸ste

Λ(a) < λ1 < λ2 < Λ(b),

gia k�je a ∈ A, b ∈ B.
�

PorÐsmata.

(1) 'Estw X LCS. Tìte o X∗ diaqwrÐzei ta shmeÐa tou X diìti an x, y ∈ X me x , y, tìte efarmìzontac
to gewmetrikì Hahn­Banach sta sÔnola {x}, {y} paÐrnoume ìti up�rqei Λ ∈ X∗ me Λ(x) , Λ(y).

(2) 'Estw X LCS, Y ⊂ X kleistìc grammikìc upìqwroc, kai x0 < Y. Tìte up�rqei Λ ∈ X∗ tètoio ¸ste

Λ|Y = 0 kai Λ(x0) , 0. Pr�gmati, apì Hahn­Banach gia ta sÔnola {x0} kai Y, up�rqei Λ ∈ X∗

tètoio ¸ste ta sÔnola Λ({x0}) kai Λ(Y) eÐnai xèna. 'Ara, o Λ(Y) eÐnai gn sioc grammikìc upìqwroc
tou F, epomènwc Λ(Y) = {0}. Sunep¸c Λ|Y = 0.

(3) 'Estw X LCS, Y grammikìc upìqwroc, kai f ∈ Y∗. Tìte up�rqei Λ ∈ X∗ tètoio ¸ste Λ|Y = f .
Pr�gmati, upojètoume ìti f , 0 kai epilègoume x0 ∈ Y me f (x0) = 1. AfoÔ f ∈ Y∗, o ker f eÐnai

Y-kleistìc, dhlad  clYker f = ker f . Epomènwc, x0 < clYker f = Y ∩ clXker f . 'Ara x0 < clXker f .
Apì to prohgoÔmeno pìrisma, up�rqei Λ ∈ X∗ me Λ(x0) = 1 kai Λ|ker f = 0. T¸ra, an y ∈ Y, tìte
y = λx0 + z, gia k�poia λ ∈ F kai z ∈ ker f . Epomènwc Λ(y) = λ = f (λx0 + z) = f (y).
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13. AsjeneÐc topologÐec se q¸rouc me nìrma

UpenjumÐzoume ìti an o X eÐnai q¸roc me nìrma, tìte

• H w-topologÐa ston X èqei gia ��sh perioq¸n tou 0 ìla ta sÔnola thc morf c

n⋂
k=1

{x : |x∗k(x)| < ε}, x∗1, . . . , x
∗
n ∈ X∗, ε > 0, n ∈ N.

EpÐshc, xξ
w
→ x an kai mìno an x∗(xξ)→ x∗(x) gia k�je x∗ ∈ X∗.

• H w∗-topologÐa ston X∗ èqei gia ��sh perioq¸n tou 0 ìla ta sÔnola thc morf c

n⋂
k=1

{x∗ : |x∗(xk)| < ε}, x1, . . . , xn ∈ X, ε > 0, n ∈ N.

EpÐshc, x∗ξ
w∗
→ x∗ an kai mìno an x∗ξ(x)→ x∗(x) gia k�je x ∈ X.

Parathr seic.

(1) (X, ‖ · ‖) shmaÐnei ìti o X èqei thn topologÐa thc nìrmac. (X,w) shmaÐnei ìti o X èqei thn asjen 

topologÐa. OmoÐwc me (X∗,w), (X∗,w∗), (X∗∗,w∗),...
(2) 'Otan gr�foume (X,w) = (J(X),w∗) kai (X,w) ⊂ (X∗∗,w∗), ennooÔme ìti h kanonik  emfÔteush

J : (X,w) → (J(X),w∗) eÐnai omoiomorfismìc (�lèpoume dhlad  ton X me thn asjen  topologÐa

san upìqwro tou X∗∗ me thn asjen -∗ topologÐa, akrib¸c ìpwc mporoÔme na doÔme ton X me thn

‖ · ‖-topologÐa san upìqwro tou X∗∗ me thn ‖ · ‖-topologÐa). To ìti h J eÐnai omoiomorfismìc (epÐ

thc eikìnac thc) prokÔptei apì tic akìloujec isodunamÐec :

xξ
w
→ x⇔ (∀x∗ ∈ X∗)(x∗(xξ)→ x∗(x))⇔ (∀x∗ ∈ X∗)(J(xξ)(x∗)→ J(x)(x∗))⇔ J(xξ)

w∗
→ J(x).

(3) Me th sÔmbash tou (2), o X eÐnai autopaj c an kai mìno an (X,w) = (X∗∗,w∗).
(4) An h xn ∈ X sugklÐnei asjen¸c, tìte eÐnai ‖·‖-�ragmènh, diìti supn |J(xn)(x∗)| < ∞ gia k�je x∗ ∈ X∗,

�ra apì arq  omoiìmorfou �r�gmatoc, supn ‖xn‖ = supn ‖J(xn)‖ < ∞.
(5) An h x∗n ∈ X∗ sugklÐnei asjen¸c-∗ kai o X eÐnai q¸roc Banach, tìte h x∗n eÐnai ‖ · ‖-�ragmènh. Autì

prokÔptei �mesa apì thn arq  omoiìmorfou �r�gmatoc, afoÔ èqoume supn |x
∗
n(x)| < ∞ gia k�je

x ∈ X.

Par�deigma. 'Estw f j, f ∈ C0(Rn). Tìte f j
w
→ f an kai mìno an∫

f j dµ→
∫

f dµ,

gia k�je mètro Borel ston Rn.

Par�deigma. 'Estw µ j, µ ∈ M(Rn,B(Rn)). Tìte µ j
w∗
→ µ an kai mìno an∫

f dµ j →

∫
f dµ,

gia k�je f ∈ C0(Rn).

Par�deigma. Stouc q¸rouc `p, 1 < p < ∞, h akoloujÐa en me en(k) = 0 an n , k, kai en(n) = 1, sugklÐnei
asjen¸c sto 0, all� den sugklÐnei wc proc th nìrma.

Par�deigma (H idiìthta Schur). Ston `1, mia akoloujÐa sugklÐnei asjen¸c an kai mìno an sugklÐnei wc

proc th nìrma. Pr�gmati, h mia kateÔjunsh eÐnai profan c, gia thn �llh kateÔjunsh, ac upojèsoume

ìti up�rqei asjen¸c mhdenik  akoloujÐa xn ∈ `
1, tètoia ¸ste ‖xn‖1 9 0. Pern¸ntac, an qrei�zetai, se mia

upakoloujÐa kai kanonikopoi¸ntac, mporoÔme na upojèsoume ìti ‖xn‖1 = 1. Parathr ste ìti apì thn

asjen  sÔgklish thc akoloujÐac sto 0 sunep�getai kat� suntetagmènh sÔgklish sto 0. Epilègoume t¸ra

epagwgik� mh arnhtikoÔc akèraiouc arijmoÔc n1 < n2 < · · · < nk < · · · kai N0 < N1 < · · · < Nk < · · · ètsi
¸ste

Nk−1∑
j=1

|xnk ( j)| <
1

100
,

Nk∑
j=Nk−1+1

|xnk ( j)| ≥
9

10
. (R(k))

O algìrijmoc eÐnai o ex c : Jètoume N0 = 0, n1 = 1 kai epilègoume N1 ¸ste h deÔterh apì tic R(1) na isqÔei

(to pr¸to �jroisma sthn R(1) eÐnai kenì). Sth sunèqeia epilègoume n2 ¸ste h pr¸th apì tic R(2) na isqÔei

kai amèswc met� N2 ¸ste h deÔterh apì tic R(2) na ikanopoieÐtai. SuneqÐzoume me ton Ðdio trìpo. Sthn

32



epilog  twn nk qrhsimopoioÔme ìti h akoloujÐa sugklÐnei kat� suntetagmènh sto 0, en¸ sthn epilog  twn

Nk qrhsimopoioÔme ìti ‖xnk‖1 = 1. JewroÔme t¸ra thn akoloujÐa y ∈ `∞ = (`1)∗ me y( j) = sgn(xnk ( j)) gia
Nk−1 + 1 ≤ j ≤ Nk, k = 1, 2, . . . (dhlad  h y stic �èseic apì Nk−1 + 1 mèqri Nk, èqei gia ìrouc ta prìshma

twn antÐstoiqwn ìrwn thc xnk ). Tìte

∞∑
j=1

xnk ( j)y( j) =
Nk−1∑
j=1

±xnk ( j) +
Nk∑

j=Nk−1+1

|xnk ( j)| +
∞∑

j=Nk+1

±xnk ( j) ≥
9
10
−

1
100
−

1
10
,

�topo diìti h xnk eÐnai asjen¸c mhdenik .

Je¸rhma (Grammik  �lgebra). 'Estw X grammikìc q¸roc, kai Λ,Λ1, . . . ,Λn : X → F grammik� sunarth-

soeid , tètoia ¸ste
n⋂

k=1

kerΛk ⊂ kerΛ.

Tìte to Λ eÐnai grammikìc sunduasmìc twn Λ1, . . . ,Λn.

Apìdeixh. OrÐzoume

π : X → Fn, π(x) = (Λ1(x), . . . ,Λn(x)),
kai

f : π(X)→ F, f (π(x)) = Λ(x).

H f eÐnai kal� orismènh kai èqei mia grammik  epèktash f̃ s�olìklhro to Fn, �ra up�rqoun a1, . . . , an ∈ F

tètoia ¸ste

f̃ (u1, . . . , un) = a1u1 + · · · + anun.

Epomènwc

Λ(x) = f (π(x)) = f̃ (π(x)) = f̃ (Λ1(x), . . . ,Λn(x)) = a1Λ1(x) + · · · + anΛn(x).
�

Je¸rhma. 'Estw X q¸roc me nìrma. Tìte :

(1) (X, ‖ · ‖)∗ = (X,w)∗.
(2) (X∗,w∗)∗ = X.

Apìdeixh.

(1) (X,w)∗ ⊂ (X, ‖ · ‖)∗ diìti h w-topologÐa eÐnai asjenèsterh thc ‖ · ‖-topologÐac. An t¸ra Λ ∈ (X, ‖ · ‖)∗

kai xξ eÐnai èna dÐktuo sto X me xξ
w
→ 0, tìte Λ(xξ)→ 0, �ra Λ ∈ (X,w)∗.

(2) 'Estw x ∈ X kai x∗ξ ∈ X∗ dÐktuo me x∗ξ
w∗

−→ 0. Tìte x∗ξ(x)→ 0, �ra x(x∗ξ)→ 0, epomènwc x ∈ (X∗,w∗)∗.
AntÐstrofa, èstw Λ ∈ (X∗,w∗)∗. Tìte up�rqoun x1, . . . , xn ∈ X, kai ε > 0 tètoia ¸ste

x∗ ∈
n⋂

k=1

{y∗ : |xk(y∗)| < ε} ⇒ |Λ(x∗)| < 1.

An t¸ra x∗ ∈
⋂n

k=1 kerxk tìte gia k�je m ∈ N, èqoume

mx∗ ∈
n⋂

k=1

kerxk ⊂

n⋂
k=1

{y∗ : |xk(y∗) < ε}.

'Ara |Λ(x∗)| < 1/m, gia k�je m, epomènwc x∗ ∈ kerΛ. Sunep¸c, apì to prohgoÔmeno �e¸rhma, to

Λ eÐnai grammikìc sunduasmìc twn x1, . . . , xn, kai �ra an kei ston X.
�

Je¸rhma (Mazur). 'Estw X q¸roc me nìrma, kai A ⊂ X kurtì. Tìte cl‖·‖A = clwA.

Apìdeixh. Profan¸c cl‖·‖A ⊂ clwA. 'Estw ìti up rqe x0 ∈ clwA\cl‖·‖A. Tìte apì Hahn­Banach, �a up rqan

x∗0 ∈ (X, ‖ · ‖)∗, λ1, λ2 ∈ R, tètoia ¸ste

Re x∗0(x0) < λ1 < λ2 < Re x∗0(x),

gia k�je x ∈ cl‖·‖A. All� (X, ‖ · ‖)∗ = (X,w)∗, �ra to sÔnolo U = {x : Re x∗0(x) < λ1} �a  tan w-perioq  tou

x0 tètoia ¸ste U ∩ A = ∅, �topo. �

Je¸rhma (Alaoglou). 'Estw X q¸roc me nìrma. Tìte h kleist  monadiaÐa mp�la BX∗ = {x∗ ∈ X∗ : ‖x∗‖ ≤ 1}
eÐnai w∗-sumpagèc sÔnolo.

33



Apìdeixh. JewroÔme ton q¸ro

Π =
∏
x∈X

BF(0, ‖x‖)

me thn topologÐa ginìmeno, kai thn apeikìnish

G : BX∗ −→ Π, G(x∗) = (x∗(x))x∈X .

H G eÐnai kal� orismènh kai 1-1. EpÐshc, gia k�je dÐktuo x∗ξ ∈ BX∗ kai x∗ ∈ BX∗ èqoume

x∗ξ
w∗
−→ x∗ ⇔ (∀x ∈ X)(x∗ξ(x)→ x∗(x))⇔ G(xξ)→ G(x).

'Ara h G : (BX∗ ,w∗) → G(BX∗ ) eÐnai omoiomorfismìc. Apì to �¸rhma Tychono�, o Π eÐnai sumpag c, �ra

arkeÐ na deÐxoume ìti to G(BX∗ ) eÐnai kleistì. 'Estw Λ = (Λx)x∈X ∈ G(BX∗ ). Tìte up�rqei dÐktuo x∗i ∈ BX∗

me G(x∗i ) → Λ. Epomènwc, gia k�je x, y ∈ X, èqoume x∗i (x) → Λx, x∗i (y) → Λy, x∗i (x + y) → Λx+y. AfoÔ to F

eÐnai q¸roc Hausdor�, ta ìria eÐnai monadik�, �ra Λx+y = Λx + Λy. OmoÐwc Λλx = λΛx gia k�je �ajmwtì

λ. Tèloc |Λx| ≤ ‖x‖ gia k�je x ∈ X. Epomènwc, an �èsoume x∗(x) = Λx, tìte x∗ ∈ BX∗ kai G(x∗) = Λ. 'Ara

G(BX∗ ) kleistì. �

Je¸rhma (Goldstine). 'Estw X q¸roc me nìrma. Jètoume

BX = {x ∈ X : ‖x‖ = 1}, BX∗∗ = {x∗∗ ∈ X∗∗ : ‖x∗∗‖ = 1}.

Tìte clw∗BX = BX∗∗ .

Apìdeixh. 'Eqoume BX ⊂ BX∗∗ , �ra clw∗BX ⊂ clw∗BX∗∗ = BX∗∗ . 'Estw ìti up rqe x∗∗0 ∈ BX∗∗ \ clw∗BX. Apì

�e¸rhma Alaoglou, to BX∗∗ eÐnai w∗-sumpagèc, �ra kai to clw∗BX eÐnai w∗-sumpagèc. Apì �e¸rhma Hahn­

Banach, up�rqoun x∗0 ∈ (X∗∗,w∗)∗ = X∗ kai λ1, λ2 ∈ R tètoia ¸ste Re x∗0(x∗∗) < λ1 < λ2 < Re x∗0(x∗∗0 ), gia
k�je x∗∗ ∈ clw∗BX. 'Ara Re x∗∗(x∗0) < λ1 < λ2 < Re x∗∗0 (x∗0), gia k�je x∗∗ ∈ BX. Epomènwc

Re x∗0(x) < λ1 < λ2 < Re x∗∗0 (x∗0),

gia k�je x ∈ BX. 'Etsi gia k�je x me ‖x‖ = 1 èqoume |x∗0(x)| = eiθ(x)x∗0(x) = x∗0(eiθ(x)x) < λ1. Sunep¸c ‖x∗0‖ ≤ λ1.

All� λ2 < Re x∗∗0 (x∗0) ≤ |x∗∗0 (x∗0)| ≤ ‖x∗∗0 ‖ · ‖x
∗
0‖ ≤ ‖x

∗
0‖, �topo �

Je¸rhma. 'Estw X diaqwrÐsimoc q¸roc me nìrma. Tìte o (BX∗ ,w∗) eÐnai metrikopoi simoc.

Apìdeixh. 'Estw D = {xn : n ∈ N} arijm simo kai ‖ · ‖-puknì uposÔnolo tou X. JewroÔme ton q¸ro

Π =

∞∏
n=1

BF(0, ‖xn‖)

me thn topologÐa ginìmeno. Tìte o Π eÐnai metrikopoi simoc, me metrik 

d(a, b) =
∞∑

n=1

2−n|a(n) − b(n)|
1 + |a(n) − b(n)|

.

OrÐzoume mia apeikìnish G : (BX∗ ,w∗)→ Π, me G(x∗) = (x∗(xn))n. Tìte h G eÐnai kal� orismènh, èna-proc-

èna (diìti to D eÐnai puknì), kai suneq c. EpÐshc, an to A ⊂ BX∗ eÐnai w∗-kleistì, tìte, apì �e¸rhma

Alaoglou, eÐnai w∗-sumpagèc, �ra to G(A) eÐnai sumpagèc, epomènwc to G(A) eÐnai kleistì. Sunep¸c, h

G : (BX∗ ,w∗)→ G(BX∗ ) eÐnai omoiomorfismìc, �ra o (BX∗ ,w∗) eÐnai metrikopoi simoc. �

Je¸rhma. 'Estw X q¸roc me nìrma, tètoioc ¸ste o X∗ eÐnai diaqwrÐsimoc. Tìte o (BX ,w) eÐnai metrikopoi -
simoc.

Apìdeixh. AfoÔ X∗ diaqwrÐsimoc, apì to prohgoÔmeno �e¸rhma, o (BX∗∗ ,w∗) eÐnai metrikopoi simoc. All�
(BX ,w) ⊂ (BX∗∗ ,w∗), �ra (BX ,w) metrikopoi simoc. �

Je¸rhma. 'Estw X q¸roc me nìrma tètoioc ¸ste o (X,w) eÐnai metrikopoÐhsimoc. Tìte o X eÐnai peperasmènhc

di�stashc.

Apìdeixh. H w-topologÐa kajorÐzetai apì thn oikogèneia hminorm¸n {px∗ : x∗ ∈ X∗}, ìpou p∗(x) = |x∗(x)|.
AfoÔ o (X,w) eÐnai metrikopoi simoc, up�rqei D ⊂ X∗ arijm simo, tètoio ¸ste h oikogèneia {px∗ : x∗ ∈ D}
kajorÐzei thn w-topologÐa tou X. 'Estw t¸ra x∗ ∈ X∗. Tìte up�rqoun x∗1, . . . , x

∗
n ∈ D, kai ε > 0 tètoia ¸ste

n⋂
k=1

{x : |x∗k(x)| < ε} ⊂ {x : |x∗(x)| < 1}.
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'Ara
⋂n

k=1 ker x∗k ⊂ ker x∗. Epomènwc to x∗ eÐnai grammikìc sunduasmìc twn x∗1, . . . , x
∗
n. Dhlad  X∗ = 〈D〉.

AfoÔ o X∗ eÐnai q¸roc Banach, den mporeÐ na èqei �peirh arijm simh di�stash, �ra dimX∗ < ∞, sunep¸c
dimX < ∞. �

'Ena teleÐwc an�logo (duðkì) epiqeÐrhma, mac dÐnei to akìloujo:

Je¸rhma. 'Estw X q¸roc me nìrma tètoioc ¸ste o (X∗,w∗) eÐnai metrikopoi simoc. Tìte h di�stash tou X
eÐnai to polÔ arijm simh.
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14. Autop�jeia kai asjen c sump�geia

Je¸rhma. 'Estw X q¸roc Banach. Ta akìlouja eÐnai isodÔnama:

(1) O X eÐnai autopaj c.

(2) O X∗ eÐnai autopaj c.
(3) (X∗,w) = (X∗,w∗).
(4) (BX ,w) sumpag c.

Apìdeixh. (1) ⇒ (3). H w∗-topologÐa eÐnai asjenèsterh thc w-topologÐac, �ra arkeÐ na deÐxoume ìti gia

k�je dÐktuo x∗i ∈ X∗ me x∗i
w∗
−−→ 0 èqoume x∗i

w
−→ 0. 'Estw x∗∗ ∈ X∗∗. AfoÔ o X eÐnai autopaj c, èqoume ìti

x∗∗ = x gia k�poio x ∈ X. Epomènwc x∗∗(x∗i ) = x(x∗i ) = x∗i (x)→ 0.

(1) ⇒ (4). AfoÔ X autopaj c, èqoume (X,w) = (X∗∗,w∗), �ra (BX ,w) = (BX∗∗ ,w∗). All� apì �e¸rhma

Alaoglou, to (BX∗∗ ,w∗) eÐnai sumpagèc.

(4)⇒ (1). AfoÔ to BX eÐnai w-sumpagèc sto X, èqoume ìti eÐnai w∗-sumpagèc kai �ra w∗-kleistì uposÔnolo
tou BX∗∗ . All� apì �e¸rhma Goldstine, clw∗BX = BX∗∗ , epomènwc BX = BX∗∗ . Sunep¸c X = X∗∗.

(3) ⇒ (2). AfoÔ (X∗,w) = (X∗,w∗), èqoume (BX∗ ,w) = (BX∗ ,w∗). Apì �e¸rhma Alaoglou, to (BX∗ ,w∗) eÐnai
sumpagèc, �ra kai to (BX∗ ,w). Epomènwc, apì th sunepagwg  (4)⇒ (1), o X∗ eÐnai autopaj c.

(2)⇒ (1). AfoÔ X∗ autopaj c, apì th sunepagwg  (1)⇒ (3), èqoume (X∗∗,w) = (X∗∗,w∗). T¸ra h BX eÐnai

‖ · ‖-kleist  ston X∗∗, �ra, afoÔ eÐnai kurtì sÔnolo, apì �e¸rhma Mazur, eÐnai w-kleist  ston X∗∗. All�,
tìte apì upìjesh eÐnai w∗-kleist  ston X∗∗. 'Omwc apì �e¸rhma Goldstine, clw∗BX = BX∗∗ . Epomènwc

BX = BX∗∗ , �ra X = X∗∗. �

Pìrisma. Apì �e¸rhma Mazur, o Y eÐnai w-kleistìc. AfoÔ o X eÐnai autopaj c, to BX eÐnai w-sumpagèc.
'Ara to BY = Y ∩ BX eÐnai w-sumpagèc, epomènwc o Y eÐnai autopaj c.

Pìrisma. An o X eÐnai autopaj c, kai x∗ ∈ X∗, tìte up�rqei x0 ∈ X me ‖x0‖ = 1 tètoio ¸ste ‖x∗‖ = |x∗(x0)|
(dhlad  h nìrma tou sunarthsoeidoÔc ulopoieÐtai apì to sunarthsoeidèc se k�poio shmeÐo thc monadiaÐac

sfaÐrac). Pr�gmati to x∗ eÐnai w-suneqèc, kai h mp�la BX w-sumpag c afoÔ o X eÐnai autopaj c. 'Ara

up�rqei x0 ∈ BX tètoio ¸ste

|x∗(x0)| = sup{|x∗(x)| : ‖x‖ ≤ 1} = ‖x∗‖.

All� ‖x∗‖ = |x∗(x0)| ≤ ‖x∗‖ · ‖x0‖, epomènwc ‖x0‖ = 1.

Parat rhsh. H upìjesh thc autop�jeiac eÐnai aparaÐthth sto prohgoÔmeno pìrisma, ìpwc �aÐnetai

apì to sunarthsoeidèc Λ : c0 → F, me Λ(x) =
∞∑

n=1

x(n)
2n .

Je¸rhma. 'Estw X autopaj c, kai A ⊂ X. Tìte to A eÐnai w-sumpagèc an kai mìno an eÐnai w-kleistì kai

�ragmèno.

Apìdeixh. An to A eÐnai w-sumpagèc tìte eÐnai w-kleistì. T¸ra gia k�je x∗ ∈ X∗, to x∗ eÐnai w-suneqèc.
AfoÔ to A eÐnai w-sumpagèc, èqoume supx∈A |x

∗(x)| < ∞, �ra supx∈A |x(x∗)| < ∞. Epomènwc, apì arq 

omoiìmorfou �r�gmatoc, supx∈A ‖x‖ < ∞.
AntÐstrofa, afoÔ to A eÐnai �ragmèno, up�rqei M > 0 tètoio ¸ste A ⊂ B(0,M). All� o X eÐnai

autopaj c, �ra to BX eÐnai w-sumpagèc. Epomènwc kai to B(0,M) eÐnai w-sumpagèc. Dhlad  to A eÐnai

w-kleistì uposÔnolo enìc w-sumpagoÔc sunìlou, �ra eÐnai w-sumpagèc. �

Je¸rhma. 'Estw X autopaj c, kai A ⊂ X kurtì. Tìte to A eÐnai w-akoloujiak� sumpagèc an kai mìno an

eÐnai ‖ · ‖-kleistì kai �ragmèno (w-akoloujiak  sump�geia shmaÐnei ìti k�je akoloujÐa sto A èqei asjen¸c

sugklÐnousa upakoloujÐa sto A).

Apìdeixh. (⇒). 'Estw x ∈ cl‖·‖A. Tìte up�rqei akoloujÐa xn ∈ A tètoia ¸ste xn → x. AfoÔ A w-akoloujiak�
sumpagèc, up�rqei upakoloujÐa xkn kai y ∈ A ètsi ¸ste xkn

w
−→ y. 'Ara x = y ∈ A, epomènwc to A eÐnai

‖ · ‖-kleistì. 'Estw t¸ra ìti to A den eÐnai �ragmèno. Tìte up�rqei akoloujÐa an ∈ A me ‖an‖ ≥ n. Apì

w-akoloujiak  sump�geia, h an èqei w-sugklÐnousa upakoloujÐa akn . All� tìte h akn eÐnai �ragmènh,

�topo.
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(⇐). 'Estw xn ∈ A. Jètoume Y = 〈xn : n ∈ N〉. O Y eÐnai kleistìc grammikìc upìqwroc tou X, �ra eÐnai

autopaj c, dhlad  Y = Y∗∗. O Y eÐnai diaqwrÐsimoc, �ra o Y∗∗ eÐnai diaqwrÐsimoc, sunep¸c o Y∗ eÐnai
diaqwrÐsimoc, epomènwc o (BY ,w) eÐnai metrikopoi simoc. Ap�thn �llh, o (BY ,w) eÐnai sumpag c, diìti o Y
eÐnai autopaj c. Dhlad , o (BY ,w) eÐnai sumpag c metrikìc q¸roc. AfoÔ h xn eÐnai �ragmènh, up�rqei

M > 0 tètoio ¸ste Mxn ∈ BY . 'Ara up�rqei upakoloujÐa xkn kai x ∈ Y ètsi ¸ste xkn

w
−→ x. Epomènwc

x ∈ clwA. All�, apì �e¸rhma Mazur, clwA = cl‖·‖A = A. Sunep¸c x ∈ A. �

Pìrisma. An o X eÐnai autopaj c tìte k�je �ragmènh akoloujÐa èqei asjen¸c sugklÐnousa upakoloujÐa

(idiaÐtera, autì isqÔei stouc q¸rouc Lp gia 1 < p < ∞). Aut  eÐnai h {èkdosh} tou �ewr matoc Bolzano­

Weierstrass gia q¸rouc Banach.
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15. Proseggisimìthta kai omoiìmorfh kurtìthta

Orismìc. 'Estw X q¸roc me nìrma, kai A ⊂ X kleistì. To A lègetai proseggÐsimo, an gia k�je x0 < A
up�rqei x ∈ A, tètoio ¸ste ‖x − x0‖ = dist(x0, A).

Je¸rhma. 'Estw X autopaj c, kai A ⊂ X kleistì kai kurtì. Tìte to A eÐnai proseggÐsimo.

Apìdeixh. 'Estw x0 < A. Jètoume d = dist(x0, A) kai epilègoume xn ∈ A me ‖x0 − xn‖ → d. AfoÔ o X eÐnai

autopaj c, up�rqei upakoloujÐa xkn , kai x ∈ X, tètoia ¸ste xkn

w
−→ x. 'Ara x ∈ clwA. Epomènwc, apì

�e¸rhma Mazur, x ∈ A. Epilègoume t¸ra x∗ ∈ X∗ me ‖x∗‖ = 1 tètoio ¸ste ‖x − x0‖ = |x∗(x − x0)|. Tìte

‖x − x0‖ = |x∗(x − x0)| ≤ |x∗(x − xkn )| + |x∗(xkn − x0)| ≤ |x∗(x − xkn )| + ‖xkn − x0‖.

PaÐrnontac ìria, èqoume ‖x − x0‖ ≤ d. �

Je¸rhma. 'Estw X q¸roc me nìrma, kai x∗ ∈ X∗ mh mhdenikì sunarthsoeidèc. Tìte o ker x∗ eÐnai proseggÐ-
simoc an kai mìno an up�rqei x ∈ X me ‖x‖ = 1 tètoio ¸ste |x∗(x)| = ‖x∗‖.

Apìdeixh. (⇒). JewroÔme thn apeikìnish

Λ : X/ker x∗ → F, Λ(x + ker x∗) = x∗(x).

Tìte Λ ∈ (X/ker x∗)∗ kai ‖Λ‖ = ‖x∗‖. AfoÔ dim(X/ker x∗) = 1, up�rqei x0 ∈ X me ‖x0 + ker x∗‖ = 1 kai

|Λ(x0 + ker x∗)| = ‖Λ‖. AfoÔ o ker x∗ eÐnai poseggÐsimoc, up�rqei y ∈ ker x∗, tètoio ¸ste

‖x0 − y‖ = dist(x0, ker x∗) = ‖x0 + ker x∗‖ = 1.

All� tìte |x∗(x0 − y)| = |x∗(x0)| = |Λ(x0 + ker x∗)| = ‖Λ‖ = ‖x∗‖.

(⇐). 'Estw x0 < ker x∗. Apì upìjesh, up�rqei x ∈ X me ‖x‖ = 1, tètoio ¸ste |x∗(x)| = ‖x∗‖. AfoÔ

dim(X/ker x∗) = 1, up�rqoun y ∈ ker x∗ kai λ ∈ F, λ , 0, ètsi ¸ste x = y + λx0. T¸ra gia k�je z ∈ ker x∗,
èqoume

‖z − x0‖ ≥
|x∗(z − x0)|
‖x∗‖

=
|x∗(x0)|
‖x∗‖

=
1
|λ|
·
|x∗(y + λx0)|
‖x∗‖

=
1
|λ|
= ‖λ−1y + x0‖.

Epomènwc dist(x0, ker x∗) ≥ ‖λ−1y + x0‖, sunep¸c o ker x∗ eÐnai proseggÐsimoc. �

Par�deigma. O pur nac tou snarthsoeidoÔc Λ : c0 → F, me Λ(x) =
∞∑

n=1

x(n)
2n den eÐnai proseggÐsimoc,

diìti h nìrma tou Λ den ulopoieÐtai apì to Λ se kanèna shmeÐo thc monadiaÐac sfaÐrac.

Orismìc. 'Enac q¸roc me nìrma X lègetai omoiìmorfa kurtìc an gia k�je xn, yn ∈ BX me ‖xn + yn‖ → 2
èqoume ‖xn − yn‖ → 0. IsodÔnama, an gia k�je ε > 0 up�rqei δ > 0 tètoio ¸ste gia k�je x, y ∈ BX me

‖x + y‖ > 2 − δ èqoume ‖x − y‖ < ε.

Je¸rhma. 'Estw X omoiìmorfa kurtìc, kai xn ∈ X mia akoloujÐa tètoia ¸ste xn
w
−→ x kai ‖xn‖ → ‖x‖. Tìte

xn
‖·‖
−−→ x.

Apìdeixh. Kanonikopoi¸ntac, mporoÔme na upojèsoume ìti ‖xn‖ = ‖x‖ = 1. Apì Hahn­Banach, up�rqei

x∗ ∈ X∗ me ‖x∗‖ = 1 tètoio ¸ste x∗(x) = ‖x‖ = 1. Tìte

2 ≥ ‖xn + x‖ ≥ |x∗(xn + x)| = |x∗(xn) + 1|.

PaÐrnontac ìrio wc proc n èqoume ‖xn + x‖ → 2, �ra ‖xn − x‖ → 0. �

Par�deigma. O `1 èqei thn idiìthta tou prohgoÔmenou �ewr matoc (èqei thn idiìthta Schur h opoÐa eÐnai

isqurìterh), all� den eÐnai omoiìmorfa kurtìc giatÐ an en(k) = δn,k tìte gia n , m èqoume ‖en + em‖1 =

‖en − em‖1 = 2

Par�deigma. O (C([0, 1]), ‖ · ‖∞) den èqei thn idiìthta tou prohgoÔmenou �ewr matoc (�ra den eÐnai omoiì-

morfa kurtìc). An �èsoume

fn(t) =


n
(

1
n − t

)
, 0 ≤ t ≤ 1/n

n
(
t − 1

n

)
, 1/n ≤ t ≤ 2/n

1, 2/n ≤ t ≤ 1

tìte fn
w
−→ 1 kai ‖ fn‖∞ = 1, all� ‖ fn − 1‖∞ = 1.

Je¸rhma (Clarkson). An 1 < p < ∞, tìte o Lp eÐnai omoiìmorfa kurtìc.
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Apìdeixh. (Gia p ≥ 2) Ja deÐxoume ìti gia k�je f , g ∈ Lp èqoume∥∥∥∥∥ f + g
2

∥∥∥∥∥p

p
+

∥∥∥∥∥ f − g
2

∥∥∥∥∥p

p
≤

1
2

(‖ f ‖pp + ‖g‖
p
p).

H omoiìmorfh kurtìthta prokÔptei �mesa apì th sqèsh aut . Jètoume ψ(t) = (1 + t2)p/2 − tp − 1, t ≥ 0.

Tìte h ψ eÐnai aÔxousa kai ψ(0) ≥ 0. Epomènwc gia x , y èqoume ψ

(∣∣∣∣∣ x + y
x − y

∣∣∣∣∣) ≥ 0, apì to opoÐo sunep�getai

ìti ∣∣∣∣∣ x + y
2

∣∣∣∣∣p + ∣∣∣∣∣ x − y
2

∣∣∣∣∣p ≤ (
x2 + y2

2

)p/2

≤
1
2

(|x|p + |y|p).

�

Je¸rhma (Milman­Pettis). 'Estw X omoiìmorfa kurtìc q¸roc Banach. Tìte o X eÐnai autopaj c.

Apìdeixh. 'Estw x∗∗ ∈ X∗∗ me ‖x∗∗‖ = 1. AfoÔ to BX eÐnai ‖ · ‖-kleistì sto X∗∗, arkeÐ na deÐxoume ìti

x∗∗ ∈ cl‖·‖BX. 'Estw loipìn ε > 0. Apì omoiìmorfh kurtìthta up�rqei δ > 0 tètoio ¸ste gia k�je a, b ∈ BX

me ‖a+b‖ > 2−δ èqoume ‖a−b‖ < ε. Epilègoume x∗ ∈ X∗ me ‖x∗‖ = 1 tètoio ¸ste x∗∗(x∗) > ‖x∗∗‖−δ/2 = 1−δ/2,
kai �ètoume

U = {y∗∗ : Re y∗∗(x∗) > 1 − δ/2}.
Tìte to U eÐnai w∗-perioq  tou x∗∗. Epomènwc, apì �e¸rhma Goldstine, èqoume ìti up�rqei x ∈ U ∩ BX,

kai ìti x∗∗ ∈ U ∩ clw∗BX ⊂ clw∗ (U ∩ BX). T¸ra gia k�je y ∈ BX èqoume

‖x + y‖ ≥ |x∗(x + y)| ≥ Re x∗(x) + Re x∗(y) > 2 − δ.

'Ara ‖x − y‖ < ε. Dhlad  y ∈ x + εBX. Epomènwc U ∩ BX ⊂ x + εBX. Sunep¸c clw∗ (U ∩ BX) ⊂ x + εBX∗∗ .

IdiaÐtera, x∗∗ ∈ x + εBX∗∗ , to opoÐo shmaÐnei ìti ‖x − x∗∗‖ ≤ ε. �

Parathr ste ìti apì to prohgoÔmeno �e¸rhma, h autop�jeia twn Lp, 1 < p < ∞, prokÔptei qwrÐc na
qreiasteÐ na upologistoÔn oi duðkoÐ touc. Autì sthn pragmatikìthta mac dÐnei mia enallaktik  apìdeixh

tou duðsmoÔ (Lp)∗ = Lq. ArkeÐ na deÐxoume ìti h isometrÐa

Lq 3 g 7→ Λg ∈ (Lp)∗, Λg( f ) =
∫

f g

eÐnai epÐ. An den  tan, tìte to sÔnolo X = {Λg : g ∈ Lq} �a  tan gn sioc kleistìc upìqwroc tou (Lp)∗,
�ra apì Hahn­Banach �a up rqe mh mhdenikì Φ ∈ (Lp)∗∗ tètoio ¸ste Φ|X = 0. All� (Lp)∗∗ = J(Lp), �ra
Φ = J( f ) gia k�poia f ∈ Lp. Tìte ìmwc

∫
f g = 0 gia k�je g ∈ Lq, �ra f = 0, �topo.

Je¸rhma. 'Estw X omoiìmorfa kurtìc q¸roc Banach, A ⊂ X kleistì kai kurtì, kai x0 < A. Tìte up�rqei
monadikì x ∈ A tètoio ¸ste ‖x − x0‖ = dist(x0, A).

Apìdeixh. H Ôparxh prokÔptei apì to ìti ènac omoiìmorfa kurtìc q¸roc eÐnai autopaj c, �ra to A eÐnai

proseggÐsimo. Gia th monadikìthta, mporoÔme na upojèsoume ìti x0 = 0 kai dist(x0, A) = 1. An x′ ∈ A kai

‖x′‖ = 1, tìte (x + x′)/2 ∈ A kai ‖x + x′‖ ≤ 2, �ra ‖x + x′‖ = 2. Epomènwc, apì omoiìmorfh kurtìthta,

‖x − x′‖ = 0. �
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16. Sumpag  kurt� sÔnola - To �e¸rhma Krein­Milman

Je¸rhma.

(1) 'Estw K ⊂ Rn sumpagèc. Tìte to coK eÐnai sumpagèc.

(2) 'Estw X q¸roc Banach kai K ⊂ X sumpagèc. Tìte to coK eÐnai sumpagèc.

Apìdeixh. Ja qrhsimopoioÔme ton sumbolismì S m gia to (m − 1)-di�stato simplex(t1, . . . , tm) ∈ [0, 1]m :
m∑

i=1

ti = 1

 .
To S m eÐnai sumpagèc uposÔnolo tou Rm.

(1) Kat�arq�c parathroÔme ìti an to x ∈ Rn eÐnai kurtìc sunduasmìc k�poiwn shmeÐwn, tìte eÐnai

kurtìc sunduasmìc to polÔ n + 1 to pl joc apì aut�.

[Apìdeixh : ArkeÐ na deÐxoume ìti gia k�je k > n an x =
∑k+1

i=1 tixi, me xi ∈ R
n, ti > 0 kai∑k+1

i=1 ti = 1, tìte to x eÐnai kurtìc sunduasmìc k to pl joc apì ta xi. Pr�gmati, h grammik 

apeikìnish

Rk+1 3 (a1, . . . , ak+1) 7→

 k+1∑
i=1

aixi,

k+1∑
i=1

ai

 ∈ Rn+1

èqei mh tetrimmèno pur na diìti k > n. 'Estw loipìn (a1, . . . , ak+1) mh mhdenikì stoiqeÐo tou

pur na. Jètoume |ai0 |/ti0 = maxi |ai|/ti > 0, epilègoume λ tètoio ¸ste λai0 = ti0 , kai �ètoume

ci = ti − λai. Tìte ci ≥ 0,
∑

i ci = 1, x =
∑

i cixi kai ci0 = 0.]
'Etsi, h apeikìnish

S n+1 × Kn+1 3 (t1, . . . , tn+1, x1, . . . , xn+1) 7→
n+1∑
i=1

tixi ∈ coK

eÐnai suneq c kai epÐ, �ra to coK eÐnai sumpagèc.

(2) AfoÔ o X eÐnai pl rhc kai to coK kleistì, arkeÐ na deÐxoume ìti to coK eÐnai olik� �ragmèno (se

pl rh metrikì q¸ro, A sumpagèc⇔ A kleistì kai olik� �ragmèno). 'Estw loipìn ε > 0. AfoÔ to

K eÐnai sumpagèc, up�rqei F ⊂ K peperasmèno tètoio ¸ste K ⊂ F + εBX. 'Ara coK ⊂ coF + εBX.

All� coK ⊂ coK + εBX, epomènwc coK ⊂ coF + 2εBX. An F = {x1, . . . , xN}, tìte h apeikìnish

S N 3 (t1, . . . , tN) 7→
N∑

i=1

tixi ∈ coF

eÐnai suneq c kai epÐ, �ra to coF eÐnai sumpagèc. Epomènwc up�rqei F̃ ⊂ coF peperasmèno

tètoio ¸ste coF ⊂ F̃ + εBX. 'Ara coK ⊂ F̃ + 3εBX. Dhlad  to coK eÐnai olik� �ragmèno.

�

Parat rhsh. H upìjesh thc plhrìthtac eÐnai aparaÐthth sto (2). An X eÐnai o q¸roc twn telik� Ðswn

me 0 akolouji¸n me thn supremum nìrma, en(k) = δn,k, xn = n−1en, kai K = {xn : n ∈ N} ∪ {0}, tìte to K
eÐnai sumpagèc, all� to coK den eÐnai, diìti an an eÐnai mia akoloujÐa �etik¸n arijm¸n me

∑∞
n=1 an = 1 kai

�èsoume tn =
∑∞

k=n+1 ak, tìte h akoloujÐa

yn =

n∑
k=1

ak xk + tnxn+1 ∈ coK, n ∈ N,

den èqei sugklÐnousa upakoloujÐa (an eÐqe, to ìrio thc �a  tan (a1, a2/2, a3/3, . . . ) < X).
To Ðdio par�deigma, an doÔme to K san uposÔnolo tou `2, deÐqnei ìti akìma kai se èna q¸ro Hilbert,

h kurt  � kh enìc sumpagoÔc sunìlou den eÐnai kat�an�gkh sumpagèc.

Orismìc. 'Estw X grammikìc q¸roc kai A ⊂ X kurtì. 'Ena shmeÐo x ∈ A lègetai akraÐo, an to x den eÐnai

gn sioc kurtìc sunduasmìc duo �llwn shmeÐwn tou A, dhlad  an x = ty + (1 − t)z gia k�poia 0 < t < 1 kai

y, z ∈ A, tìte x = y = z. To sÔnolo twn akraÐwn shmeÐwn tou A sumbolÐzetai me ex(A).

Parat rhsh. Genik�, s�èna q¸ro me nìrma èqoume ex(BX) ⊂ S X, giatÐ an ‖x‖ < 1 tìte

x =
1 − ε

2
x +

1 + ε
2

x,

kai ‖(1 − ε)x‖ < 1, ‖(1 + ε)x‖ < 1 gia ε > 0 arket� mikrì.
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Par�deigma. Ston Rn, to sÔnolo twn akraÐwn shmeÐwn enìc kurtoÔ poluèdrou eÐnai to sÔnolo twn koru-

�¸n tou. Ta akraÐa shmeÐa miac kleist c mp�lac eÐnai ìla ta shmeÐa thc antÐstoiqhc sfaÐrac.

Par�deigma. An X = L1([0, 1]), tìte ex(BX) = ∅ diìti gia k�je f ∈ S X up�rqei x0 ∈ (0, 1) tètoio ¸ste∫ x0

0 | f | = 1/2. 'Ara an �èsoume g = 2 fχ[0,x0), h = 2 fχ[x0,1], tìte ‖g‖1 = ‖h‖1 = 1 kai f = g/2 + h/2.

Par�deigma. ex(Bc0 ) = ∅. Pr�gmati, èstw x ∈ S c0 . AfoÔ h x eÐnai mhdenik , up�rqei n0 tètoio ¸ste

|x(n0)| < 1/4. Epomènwc an �èsoume

y(n) =

x(n), n , n0

x(n) − 1/4, n = n0
, z(n) =

x(n), n , n0

x(n) + 1/4, n = n0
,

tìte ‖y‖∞ = ‖z‖∞ = 1 kai x = y/2 + z/2.

Par�deigma. ex(B`1 ) = {λen : |λ| = 1, n ∈ N}.

Par�deigma. An 1 < p < ∞, tìte ex(B`p ) = S `p , diìti an upojèsoume ìti èqoume x = ty+ (1− t)z gia 0 < t < 1
kai ‖x‖p = ‖y‖p = ‖z‖p = 1, tìte ‖ty + (1 − t)z‖p = ‖ty‖p + ‖(1 − t)z‖p, �ra (1 − t)z = λty gia k�poio λ ≥ 0
(perÐptwsh isìthtac sthn anisìthta Minkowski). All� tìte 1 − t = λt, epomènwc y = z.

Par�deigma. ex(B`∞ ) = {x : |x(n)| = 1 gia k�je n}.

Je¸rhma (Krein­Milman). 'Estw X LCS, kai K ⊂ X mh kenì, sumpagèc kai kurtì. Tìte co(ex(K)) = K.

Apìdeixh. (X epÐ tou R.) DeÐqnoume kat�arq�c ìti ex(K) , ∅. Lème ìti èna kurtì uposÔnolo A ⊂ K eÐnai

akraÐo, an (1− t)x+ ty ∈ A gia k�poia 0 < t < 1, x, y ∈ K, sunep�getai ìti x, y ∈ A. Parathr ste ìti an to A
eÐnai akraÐo tìte ex(A) ⊂ ex(K). EpÐshc, èna monosÔnolo {s} eÐnai akraÐo an kai mìno an s ∈ ex(K). 'Etsi
arkeÐ na deÐxoume ìti to K perièqei akraÐo monosÔnolo. 'Estw loipìn A h oikogèneia ìlwn twn akraÐwn

kai sumpag¸n uposunìlwn tou K. H A eÐnai mh ken  afoÔ to Ðdio to K eÐnai profan¸c akraÐo. 'Estw t¸ra

{Ai}i∈I mia alusÐda (wc proc th sqèsh tou perièqesjai) sthn A . Tìte ∅ ,
⋂

i∈I Ai ∈ A , epomènwc apì to

l mma Zorn, h A èqei minimal stoiqeÐo èstw Ã. An to Ã den  tan monosÔnolo, tìte �a up rqan x1, x2 ∈ Ã
me x1 , x2, �ra apì Hahn­Banach, �a up rqe Λ ∈ X∗ tètoio ¸ste Λ(x1) < Λ(x2). 'Etsi an �èsoume

ÃΛ =
{

x ∈ Ã : Λ(x) = max
y∈Ã
Λ(y)

}
,

tìte ÃΛ ∈ A kai ÃΛ $ Ã diìti x1 < ÃΛ, �topo afoÔ to Ã eÐnai minimal. 'Eqoume loipìn deÐxei ìti k�je

mh kenì, sumpagèc kai kurtì sÔnolo èqei akraÐa shmeÐa. Profan¸c co(ex(K)) ⊂ K. 'Estw ìti up rqe

x0 ∈ K r co(ex(K)). Epilègoume Λ ∈ X∗ tètoio ¸ste Λ(x) < Λ(x0) gia k�je x ∈ co(ex(K)) kai �ètoume

KΛ =
{

x ∈ K : Λ(x) = max
y∈K
Λ(y)

}
.

Tìte KΛ ∩ co(ex(K)) = ∅. EpÐshc to KΛ eÐnai akraÐo kai sumpagèc, �ra to ex(KΛ) eÐnai mh kenì kai

ex(KΛ) ⊂ ex(K), �topo. �

Pìrisma. An o X eÐnai duðkìc k�poiou q¸rou me nìrma tìte to BX eÐnai kurtì kai w∗-sumpagèc, �ra èqei

akraÐa shmeÐa. Epomènwc oi q¸roi L1([0, 1]) kai c0 den eÐnai duðkoÐ. (Sthn pragmatikìthta, den up�rqei

topik� kurt  topologÐa stouc q¸rouc autoÔc wc proc thn opoÐa oi mp�lec eÐnai sumpag  sÔnola.)

Je¸rhma (Stone­Weierstrass). 'Estw X sumpag c topologikìc q¸roc kai A ⊂ C(X) kleistìc grammikìc

upìqwroc tètoioc ¸ste

• Gia k�je f , g ∈ A èqoume f g ∈ A .

• 1 ∈ A .

• Gia k�je x1, x2 ∈ X me x1 , x2, up�rqei f ∈ A me f (x1) , f (x2).
• Gia k�je f ∈ A èqoume f ∈ A .

Tìte A = C(X).

Apìdeixh. (de Branges) Jètoume

N =

{
µ ∈ M(X,B(X)) :

∫
g dµ = 0 gia k�je g ∈ A

}
.

Apì �e¸rhma Hahn­Banach arkeÐ na deÐxoume ìti N = {0}. An to N den  tan tetrimmèno, tìte apì

�e¸rhma Alaoglou, h mp�la BN �a  tan w∗-sumpag c, �ra apì �e¸rhma Krein­Milman �a up rqe

41



akraÐo shmeÐo µ ∈ N me ‖µ‖ = 1. 'Estw K o �orèac tou µ. An upojèsoume ìti to K perièqei duo

diakekrimèna shmeÐa x1, x2, tìte epilègoume F ∈ A h opoÐa ta diaqwrÐzei kai �ètoume

f =
|F − F(x1)|2 + ‖F − F(x1)‖2∞

1 + 2‖F − F(x1)‖2∞
∈ A .

Tìte 0 < f < 1, f (x1) , f (x2), fµ ∈ N , (1 − f )µ ∈ N , ‖(1 − f )µ‖ = 1 − ‖ fµ‖ kai 0 < ‖ fµ‖ < 1.
'Etsi, to µ gr�fetai san gn sioc kurtìc sunduasmìc stoiqeÐwn thc BN :

µ = ‖ fµ‖
fµ
‖ fµ‖

+ (1 − ‖ fµ‖)
(1 − f )µ
‖(1 − f )µ‖

.

AfoÔ to µ eÐnai akraÐo, èqoume fµ = ‖ fµ‖µ, �ra f = ‖ fµ‖ |µ|-sqedìn pantoÔ. All� h f eÐnai suneq c,

epomènwc f = ‖ fµ‖ sto K. Dhlad  h f eÐnai stajer  sto K, �topo afoÔ f (x1) , f (x2). Sunep¸c to K
eÐnai monosÔnolo, �ra µ = λδx0 gia k�poio x0 ∈ X kai k�poio λ ∈ F me |λ| = 1. All� tìte 0 =

∫
1dµ = λ,

�topo. �

Par�deigma. Jètoume T = {z ∈ C : |z| = 1}. Tìte apì �e¸rhma Stone­Weierstrass 〈zn : n ∈ Z〉 = C(T).
'Etsi an �ewr soume thn isometrÐa Φ : C(T)→ C([0, 2π]), Φ( f )(t) = f (eit), èqoume ìti

cl‖·‖∞
〈
eint : n ∈ Z

〉
= {g ∈ C([0, 2π]) : g(0) = g(2π)} =: A.

All� to A eÐnai puknì se ìlouc touc Lp([0, 2π]), 1 ≤ p < ∞. IdiaÐtera, èqoume ìti to sÔnolo {eint : n ∈ Z}
eÐnai orjokanonik  ��sh tou q¸rou Hilbert L2([0, 2π]) me eswterikì ginìmeno

〈 f , g〉 =
1

2π

∫ 2π

0
f g.
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17. O suzug c enìc telest  - To �e¸rhma kleist c eikìnac

Orismìc. 'Estw X q¸roc Banach, M ⊂ X kai N ⊂ X∗ grammikoÐ upìqwroi. Jètoume

M⊥ = {x∗ ∈ X∗ : x∗(x) = 0 gia k�je x ∈ M},

⊥N = {x ∈ X : x∗(x) = 0 gia k�je x∗ ∈ N}.

Ta parap�nw sÔnola lègontai mhdenistèc twn M kai N.

Je¸rhma. An X,M,N ìpwc ston orismì tìte

(1) M ⊂ ⊥(M⊥) kai N ⊂ (⊥N)⊥.
(2) To M⊥ eÐnai w∗-kleistì kai to ⊥N eÐnai ‖ · ‖-kleistì.

(3) (⊥N)⊥ = clw∗N kai ⊥(M⊥) = M.

Apìdeixh.

(1) TautologÐa.

(2) Profanèc.

(3) An up rqe x∗0 ∈ (⊥N)⊥ r clw∗N, tìte apì Hahn­Banach, �a up rqe x0 ∈ (X∗,w∗)∗ = X tètoio ¸ste

x∗0(x0) , 0 kai x∗(x0) = 0 gia k�je x∗ ∈ N. Dhlad  x0 ∈
⊥N kai x∗0(x0) , 0, �ra x∗0 < (⊥N)⊥, �topo.

H deÔterh sqèsh apodeiknÔetai an�loga.

�

Orismìc. 'Estw X,Y q¸roi Banach kai T : X → Y �ragmènoc grammikìc telest c. OrÐzoume T ∗ : Y∗ → X∗

me T ∗(y∗) = y∗ ◦ T . O T ∗ onom�zetai suzug c tou T .

Parathr seic.

(1) O T ∗ eÐnai �ragmènoc kai ‖T ∗‖ = ‖T‖ diìti

sup
‖y∗‖=1

‖T ∗(y∗)‖ = sup
‖y∗‖=1

sup
‖x‖=1
|y∗(T (x))| = sup

‖x‖=1
sup
‖y∗‖=1

|y∗(T (x))| = sup
‖x‖=1
‖T (x)‖ = ‖T‖.

(2) ker T = ⊥T ∗(Y∗) kai ker T ∗ = T (X)⊥.

Par�deigma. 'Estw K : Rn × Rn → R mia metr simh sun�rthsh. Upojètoume ìti up�rqei C > 0 tètoio

¸ste ∫
|K(x, y)|dx ≤ C y-sqedìn pantoÔ.∫
|K(x, y)|dy ≤ C x-sqedìn pantoÔ.

JewroÔme ton oloklhrwtikì telest  TK : Lp → Lp, 1 ≤ p < ∞, me

TK( f )(x) =
∫

K(x, y) f (y) dy.

Tìte o suzug c telest c T ∗K : Lq → Lq, q−1 + p−1 = 1, eÐnai o oloklhrwtikìc telest c TK̃ , ìpou

K̃(x, y) = K(y, x).

Je¸rhma. 'Estw X,Y q¸roi Banach kai T : X → Y �ragmènoc grammikìc telest c. Tìte

(1) O T ∗ eÐnai 1-1 an kai mìno an T (X) = Y.
(2) O T eÐnai isomorfik  emfÔteush an kai mìno an o T ∗ eÐnai epÐ.
(3) O T ∗ eÐnai isomorfik  emfÔteush an kai mìno an o T eÐnai epÐ.

Apìdeixh.

(1) (⇒) An o T (X) den eÐnai puknìc, tìte, apì Hahn­Banach, up�rqei mh mhdenikì y∗ ∈ Y∗ tètoio
¸ste y∗|T (X) = 0. Dhlad  T ∗(y∗) = 0, �topo diìti o T ∗ eÐnai 1-1.
(⇐) An T ∗(y∗) = 0, tìte y∗|T (X) = 0, �ra y∗ = 0, afoÔ T (X) puknìc.
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(2) (⇒) 'Estw x∗ ∈ X∗. OrÐzoume Λ : T (X) → F me Λ(T (x)) = x∗(x). To Λ eÐnai kal� orismèno

diìti o T eÐnai 1-1. EpÐshc, afoÔ o T eÐnai isomorfik  emfÔteush, up�rqei c > 0 tètoio ¸ste

‖x‖ ≤ c‖T (x)‖ gia k�je x. Epomènwc |Λ(T (x))| ≤ ‖x∗‖ · ‖x‖ ≤ c‖x∗‖ · ‖T (x)‖, �ra Λ ∈ T (X)∗. 'Etsi,

apì Hahn­Banach, up�rqei y∗ ∈ Y∗ tètoio ¸ste y∗|T (X) = Λ. Tìte T ∗(y∗) = x∗.
(⇐) AfoÔ o T ∗ eÐnai epÐ, apì �e¸rhma anoiqt c apeikìnishc, up�rqei δ > 0 tètoio ¸ste

δBX∗ ⊂ T ∗(BY∗ ).

Epomènwc

‖T (x)‖ = sup
‖y∗‖≤1

|y∗(T (x))| = sup
‖y∗‖≤1

|T ∗(y∗)(x)| ≥ sup
‖x∗‖≤δ

|x∗(x)| = δ‖x‖.

(3) (⇒) AfoÔ o T ∗ eÐnai isomorfik  emfÔteush, up�rqei δ > 0 tètoio ¸ste δ‖y∗‖ ≤ ‖T ∗(y∗)‖. Isquri-


ìmaste ìti δBY ⊂ T (BX). Pr�gmati, an y < T (BX), tìte, apì Hahn­Banach, up�rqoun y∗ ∈ Y∗

kai λ ∈ R tètoia ¸ste Re y∗(T (x)) < λ < Re y∗(y) gia k�je x ∈ BX. Epomènwc, gia x ∈ BX kai θ
kat�llhlo, èqoume |T ∗(y∗)(x)| = y∗(T (eiθx)) < λ, �ra ‖T ∗(y∗)‖ ≤ λ. Sunep¸c

δλ < δRe y∗(y) ≤ δ|y∗(y)| ≤ δ‖y∗‖ · ‖y‖ ≤ ‖T ∗(y∗)‖ · ‖y‖ ≤ λ‖y‖.

'Ara y < δBY . 'Eqoume sthn pragmatikìthta deÐxei ìti to rT (BX) eÐnai perioq  tou 0 gia k�je

r > 0. ParathroÔme t¸ra ìti T (BX) ⊂ 2T (BX).
[Apìdeixh : 'Estw y ∈ T (BX). AfoÔ to 2−1T (BX) eÐnai perioq  tou 0, èqoume ìti

(y + 2−1T (BX)) ∩ T (BX) , ∅,

�ra up�rqei x1 ∈ BX tètoio ¸ste y − T (x1) ∈ 2−1T (BX). OmoÐwc, afoÔ to 2−2T (BX) eÐnai perioq 
tou 0, èqoume ìti

(y − T (x1) + 2−2T (BX)) ∩ 2−1T (BX) , ∅,
�ra up�rqei x2 ∈ 2−1BX tètoio ¸ste y − T (x1) − T (x2) ∈ 2−2T (BX). PaÐrnoume ètsi mia akoloujÐa

xn ∈ 2−n+1BX tètoia ¸ste

y − T (x1 + · · · + xn) ∈ 2−nT (BX) ⊂ 2−n‖T‖BY .

AfoÔ
∑

n ‖xn‖ ≤ 2 kai o X eÐnai q¸roc Banach, up�rqei x ∈ 2BX tètoio ¸ste x =
∑

n xn. All�

‖y − T (x1 + · · · + xn)‖ ≤ 2−n‖T‖, �ra T (x) = y.]
Epomènwc gia k�je n ∈ N èqoume δnBY ⊂ 2nT (BX), apì to opoÐo sunep�getai, paÐrnontac

en¸seic wc proc n, ìti T (X) = Y.
(⇐) H apìdeixh eÐnai teleÐwc an�logh me thn apìdeixh thc antÐstoiqhc kateÔjunshc sto (2).

�

Je¸rhma (Kleist c eikìnac). 'Estw X,Y q¸roi Banach kai T : X → Y �ragmènoc grammikìc telest c. Ta

akìlouja eÐnai isodÔnama:

(1) O T (X) eÐnai ‖ · ‖-kleistìc.
(2) O T ∗(Y∗) eÐnai w∗-kleistìc.
(3) O T ∗(Y∗) eÐnai ‖ · ‖-kleistìc.

Apìdeixh.

(1)⇒(2) 'Eqoume ìti clw∗T ∗(Y∗) = (⊥T ∗(Y∗))⊥ = (ker T )⊥, �ra arkeÐ na deÐxoume ìti (ker T )⊥ ⊂ T ∗(Y∗). 'Estw
x∗ ∈ (ker T )⊥. OrÐzoume Λ : T (X) → F me Λ(T (x)) = x∗(x). Isqurizìmaste ìti up�rqei c > 0 tètoio ¸ste gia

k�je y ∈ T (X) up�rqei x1 ∈ X me T (x1) = y kai c‖y‖ ≥ ‖x1‖.

[Apìdeixh : O T (X) eÐnai kleistìc, �ra eÐnai q¸roc Banach, epomènwc h T : X → T (X) eÐnai anoiqt 
apeikìnish. 'Etsi, up�rqei δ > 0 tètoio ¸ste δBT (X) ⊂ T (BX). An t¸ra y ∈ T (X), y , 0, tìte δ‖y‖−1y ∈ δBT (X),

�ra up�rqei x0 ∈ BX, tètoio ¸ste T (x0) = δ‖y‖−1y. Jètoume x1 = δ
−1‖y‖x0.]

IdiaÐtera, an x ∈ X tìte up�rqei x1 ∈ X me T (x1) = T (x) kai c‖T (x)‖ ≥ ‖x1‖. 'Ara

|Λ(T (x))| = |Λ(T (x1))| = |x∗(x1)| ≤ ‖x∗‖ · ‖x1‖ ≤ c‖x∗‖ · ‖T (x)‖.

Epomènwc Λ ∈ (T (X))∗, ètsi, apì Hahn­Banach, up�rqei y∗ ∈ Y∗ tètoio ¸ste y∗|T (X) = Λ, to opoÐo shmaÐnei

ìti T ∗(y∗) = x∗.

(2)⇒(3) Profanèc.

(3)⇒(1) JewroÔme ton telest  S : X → T (X) me S (x) = T (x). Tìte, apì to prohgoÔmeno �e¸rhma, o

S ∗ :
(
T (X)

)∗
→ X∗ eÐnai 1-1. Isqurizìmaste ìti S ∗

((
T (X)

)∗)
= T ∗(Y∗).
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[Apìdeixh : 'Estw Λ ∈
(
T (X)

)∗
, apì Hahn­Banach, up�rqei y∗ ∈ Y∗ tètoio ¸ste y∗|T (X) = Λ. Tìte

S ∗(Λ) = T ∗(y∗). AntÐstrofa, an y∗ ∈ Y∗ tìte S ∗
(
y∗|T (X)

)
= T ∗(y∗).]

'Etsi, afoÔ o T ∗(Y∗) eÐnai kleistìc, o S ∗ eÐnai 1-1 kai èqei kleist  eikìna, epomènwc, apì to �e¸rhma

antÐstrofhc apeikìnishc, eÐnai isomorfik  emfÔteush. 'Ara, apì to prohgoÔmeno �e¸rhma, o S eÐnai epÐ,

dhlad  T (X) = S (X) = T (X), sunep¸c o T (X) eÐnai kleistìc. �

45



18. B�seic Schauder

Orismìc. Mia akoloujÐa en s�èna q¸ro Banach X lègetai ��sh Schauder an gia k�je x ∈ X up�rqei

monadik  akoloujÐa �ajmwt¸n e∗n(x) tètoia ¸ste

x =
∞∑

n=1

e∗n(x)en.

Oi telestèc

Pn : X → 〈e1, . . . , en〉, Pn(x) =
n∑

k=1

e∗k(x)ek

onom�zontai probolèc merik¸n ajroism�twn.

Par�deigma. H akoloujÐa en me en(k) = δn,k eÐnai ��sh Schauder ston c0 kai touc `p, 1 ≤ p < ∞.

Par�deigma. Mia orjokanonik  ��sh s�èna diaqwrÐsimo q¸ro Hilbert eÐnai ��sh Schauder.

Parat rhsh. Oi probolèc merik¸n ajroism�twn èqoun tic akìloujec idiìthtec :

(1) Pn(x)→ x gia k�je x.
(2) dim(Pn(X)) = n.
(3) PnPm = Pmin{m,n}.

Je¸rhma. 'Estw X q¸roc Banach me ��sh Schauder en. Tìte oi Pn eÐnai �ragmènoi kai supn ‖Pn‖ < ∞.

Apìdeixh. Jètoume ‖x‖∞ = supk ‖Pk(x)‖. Tìte o (X, ‖ · ‖∞) eÐnai q¸roc Banach. Pr�gmati, èstw xn mia

‖ · ‖∞-Cauchy akoloujÐa. Tìte h (Pk(xn))n eÐnai ‖ · ‖-Cauchy ston q¸ro Banach 〈e1, . . . , ek〉 omoiìmorfa wc

proc k. Epomènwc up�rqei yk ∈ 〈e1, . . . , ek〉 tètoio ¸ste

lim
n

sup
k
‖Pk(xn) − yk‖ = 0.

ParathroÔme ìti h yk eÐnai ‖ · ‖-Cauchy.

[Apìdeixh : Gia k�je ε > 0, up�rqei n0 tètoio ¸ste supk ‖Pk(xn0 ) − yk‖ < ε. AfoÔ t¸ra h (Pk(xn0 ))k

sugklÐnei (sto xn0 ), up�rqei k0 tètoio ¸ste ‖Pk(xn0 ) − P`(xn0 )‖ < ε gia k�je k, ` ≥ k0. 'Etsi gia ìla aut� ta

k, ` èqoume
‖yk − y`‖ ≤ ‖yk − Pk(xn0 )‖ + ‖Pk(xn0 ) − P`(xn0 )‖ + ‖P`(xn0 ) − y`‖ < 3ε.]

Epomènwc up�rqei y ∈ X tètoio ¸ste ‖yk−y‖ → 0. AfoÔ o Pk eÐnai suneq c se k�je upìqwro peperasmènhc

di�stashc, èqoume ìti gia k ≤ `

Pk(y`) = Pk(lim
n

P`(xn)) = lim
n

Pk(P`(xn)) = lim
n

Pk(xn) = yk.

'Etsi, apì th monadikìthta tou anaptÔgmatoc wc proc th ��sh, sumperaÐnoume ìti up�rqei mia akoloujÐa

�ajmwt¸n λi tètoia ¸ste yk =
∑k

i=1 λiei. 'Ara y =
∑∞

i=1 λiei =
∑∞

i=1 e∗i (y)ei. Sunep¸c Pk(y) = yk. Epomènwc

‖y − xn‖∞ ≤ sup
k
‖yk − Pk(xn)‖ → 0 kaj¸c n→ ∞.

'Eqoume loipìn ìti ‖x‖ ≤ ‖x‖∞ kai ìti oi q¸roi (X, ‖ · ‖), (X, ‖ · ‖∞) eÐnai Banach. 'Ara oi dÔo nìrmec eÐnai

isodÔnamec (�e¸rhma antÐstrofhc apeikìnishc gia ton tautotikì telest ), dhlad  up�rqei C > 0 tètoio

¸ste

sup
n
‖Pn(x)‖ = ‖x‖∞ ≤ C‖x‖

to opoÐo shmaÐnei ìti oi telestèc Pn eÐnai omoiìmorfa �ragmènoi. �

Pìrisma. Ta sunarthsoeid  e∗n ston orismì thc ��shc Schauder eÐnai �ragmèna.

Je¸rhma. 'Estw X q¸roc Banach. Upojètoume ìti up�rqei mia akoloujÐa telest¸n Pn : X → X tètoia

¸ste :

(1) Pn(x)→ x gia k�je x.
(2) dim(Pn(X)) = n.
(3) PnPm = Pmin{m,n}.

Tìte o X èqei ��sh Schauder.

46



Apìdeixh. ParathroÔme ìti dim(P1(X)) = dim(Pk(X) ∩ ker Pk−1) = 1, k ≥ 2, �ra up�rqei mia akoloujÐa

en ∈ X tètoia ¸ste P1(X) = 〈e1〉 kai Pk(X) ∩ ker Pk−1 = 〈ek〉, k ≥ 2. T¸ra gia k�je x èqoume

x = lim
n

Pn(x) = P1(x) +
∞∑

k=2

(Pk(x) − Pk−1(x)).

All� Pk(x) − Pk−1(x) ∈ Pk(X) ∩ ker Pk−1, epomènwc up�rqei akoloujÐa λn ∈ F tètoia ¸ste

x =
∞∑

n=1

λnen.

H monadikìthta twn λn sthn parap�nw anapar�stash prokÔptei apì to ìti gia k�je i < j èqoume Pi(ei) = ei

kai Pi(e j) = 0. �

Par�deigma. O Lp([0, 1]), 1 ≤ p < ∞ èqei ��sh Schauder. ArkeÐ na �roÔme mia akoloujÐa probol¸n h

opoÐa na ikanopoieÐ tic sunj kec tou prohgoÔmenou �ewr matoc. JewroÔme tic akìloujec oikogèneiec

duadik¸n diasthm�twn:

D1 = {(0, 1)}
D2 = {(0, 1/2), (1/2, 1)}

D3 = {(0, 1/4), (1/4, 1/2), (1/2, 1)}
D4 = {(0, 1/4), (1/4, 1/2), (1/2, 3/4), (3/4, 1)}

D5 = {(0, 1/8), (1/8, 1/4), (1/4, 1/2), (1/2, 3/4), (3/4, 1)}
.............................................

Akrib¸c èna di�sthma thc Dk diqotomeÐtai gia na d¸sei duo diadoqik� diast mata thc Dk+1. EpÐshc h D2k

apoteleÐtai apì 2k diast mata Ðsou m kouc.

Jètoume t¸ra Fn = 〈χI : I ∈ Dn〉 kai parathroÔme ìti h ènwsh twn Fn (klimakwtèc sunart seic p�nw

se diast mata me duadik� �kra) eÐnai pukn  ston Lp. Tèloc, orÐzoume Pn : Lp → Fn me

Pn( f ) =
∑
I∈Dn

fIχI ,

ìpou fI eÐnai h mèsh tim  thc f p�nw sto I:

fI =
1
|I|

∫
I

f .

Oi probolèc Pn profan¸c ikanopoioÔn ta (2) kai (3) tou prohgoÔmenou �ewr matoc. Gia na deÐxoume to

(1) kat�arq�c parathroÔme ìti oi Pn eÐnai omoiìmorfa �ragmènec diìti

‖Pn( f )‖pp =
∫ ∣∣∣∣∣∣∣∣

∑
I∈Dn

fIχI

∣∣∣∣∣∣∣∣
p

=
∑
I∈Dn

|I| · | fI |
p =

∑
I∈Dn

|I|1−p
∣∣∣∣∣∫

I
f
∣∣∣∣∣p ≤ ∑

I∈Dn

|I|1−p · |I|p/q
∫

I
| f |p = ‖ f ‖pp.

'Estw t¸ra f ∈ Lp kai ε > 0. Tìte up�rqei n0 kai s ∈ Fn0 tètoia ¸ste ‖ f − s‖p < ε. 'Etsi gia k�je n ≥ n0
èqoume Pn(s) = s, �ra

‖Pn( f ) − f ‖p ≤ ‖Pn( f − s)‖p + ‖s − f ‖p ≤ 2‖ f − s‖p < 2ε.

An epilèxoume hn ∈ Pn(X) ∩ ker Pn−1 me |hn| = 1 paÐrnoume th legìmenh ��sh Haar.

Par�deigma. O C([0, 1]) èqei ��sh Schauder. 'Estw tn mia pukn  akoloujÐa sto [0, 1] me t1 = 0 kai

t2 = 1. JewroÔme tic probolèc Pn : C([0, 1]) → C([0, 1]) me P1( f ) = f (0) kai gia n ≥ 2, Pn( f ) na eÐnai

h kat� tm mata grammik  sun�rthsh me kìmbouc ta shmeÐa t1, . . . , tn kai timèc stouc kìmbouc autoÔc

f (t1), . . . , f (tn). Oi Pn ikanopoioÔn ta (1), (2), (3) tou prohgoÔmenou �ewr matoc. An tn eÐnai h akoloujÐa

twn duadik¸n arijm¸n (me th �usiologik  arÐjmhsh) kai �èsoume

ϕn(x) =
∫ x

0
hn(t) dt,

ìpou hn eÐnai oi sunart seic Haar tou prohgoÔmenou paradeÐgmatoc, tìte paÐrnoume th ��sh Faber­

Schauder.
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19. SumpageÐc telestèc

Orismìc. 'Estw X, Y q¸roi Banach. 'Enac telest c T : X → Y onom�zetai sumpag c an to T (BX) eÐnai
sqetik� sumpagèc (dhlad , an to T (BX) eÐnai sumpagèc).

Parathr seic.

(1) K�je sumpag c telest c eÐnai �ragmènoc.

(2) An ènac telest c eÐnai peperasmènhc t�xhc (dhlad , an h eikìna tou eÐnai q¸roc peperasmènhc

di�stashc), tìte eÐnai sumpag c.

(3) O tautotikìc telest c eÐnai sumpag c an kai mìno an o q¸roc eÐnai peperasmènhc di�stashc.

(4) An S ,T : X → X, o T eÐnai sumpag c kai o S eÐnai �ragmènoc, tìte oi S T kai TS eÐnai sumpageÐc.

(5) To sÔnolo twn sumpag¸n telest¸n eÐnai kleistìc grammikìc upìqwroc tou B(X,Y). Pr�gmati,

èstw Tn mia akoloujÐa sumpag¸n telest¸n tètoia ¸ste Tn → T . ArkeÐ na deÐxoume ìti to T (BX)
eÐnai olik� �ragmèno. 'Estw loipìn ε > 0. Epilègoume n0 tètoio ¸ste ‖Tn0 − T‖ < ε. Tìte

T (BX) ⊂ Tn0 (BX)+εBY . AfoÔ o Tn0 eÐnai sumpag c, to Tn0 (BX) eÐnai olik� �ragmèno, �ra up�rqei

peperasmèno F ⊂ BX tètoio ¸ste Tn0 (BX) ⊂ Tn0 (F) + εBY . Epomènwc

T (BX) ⊂ Tn0 (F) + 2εBY ⊂ T (F) + 3εBY .

Gia ta parak�tw, �a qreiasteÐ to �e¸rhma tou Ascoli: An o (X, d) eÐnai sumpag c metrikìc q¸roc, tìte
mia oikogèneia F ⊂ (C(X), ‖ · ‖∞) eÐnai sqetik� sumpag c an kai mìno an eÐnai �ragmènh kai isosuneq c

(isosuneq c shmaÐnei ìti gia k�je ε > 0 up�rqei δ > 0 tètoio ¸ste an d(x, y) < δ tìte | f (x) − f (y)| < ε gia

k�je f ∈ F ).

Par�deigma. 'Estw K : [0, 1] × [0, 1]→ F mia suneq c sun�rthsh. Tìte o oloklhrwtikìc telest c

T : C([0, 1])→ C([0, 1]) me T ( f )(x) =
∫ 1

0
K(x, y) f (y) dy

eÐnai sumpag c, diìti gia k�je f me ‖ f ‖∞ ≤ 1 èqoume

|T ( f )(x1) − T ( f )(x2)| ≤
∫ 1

0
|K(x1, y) − K(x2, y)| dy.

AfoÔ h K eÐnai omoiìmorfa suneq c, apì thn prohgoÔmenh sqèsh sunep�getai ìti h oikogèneia {T ( f ) :
‖ f ‖∞ ≤ 1} eÐnai isosuneq c, �ra apì to �e¸rhma Ascoli, eÐnai sqetik� sumpag c.

Par�deigma. 'Estw K ∈ L2([0, 1] × [0, 1]). Tìte o telest c T : L2([0, 1])→ L2([0, 1]) me

T ( f )(x) =
∫

K(x, y) f (y) dy

eÐnai sumpag c giatÐ an �èsoume Kx(y) = K(x, y), tìte Kx ∈ L2([0, 1]) gia sqedìn ìla ta x, epomènwc, an {en}

eÐnai mia orjokanonik  ��sh tou L2([0, 1]) tìte

Kx =

∞∑
j=1

λ j(x)e j,

gia k�poia λ j(x) ∈ F. All�, apì Parseval

‖K‖22 =
∫
‖Kx‖

2
2 dx =

∫ ∞∑
j=1

|λ j(x)|2 dx =
∞∑
j=1

∫
|λ j(x)|2 dx,

�ra λ j ∈ L2([0, 1]). Jètoume t¸ra

Kn
x =

n∑
j=1

λ j(x)e j

kai �ewroÔme touc telestèc Tn : L2([0, 1])→ L2([0, 1]) me

Tn( f )(x) =
∫

Kn
x f =

n∑
j=1

λ j(x)
∫

f e j.

Oi Tn eÐnai peperasmènhc t�xhc (diìti Tn(L2) = 〈λ1, . . . , λn〉), kai

‖Tn − T‖ ≤
(∫
‖Kn

x − Kx‖
2
2 dx

)1/2

=

 ∞∑
j=n+1

∫
|λ j(x)|2 dx

1/2

=

 ∞∑
j=n+1

‖λ j‖
2
2

1/2

→ 0,
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kaj¸c n→ ∞, �ra o T eÐnai sumpag c.

Je¸rhma. 'Estw X, Y q¸roi Banach kai T ∈ B(X,Y).

(1) An o T eÐnai sumpag c kai xn
w
−→ x, tìte T (xn)

‖·‖
−−→ T (x).

(2) An o X eÐnai autopaj c kai o T èqei thn idiìthta xn
w
−→ x⇒ T (xn)

‖·‖
−−→ T (x), tìte o T eÐnai sumpag c.

Apìdeixh.

(1) 'Estw ìti up rqe xn ∈ X tètoia ¸ste xn
w
−→ 0 kai ‖T (xn)‖ 9 0. MporoÔme na upojèsoume

(paÐrnontac mia upakoloujÐa) ìti up�rqei ε > 0 tètoio ¸ste ‖T (xn)‖ ≥ ε. AfoÔ h xn eÐnai w-
sugklÐnousa, eÐnai �ragmènh, �ra kai h T (xn) eÐnai �ragmènh. AfoÔ o T eÐnai sumpag c, h

T (xn) èqei sugklÐnousa upakoloujÐa, èstw T (xkn ). T¸ra gia k�je y∗ ∈ Y∗ èqoume ìti y∗ ◦ T ∈ X∗,

�ra y∗(T (xkn )) → 0. Dhlad  T (xkn )
w
−→ 0. Sunep¸c, apì monadikìthta orÐou, T (xkn )

‖·‖
−−→ 0, �topo,

afoÔ ‖Txkn
‖ ≥ ε.

(2) 'Estw T (xn) ∈ T (BX), me xn ∈ BX. AfoÔ o X eÐnai autopaj c, h xn èqei asjen¸c sugklÐnousa

upakoloujÐa, èstw xkn . All� tìte h T (xkn ) eÐnai, apì upìjesh, ‖ · ‖-sugklÐnousa.

�

Par�deigma. Qrhsimopoi¸ntac to prohgoÔmeno �e¸rhma, paÐrnoume mia enallaktik  apìdeixh tou ìti o

telest c tou teleutaÐou paradeÐgmatoc eÐnai sumpag c. AfoÔ o L2 eÐnai autopaj c, arkeÐ na deÐxoume ìti

an fn
w
−→ 0 tìte ‖T ( fn)‖2 → 0. Pr�gmati

‖T ( fn)‖22 =
∫ ∣∣∣∣∣∫ Kx fn

∣∣∣∣∣2 dx.

AfoÔ fn
w
−→ 0, èqoume ìti ‖ fn‖22 ≤ C, gia k�poio C > 0, kai ìti

∫
Kx fn → 0 gia sqedìn ìla ta x. EpÐshc∣∣∣∣∣∫ Kx fn

∣∣∣∣∣2 ≤ ‖Kx‖
2
2 · ‖ fn‖

2
2 ≤ C‖Kx‖

2
2.

All�
∫
‖Kx‖

2
2 dx = ‖K‖22 < ∞, kai to 
htoÔmeno èpetai apì to �e¸rhma kuriarqhmènhc sÔgklishc.

Je¸rhma (Schauder). 'Estw X, Y q¸roi Banach kai T ∈ B(X,Y). Tìte o T eÐnai sumpag c an kai mìno an

o T ∗ eÐnai sumpag c.

Apìdeixh. 'Estw ìti o T eÐnai sumpag c, kai y∗n ∈ BY∗ . Ja deÐxoume ìti h T ∗(y∗n) èqei sugklÐnousa upako-

loujÐa. ParathroÔme ìti gia k�je y, z ∈ Y, èqoume |y∗n(y) − y∗n(z)| ≤ ‖y − z‖, �ra h oikogèneia {y∗n : n ∈ N}
eÐnai isosuneq c. AfoÔ o T eÐnai sumpag c, to T (BX) eÐnai sumpagèc, �ra apì to �e¸rhma Ascoli, h y∗n èqei
mia upakoloujÐa y∗kn

h opoÐa sugklÐnei omoiìmorfa sto T (BX), kai epomènwc eÐnai omoiìmorfa Cauchy

sto T (BX). All�

‖T ∗(y∗kn
) − T ∗(y∗km

)‖ = sup
‖x‖≤1
|y∗kn

(T (x)) − y∗km
(T (x))| = sup

y∈T (BX )
|y∗kn

(y) − y∗km
(y)|.

SumperaÐnoume ìti h T ∗(y∗kn
) eÐnai Cauchy, �ra sugklÐnei.

AntÐstrofa, èstw ìti o T ∗ eÐnai sumpag c. Tìte, apì to pr¸to mèroc tou �wr matoc, o

T ∗∗ : X∗∗ → Y∗∗

eÐnai sumpag c. JewroÔme tic kanonikèc emfuteÔseic JX : X → X∗∗, JY : Y → Y∗∗, kai parathroÔme ìti

T ∗∗JX = JYT .

X
JX

−−−−−−→ X∗∗

T
y yT ∗∗

Y −−−−−−→
JY

Y∗∗

'Ara JY (T (BX)) = T ∗∗(JX(BX)) ⊂ T ∗∗(BX∗∗ ). All� o T ∗∗ eÐnai sumpag c, �ra to T ∗∗(BX∗∗ ) eÐnai olik� �rag-

mèno, �ra kai to T (BX) eÐnai olik� �ragmèno, afoÔ h JY eÐnai isometrÐa. �

Je¸rhma. 'Estw X q¸roc Banach me ��sh Schauder kai T : X → X sumpag c telest c. Tìte up�rqei

akoloujÐa telest¸n peperasmènhc t�xhc Tn : X → X tètoia ¸ste Tn → T .
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Apìdeixh. 'Estw Pn : X → X oi probolèc merik¸n ajroism�twn pou antistoiqoÔn sth ��sh. Tìte oi telestèc

PnT eÐnai peperasmènhc t�xhc. Isqurizìmaste ìti PnT → T . Pr�gmati, èstw ε > 0. AfoÔ to T (BX) eÐnai
olik� �ragmèno, up�rqei peperasmèno F ⊂ T (BX) tètoio ¸ste T (BX) ⊂ F + εBX. Epomènwc gia k�je

y ∈ T (BX) up�rqei z ∈ F tètoio ¸ste ‖y − z‖ ≤ ε. 'Ara

‖y − Pn(y)‖ ≤ ‖y − z‖ + ‖z − Pn(z)‖ + ‖Pn(z) − Pn(y)‖ ≤ (1 +C)ε +max
w∈F
‖w − Pn(w)‖,

ìpou C = supn ‖Pn‖. Sunep¸c

‖T − PnT‖ = sup
x∈BX

‖T (x) − Pn(T (x))‖ = sup
y∈T (BX )

‖y − Pn(y)‖ ≤ (1 +C)ε +max
w∈F
‖w − Pn(w)‖.

All� maxw∈F ‖w − Pn(w)‖ → 0 kaj¸c n → ∞, epomènwc limn‖T − PnT‖ ≤ (1 + C)ε, to opoÐo shmaÐnei ìti

PnT → T . �
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20. Stoiqei¸dhc �asmatik  �ewrÐa algebr¸n Banach

Orismìc. Mia �lgebra Banach eÐnai ènac q¸roc Banach epÐ tou C me mia pr�xh eswterikoÔ pollapla-

siasmoÔ X × X 3 (x, y) 7→ xy ∈ X tètoia ¸ste gia k�je x, y, z ∈ X kai λ ∈ C èqoume

(1) (xy)z = x(yz).
(2) x(y + z) = xy + xz, (y + z)x = yx + zx.
(3) (λx)y = x(λy) = λ(xy).
(4) ‖xy‖ ≤ ‖x‖ · ‖y‖

An up�rqei e ∈ X me ‖e‖ = 1 tètoio ¸ste xe = ex = x gia k�je x ∈ X, tìte to e eÐnai monadikì kai lègetai

mon�da.

An h X èqei mon�da, tìte k�poio x ∈ X lègetai antistrèyimo an up�rqei (kat�an�gkh monadikì) y ∈ X tètoio

¸ste xy = yx = e. To y autì sumbolÐzetai me x−1 kai onom�zetai antÐstrofo tou x.
To sÔnolo twn antistrèyimwn stoiqeÐwn eÐnai om�da wc proc thn pr�xh tou pollaplasiasmoÔ kai sumbo-

lÐzetai me G(X).

Parathr seic.

• Apì to (4) ston orismì sunep�getai ìti o pollaplasiasmìc eÐnai suneq c.

• Den upojètoume ìti xy = yx gia k�je x, y. An autì isqÔei tìte h �lgebra lègetai metajetik .

Par�deigma. O (C([0, 1]), ‖ · ‖∞) eÐnai (metajetik ) �lgebra me pollaplasiasmì ton sunhjismèno polla-

plasiasmì sunart sewn kai mon�da thn tautotik� Ðsh me 1 sun�rthsh.

Par�deigma. An o X eÐnai q¸roc Banach, tìte o q¸roc B(X) ìlwn �ragmènwn telest¸n T : X → X eÐnai

(mh metajetik ) �lgebra Banach me pollaplasiasmì th sÔnjesh apeikonÐsewn kai mon�da ton tautotikì

telest . H upo�lgebra twn sumpag¸n telest¸n den èqei mon�da (ektìc kai an o q¸roc èqei peperasmènh

di�stash).

Par�deigma. O M(R,B(R)) eÐnai metajetik  �lgebra Banach me pollaplasiasmì th sunèlixh mètrwn

(µ ∗ ν)(A) =
∫

µ(A − x) dν(x) =
∫

ν(A − x) dµ(x)

kai mon�da to mètro Dirac δ0.

Par�deigma. O L1(R) gÐnetai metajetik  �lgebra Banach me pollaplasiasmì th sunèlixh sunart sewn

( f ∗ g)(x) =
∫

f (x − y)g(y) dy =
∫

g(x − y) f (y) dy.

H �lgebra aut  den èqei mon�da. Pr�gmati, an upojèsoume ìti up�rqei e ∈ L1 tètoio ¸ste f ∗ e = f gia

k�je f ∈ L1 kai �èsoume fn = nχ[0,1/n], tìte fn = fn ∗ e
‖·‖1
−−→ e.

[Apìdeixh : 'Estw ε > 0. Apì th sunèqeia thc met�jeshc, up�rqei δ > 0 tètoio ¸ste∫
|e(x − y) − e(x)| dx < ε

gia k�je |y| < δ. 'Etsi gia k�je n me 1/n < δ èqoume

‖ fn ∗ e − e‖1 =
∫ ∣∣∣∣∣∫ e(x − y) fn(y) dy − e(x)

∣∣∣∣∣ dx =
∫ ∣∣∣∣∣∫ e(x − y) fn(y) dy −

∫
e(x) fn(y) dy

∣∣∣∣∣ dx

≤ n
∫ 1/n

0

∫
|e(x − y) − e(x)| dx dy < ε.]

All� fn → 0 sqedìn pantoÔ, �ra e = 0, �topo. Enallaktik�, an h eÐnai mia sun�rthsh thc opoÐac

o metasqhmatismìc Fourier den mhdenÐzetai poujen� (gia par�deigma, h(x) = e−x2
), tìte apì th sqèsh

h ∗ e = h sunep�getai ìti ĥ · ê = ĥ ∗ e = ĥ, �ra ê = 1, �topo, afoÔ gia k�je f ∈ L1 èqoume ìti f̂ (ξ) → 0
kaj¸c |ξ| → +∞. Par� taÔta, h akoloujÐa fn eÐnai mia {prosèggish thc mon�dac} afoÔ asumptwtik�

sumperifèretai san na  tan mon�da: fn ∗ f = f ∗ fn
‖·‖1
−−→ f gia k�je f . Parathr ste epÐshc ìti an doÔme

ton L1 san upo�lgebra tou M(R,B(R)) mèsw thc isometrÐac

L1(R) 3 f 7→ f dx ∈ M(R,B(R)),

ìpou dx eÐnai to mètro Lebesgue, tìte h fn sugklÐnei w∗ sto δ0.
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[Apìdeixh : 'Estw g ∈ C0(R), ε > 0. Apì th sunèqeia thc g sto 0, up�rqei δ > 0 tètoio ¸ste |g(x) − g(0)| < δ
gia k�je |x| < δ. Epomènwc, gia n > 1/δ, èqoume∣∣∣∣∣∫ fn(x)g(x) dx −

∫
g(x) dδ0(x)

∣∣∣∣∣ = ∣∣∣∣∣∫ fn(x)g(x) dx − g(0)
∣∣∣∣∣ = ∣∣∣∣∣∫ fn(x)g(x) dx −

∫
fn(x)g(0) dx

∣∣∣∣∣
≤ n

∫ 1/n

0
|g(x) − g(0)| dx < ε.]

All� to δ0 eÐnai akrib¸c h mon�da tou M(R,B(R)).

Parat rhsh. An mia �lgebra Banach X den èqei mon�da, tìte mporoÔme na thc episun�youme mia mon�da

wc ex c : Jètoume Y = X×C. To Y eÐnai grammikìc q¸roc me tic kat� shmeÐo pr�xeic, kai �lgebra Banach

me pollaplasiamì (x, α)(y, β) = (xy + αy + βx, αβ) kai nìrma ‖(x, α)‖ = ‖x‖ + |α|. H mon�da tou Y eÐnai to

stoiqeÐo (0, 1) kai o X mporeÐ na �ewrhjeÐ upo�lgebra tou Y mèsw thc isometrÐac

X 3 x 7→ (x, 0) ∈ Y

h opoÐa diathreÐ thn algebrik  dom .

Je¸rhma. 'Estw X �lgebra Banach me mon�da.

(1) An ‖x − e‖ < 1 tìte x ∈ G(X).
(2) An x ∈ G(X) kai ‖x − y‖ < ‖x−1‖−1 tìte y ∈ G(X).
(3) To G(X) eÐnai anoiqtì kai h apeikìnish G(X) 3 x 7→ x−1 ∈ G(X) omoiomorfismìc.

Apìdeixh.

(1) AfoÔ ‖x−e‖ < 1 èqoume

∞∑
n=0

‖e − x‖n < ∞, �ra h seir�

∞∑
n=0

(e − x)n sugklÐnei. Jètoume y =
∞∑

n=0

(e − x)n.

Tìte

xy = lim
n

n∑
k=0

(e − (e − x))(e − x)k = lim
n

n∑
k=0

((e − x)k − (e − x)k+1) = lim
n

(e − (e − x)n+1) = e.

OmoÐwc, yx = e, �ra x ∈ G(X).
(2) 'Eqoume ‖x−1y − e‖ = ‖x−1(y − x)‖ ≤ ‖x−1‖ · ‖y − x‖ < 1. 'Ara, apì to (1), x−1y ∈ G(X), epomènwc

y ∈ G(X).
(3) An x ∈ G(X) tìte apì to (2) D(x, ‖x−1‖−1) ⊂ G(X), �ra to G(X) eÐnai anoiqtì. StajeropoioÔme

t¸ra x ∈ G(X). Tìte gia k�je h ∈ X me ‖h‖ < ‖x−1‖−1/2 èqoume ‖(x − h) − x‖ = ‖h‖ < ‖x−1‖−1, �ra

x − h ∈ G(X). EpÐshc

(x − h)−1 = (e − x−1h)−1x−1 =

∞∑
n=0

(x−1h)nx−1 = x−1 +

∞∑
n=1

(x−1h)nx−1.

Epomènwc

‖(x − h)−1 − x−1‖ ≤

∞∑
n=1

‖x−1‖n+1‖h‖n < ‖h‖ · ‖x−1‖2
∞∑

n=1

1
2n−1 = 2‖h‖ · ‖x−1‖2 → 0

kaj¸c h → 0. Sunep¸c h x 7→ x−1 eÐnai suneq c. AfoÔ epiplèon eÐnai 1-1 kai epÐ, kai h

antÐstrof  thc eÐnai o eautìc thc, eÐnai omoiomorfismìc.

�

Orismìc. 'Estw X �lgebra Banach me mon�da, kai x ∈ X. Jètoume
• σ(x) = {λ ∈ C : x − λe < G(X)}. To σ(x) onom�zetai ��sma tou x.
• ρ(x) = sup{|λ| : λ ∈ σ(x)}. To ρ(x) onom�zetai �asmatik  aktÐna tou x.

Je¸rhma. 'Estw X �lgebra Banach me mon�da, kai x ∈ X.
(1) To σ(x) eÐnai mh kenì kai sumpagèc.

(2) ρ(x) = limn ‖xn‖1/n = infn ‖xn‖1/n.
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Apìdeixh.

(1) JewroÔme thn apeikìnish g : C→ X me g(λ) = x−λe. H g eÐnai suneq c kai σ(x) = g−1(XrG(X)),
�ra to σ(x) eÐnai kleistì. EpÐshc, an |λ| > ‖x‖ tìte ‖x/λ‖ < 1, �ra x/λ−e ∈ G(X), dhlad  λ < σ(x).
Epomènwc σ(x) ⊂ B(0, ‖x‖). 'Etsi, to ��sma eÐnai kleistì kai �ragmèno, �ra sumpagèc. OrÐzoume

t¸ra f : C r σ(x)→ X me f (λ) = (x − λe)−1 kai parathroÔme ìti lim
λ→∞

f (λ) = 0.

[Apìdeixh : Gia k�je |λ| > ‖x‖ èqoume

‖ f (λ)‖ = ‖(x − λe)−1‖ =
1
|λ|

∥∥∥∥∥∥(e − x
λ

)−1
∥∥∥∥∥∥ = 1
|λ|

∥∥∥∥∥∥∥
∞∑

n=0

( x
λ

)n
∥∥∥∥∥∥∥ ≤ 1
|λ|

∞∑
n=0

∥∥∥∥∥ x
λ

∥∥∥∥∥n
=

1
|λ| − ‖x‖

→ 0

kaj¸c λ→ ∞.]

'Estw t¸ra x∗ ∈ X∗. Tìte h sun�rthsh x∗ ◦ f : C r σ(x)→ C eÐnai analutik  .

[Apìdeixh : ArkeÐ na deÐxoume ìti anaptÔssetai topik� se dunamoseir�. 'Estw loipìn λ0 ∈ Crσ(x)
tuqìn. Tìte gia k�je λ me |λ − λ0| < ‖(x − λ0e)−1‖−1 èqoume

‖(x − λe) − (x − λ0e)‖ = |λ − λ0| < ‖(x − λ0e)−1‖−1

�ra x − λe ∈ G(X), dhlad  λ ∈ C r σ(x). EpÐshc

f (λ) = (x − λe)−1 =
(
e − (λ − λ0)(x − λ0e)−1

)−1
(x − λ0e)−1 =

∞∑
n=0

(x − λ0e)−n−1(λ − λ0)n.

Epomènwc

(x∗◦ f )(λ) =
∞∑

n=0

x∗
(
(x − λ0e)−n−1

)
(λ − λ0)n.]

An t¸ra to ��sma  tan kenì, tìte h x∗◦ f �a  tan mia akèraih sun�rthsh tètoia ¸ste

|x∗( f (λ))| ≤ ‖x∗‖ · ‖ f (λ)‖ → 0

kaj¸c λ → ∞, �ra apì to �e¸rhma Liouville, �a eÐqame x∗◦ f = 0. All� to x∗ eÐnai tuqìn,
epomènwc, apì Hahn­Banach, f = 0, �topo.

(2) Gia k�je n epilègoume x∗n ∈ X∗ tètoio ¸ste ‖x∗n‖ = 1 kai ‖xn‖ = |x∗n(xn)|. DeÐxame sto (1) ìti gia k�je

|λ| > ‖x‖ èqoume

f (λ) = −
∞∑

k=0

xk

λk+1 ,

�ra

(x∗n ◦ f )(λ) = −
∞∑

k=0

x∗n(xk)
λk+1 .

All� h x∗n ◦ f eÐnai analutik  sto {λ : |λ| > ρ(x)}, �ra apì th monadikìthta tou anaptÔgmatoc

Laurent, h prohgoÔmenh isìthta isqÔei sthn pragmatikìthta gia k�je |λ| > ρ(x) (kai h sÔgklish

eÐnai omoiìmorfh sta sumpag  uposÔnola tou {λ : |λ| > ρ(x)}). 'Etsi, an gia k�je r > ρ(x)
�èsoume C(0, r) = {λ : |λ| = r}, èqoume∫

C(0,r)
λn(x∗n ◦ f )(λ) dλ = −

∞∑
k=0

x∗n(xk)
∫

C(0,r)

dλ
λk−n+1 = −2πix∗n(xn).

'Ara

‖xn‖ = |x∗n(xn)| =
1

2π

∣∣∣∣∣∣
∫

C(0,r)
λn(x∗n ◦ f )(λ) dλ

∣∣∣∣∣∣ ≤ rn+1 max
λ∈C(0,r)

|(x∗n ◦ f )(λ)| ≤ rn+1 max
λ∈C(0,r)

‖ f (λ)‖.

Epomènwc limn‖xn‖1/n ≤ r gia k�je r > ρ(x), sunep¸c limn‖xn‖1/n ≤ ρ(x). Ap�thn �llh, parathroÔ-
me ìti gia k�je λ èqoume

xn − λne = (x − λe)(xn−1 + λxn−2 + · · · + λn−1e) = (xn−1 + λxn−2 + · · · + λn−1e)(x − λe).

'Ara, an λ ∈ σ(x) tìte λn ∈ σ(xn) kai epomènwc |λ|n ≤ ‖xn‖, apì to opoÐo sunep�getai ìti ρ(x) ≤
‖xn‖1/n gia k�je n. Telik� loipìn èqoume

lim
n
‖xn‖1/n ≤ ρ(x) ≤ inf

n
‖xn‖1/n
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kai to sumpèrasma èpetai.

�

Je¸rhma. 'Estw X �lgebra Banach me mon�da. Tìte apì opoiad pote apì tic parak�tw duo upojèseic

èpetai ìti h X eÐnai isometrik� isìmorfh (ennooÔme isomorfismì algebr¸n) me to C.

(1) (Gelfand­Mazur) K�je mh mhdenikì stoiqeÐo thc X eÐnai antistrèyimo.

(2) Up�rqei C > 0 tètoio ¸ste ‖xy‖ ≥ C‖x‖ · ‖y‖ gia k�je x, y ∈ X.

Apìdeixh.

(1) Gia k�je x ∈ X, to σ(x) eÐnai mh kenì. Autì shmaÐnei ìti up�rqoun mh antistrèyima stoiqeÐa thc

morf c x − λe. All� to monadikì mh antistrèyimo stoiqeÐo thc �lgebrac eÐnai to 0. Epomènwc

up�rqei (kat�an�gkh monadikì) λ(x) ∈ C tètoio ¸ste x = λ(x)e. H apeikìnish x 7→ λ(x) eÐnai o

htoÔmenoc isometrikìc isomorfismìc.

(2) Isqurizìmaste kat�arq�c ìti ∂G(X) = {0}.

[Apìdeixh : 'Estw x ∈ ∂G(X), tìte x < G(X) kai up�rqei akoloujÐa xn ∈ G(X) tètoia ¸ste xn → x.
ParathroÔme ìti ‖x−1

n ‖ → +∞, giatÐ diaforetik� �a up rqan M > 0 kai j ∈ N tètoia ¸ste

‖x−1
j ‖ ≤ M kai ‖x j − x‖ < 1/M. All� tìte ‖x j − x‖ < ‖x−1

j ‖
−1, �ra to x �a  tan antistrèyimo, �topo.

Epomènwc

‖xn‖ ≤
1
C
·
‖xnx−1

n ‖

‖x−1
n ‖

=
1
C
·

1
‖x−1

n ‖
→ 0,

�ra x = 0.]

'Estw t¸ra x ∈ X mh mhdenikì kai λ ∈ ∂σ(x) (to ∂σ(x) eÐnai mh kenì, diaforetik� to σ(x) �a

 tan mh kenì anoiqtì kai kleistì, dhlad  σ(x) = C, �topo). Tìte x − λe < G(X) kai up�rqoun
λn ∈ C r σ(x) tètoia ¸ste λn → λ. Autì shmaÐnei ìti x − λne ∈ G(X) kai x − λne → x − λe.
'Ara x − λe ∈ ∂G(X) = {0}. Epomènwc x = λe. Dhlad  k�je mh mhdenikì stoiqeÐo thc X eÐnai

antistrèyimo, kai to sumpèrasma èpetai apì to (1).

�
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21. To ��sma enìc sumpagoÔc telest 

Sthn enìthta aut  �a qrhsimopoioÔme pollaplasiastikì sumbolismì gia th sÔnjesh telest¸n. EpÐ-

shc, an T : X → X, tìte �a lème ìti ènac upìqwroc Y ⊂ X eÐnai T - analloÐwtoc, an T (Y) ⊂ Y.

Orismìc. 'Estw X q¸roc Banach. JewroÔme thn �lgebra Banach B(X) me pollaplasiasmì th sÔnjesh

telest¸n, kai T ∈ B(X).
• 'Ena stoiqeÐo λ ∈ σ(T ) lègetai idiotim  an ker (T − λI) , {0}.
• An to λ eÐnai idiotim  tìte o ker (T − λI) lègetai idiìqwroc kai ta mh mhdenik� stoiqeÐa tou, idiodia-

nÔsmata.

Par�deigma. An dim X < ∞ kai T : X → X grammikìc telest c, tìte k�je stoiqeÐo tou ��smatoc eÐnai

idiotim .

Par�deigma. JewroÔme ton oloklhrwtikì telest  Volterra T : C([0, 1])→ C([0, 1]) me

T ( f )(x) =
∫ x

0
f .

ParathroÔme ìti

T n( f )(x) =
1

(n − 1)!

∫ x

0
(x − t)n−1 f (t) dt.

Epomènwc ‖T n‖ ≤ 1/n!, �ra ρ(T ) = limn ‖T n‖1/n = 0. Dhlad  σ(T ) = {0}. Ap'thn �llh, o T eÐnai 1-1, �ra to

0 den eÐnai idiotim .

Ta akìlouja trÐa �ewr mata apoteloÔn th legìmenh �ewrÐa Riesz­Schauder.

Je¸rhma. 'Estw X q¸roc Banach, T : X → X sumpag c, kai λ ∈ C me λ , 0.
(1) dim ker (T − λI) < ∞.
(2) O (T − λI)(X) eÐnai kleistìc.

Apìdeixh. Upojètoume ìti λ = 1 kai �ètoume S = T − I.
(1) ParathroÔme ìti T |ker S (ker S ) = ker S . All� an h eikìna enìc sumpagoÔc telest  eÐnai kleist ,

tìte eÐnai peperasmènhc di�stashc.

(2) 'Estw xn ∈ X tètoia ¸ste S (xn) → y. Jètoume δn = dist(xn, ker S ). Tìte up�rqei wn ∈ S me

δn ≤ ‖xn − wn‖ ≤ 2δn. Isqurizìmaste ìti h xn − wn eÐnai �ragmènh.

[Apìdeixh : 'Estw ìti den eÐnai �ragmènh. Tìte mporoÔme na upojèsoume (paÐrnontac mia upako-

loujÐa) ìti ‖xn − wn‖ → ∞. Jètoume

zn =
xn − wn

‖xn − wn‖
.

Tìte S (zn) → 0. EpÐshc, h zn eÐnai �ragmènh, �ra, afoÔ o T eÐnai sumpag c, up�rqei upako-

loujÐa zkn tètoia ¸ste h T (zkn ) sugklÐnei. Tìte zkn = T (zkn ) − S (zkn ) → w, gia k�poio w ∈ X. AfoÔ
S (zkn )→ 0, èqoume ìti S (w) = 0, �ra w ∈ ker S . ParathroÔme t¸ra ìti

(zn − w)‖xn − wn‖ = xn − (wn + w‖xn − wn‖),

�ra ‖zn − w‖ · ‖xn − wn‖ ≥ δn. Epomènwc ‖zn − w‖ ≥ 1/2, �topo diìti zkn → w.]

AfoÔ loipìn h xn −wn eÐnai �ragmènh, up�rqei upakoloujÐa xmn −wmn tètoia ¸ste h T (xmn −wmn )
sugklÐnei. Tìte

xmn − wmn = T (xmn − wmn ) − S (xmn − wmn ) = T (xmn − wmn ) − S (xmn )→ x,

gia k�poio x ∈ X. 'Etsi, S (xmn −wmn )→ S (x) kai S (xmn −wmn ) = S (xmn )→ y. 'Ara S (x) = y, dhlad 
o S (X) eÐnai kleistìc.

�

Stic apodeÐxeic twn epìmenwn tri¸n �ewrhm�twn �a qrhsimopoi soume thn akìloujh parat rhsh: An

o X eÐnai q¸roc me nìrma kai Y ⊂ X gn sioc kleistìc upìqwroc, tìte up�rqei x ∈ X me ‖x‖ = 1 tètoio ¸ste

dist(x,Y) ≥ 1/2. Pr�gmati, èstw x0 < Y kai δ = dist(x0,Y). Epilègoume y ∈ Y me ‖y − x0‖ ≤ 2δ kai �ètoume

x =
y − x0

‖y − x0‖
.
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Tìte gia k�je z ∈ Y èqoume

‖z − x‖ =
‖ z‖y − x0‖ − y + x0‖

‖y − x0‖
≥

δ

2δ
=

1
2
.

Epomènwc dist(x,Y) ≥ 1/2.

Je¸rhma. 'Estw X q¸roc Banach, T : X → X sumpag c, kai λ ∈ σ(T ) me λ , 0. Tìte to λ eÐnai idiotim .

Apìdeixh. Upojètoume ìti λ = 1 kai �ètoume S = T − I. 'Estw t¸ra ìti to 1 den eÐnai diotim . Tìte o S
eÐnai 1-1. Isqurizìmaste ìti o S eÐnai epÐ.

[Apìdeixh : 'Estw ìti den eÐnai. Gia k�je n ∈ N �ètoume Xn = S n(X). Tìte h Xn eÐnai mia gn sia �jÐnousa

akoloujÐa kleist¸n upoq¸rwn, �ra mporoÔme na epilèxoume xn ∈ X me ‖xn‖ = 1 kai dist(xn, Xn+1) ≥ 1/2.
'Etsi gia k�je n > m èqoume

T (xm) − T (xn) = xm − (S (xn) − S (xm) + xn) = xm − x,

ìpou x ∈ Xm+1. 'Ara ‖T (xm) − T (xn)‖ ≥ dist(xm, Xm+1) ≥ 1/2. Epomènwc h T (xn) den mporeÐ na èqei

sugklÐnousa upakoloujÐa, �topo giatÐ h xn eÐnai �ragmènh kai o T sumpag c.]

'Eqoume loipìn ìti o S eÐnai 1-1 kai epÐ, �ra, apì �e¸rhma antÐstrofhc apeikìnishc, eÐnai antistrèyimoc,

�topo diìti 1 ∈ σ(T ). �

Je¸rhma. 'Estw X q¸roc Banach, kai T : X → X sumpag c. Tìte gia k�je r > 0 to sÔnolo

{λ ∈ σ(T ) : |λ| ≥ r}

eÐnai peperasmèno.

Apìdeixh. 'Estw ìti gia k�poio r > 0 to sÔnolo {λ ∈ σ(T ) : |λ| ≥ r} eÐnai �peiro. Epilègoume diakekrimènec
idiotimèc λ1, . . . , λn, . . . me |λn| ≥ r, kai èstw xn èna idiodi�nusma pou antistoiqeÐ sthn λn. Tìte ta xn eÐnai

grammik� anex�rthta. 'Etsi an �èsoume Xn = 〈x1, . . . , xn〉, tìte h Xn eÐnai mia gn sia aÔxousa akoloujÐa

kleist¸n upoq¸rwn. Epomènwc up�rqoun yn ∈ Xn me ‖yn‖ = 1 kai dist(yn, Xn−1) ≥ 1/2. Tìte gia n > m
èqoume

λ−1
n T (yn) − λ−1

m T (ym) = yn − (λ−1
m T (ym) − λ−1

n T (yn) + yn).

O pr¸toc ìroc sthn parènjesh an kei sto Xm ⊂ Xn−1 diìti an ym =
∑m

j=1 β jx j, tìte T (ym) =
∑m

j=1 β jλ jx j.

EpÐshc, an yn =
∑n

j=1 γ jx j, tìte yn−λ
−1
n T (yn) =

∑n−1
j=1 γ j(1−λ jλ

−1
n )x j ∈ Xn−1. 'Ara λ

−1
n T (yn)−λ−1

m T (ym) = yn− x,
ìpou x ∈ Xn−1. Epomènwc

‖T (λ−1
n yn) − T (λ−1

m ym)‖ = ‖yn − x‖ ≥ dist(yn, Xn−1) ≥ 1/2,

�topo, diìti h λ−1
n yn eÐnai �ragmènh kai o T sumpag c. �

Parat rhsh. Ta duo prohgoÔmena �ewr mata lène ìti an o T eÐnai sumpag c tìte to σ(T )r{0} apoteleÐtai
apì to polÔ arijm simec to pl joc idiotimèc me monadikì pijanì shmeÐo suss¸reushc to 0.

Par�deigma. DÐnoume mia enallaktik  apìdeixh ìti to ��sma tou oloklhrwtikoÔ telest  Volterra

T : C([0, 1])→ C([0, 1]) me

T ( f )(x) =
∫ x

0
f

eÐnai to {0}. ParathroÔme ìti gia f ∈ C([0, 1]) me ‖ f ‖∞ ≤ 1 èqoume |T ( f )(x) − T ( f )(y)| ≤ |x − y|, �ra, apì
�e¸rhma Ascoli, o T eÐnai sumpag c. EpÐshc, an T ( f ) = λ f gia k�poio λ kai k�poia f , tìte f = 0. 'Ara

o T − λI eÐnai 1-1, dhlad  o T den èqei idiotimèc. T¸ra, o T den eÐnai epÐ, �ra to 0 eÐnai stoiqeÐo tou

��smatoc. AfoÔ to ��sma eÐnai mh kenì kai ta mh mhdenik� stoiqeÐa tou eÐnai idiotimèc, prèpei kat�an�gkh

σ(T ) = {0}.

Par�deigma (H exÐswsh Fredholm). 'Estw K : [0, 1] × [0, 1] → C suneq c me ‖K‖∞ < 1. Tìte gia k�je

g ∈ C([0, 1]) up�rqei monadik  f ∈ C([0, 1]) tètoia ¸ste∫ 1

0
K(x, y) f (y) dy − f (x) = g(x)

gia k�je x. Pr�gmati, an �ewr soume ton telest  T : C([0, 1])→ C([0, 1]) me

T ( f )(x) =
∫ 1

0
K(x, y) f (y) dy,
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tìte o T eÐnai sumpag c. EpÐshc, an upojèsoume ìti T ( f ) = f gia k�poia f , 0 kai epilèxoume ξ ∈ [0, 1]
tètoio ¸ste | f (ξ)| = ‖ f ‖∞, tìte

‖ f ‖∞ = | f (ξ)| ≤
∫ 1

0
|K(ξ, y)| · | f (y)| dy ≤ ‖K‖∞‖ f ‖∞ < ‖ f ‖∞,

�topo. 'Ara o T − I eÐnai 1-1, dhlad  to 1 den eÐnai idiotim  tou T . Epomènwc 1 < σ(T ). Autì shmaÐnei ìti

o T − I eÐnai antistrèyimoc. Sunep¸c gia k�je g up�rqei monadik  f tètoia ¸ste T ( f ) − f = g.

Je¸rhma (Fredholm). 'Estw X q¸roc Banach, T : X → X sumpag c, kai λ ∈ C me λ , 0.
(1) dim X/(T − λI)(X) = dim ker (T − λI).
(2) dim ker (T − λI) = dim ker (T ∗ − λI).
(3) (T − λI)(X) = ⊥ker (T ∗ − λI).

Apìdeixh. MporoÔme na upojèsoume ìti λ = 1. Jètoume S = T − I.

(1) 'Estw Xn = ker S n. Tìte oi q¸roi Xn eÐnai peperasmènhc di�stashc giatÐ

S n = (−1)nI +
n∑

k=1

(
n
k

)
(−1)n−kT k = (−1)nI + A,

ìpou o A eÐnai sumpag c. EpÐshc, S (Xn) ⊂ Xn−1 ⊂ Xn. Dhlad , h Xn eÐnai mia aÔxousa akoloujÐa

S - analloÐwtwn kleist¸n upìqwrwn. Isqurizìmaste ìti up�rqei N tètoio ¸ste XN = XN+1.

[Apìdeixh : An den up�rqei tètoio N, tìte h Xn eÐnai gn sia aÔxousa, epomènwc gia k�je n > 1
mporoÔme na epilèxoume xn ∈ Xn me ‖xn‖ = 1 kai dist(xn, Xn−1) ≥ 1/2. 'Etsi gia k�je n > m èqoume

T (xn) − T (xm) = xn − (S (xm) − S (xn) + xm) = xn − x,

ìpou x ∈ Xn−1. 'Ara ‖T (xn)−T (xm)‖ ≥ 1/2. Epomènwc h T (xn) den èqei sugklÐnousa upakoloujÐa,

�topo, afoÔ h xn eÐnai �ragmènh kai o T sumpag c.]

Jètoume t¸ra Y = XN kai �ewroÔme ton telest  T ′ : X/Y → X/Y me T ′(x + Y) = T (x) + Y. O T ′

eÐnai kal� orismènoc (giatÐ o Y eÐnai S - analloÐwtoc, �ra kai T - analloÐwtoc), kai sumpag c.
EpÐshc, an �èsoume S ′ = T ′ − I, tìte o S ′ eÐnai 1-1. Dhlad  to 1 den eÐnai idiotim  tou T ′, �ra
1 < σ(T ′) (diìti o T ′ eÐnai sumpag c). Epomènwc o S ′ eÐnai epÐ. Autì shmaÐnei ìti X = S (X) + Y,
�ra dim(X/S (X)) = dim Y −dim(S (X)∩Y). All� S (X)∩Y = S (Y) kai dim S (Y) = dim Y −dim ker S ,
apì to opoÐo sunep�getai to sumpèrasma.

(2) Qrhsimopoi¸ntac to (1), kai ìti (X/S (X))∗ � S (X)⊥ paÐrnoume

dim ker S = dim X/S (X) = dim(X/S (X))∗ = dim S (X)⊥ = dim ker S ∗.

(3) AfoÔ to S (X) eÐnai kleistì, èqoume

S (X) = S (X) = ⊥(S (X)⊥) = ⊥ker S ∗.

�

Pìrisma. 'Amesh sunèpeia tou (1) sto prohgoÔmeno �e¸rhma eÐnai ìti h exÐswsh T (x) − λx = y èqei lÔsh

gia k�je y ∈ X an kai mìno an h exÐswsh T (x) = λx èqei monadik  lÔsh (thn x = 0).

Je¸rhma (Lomonosov). 'Estw X q¸roc Banach me dim X > 1, kai T : X → X sumpag c. Tìte o X èqei mh

tetrimmèno, kleistì, T - analloÐwto upìqwro.

Apìdeixh. Upojètoume ìti ‖T‖ = 1, epilègoume x0 me ‖x0‖ > 1 kai ‖T (x0)‖ > 1, kai �ètoume K = T (B(x0, 1)).
Tìte to K eÐnai sumpagèc kai 0 < K. Ac upojèsoume t¸ra ìti o X den èqei mh tetrimmèno, kleistì,

T - analloÐwto upìqwro. Tìte, gia k�je y , 0, to sÔnolo {p(T )(y) : p polu¸numo} eÐnai puknì diìti h

kleistìtht� tou eÐnai T - analloÐwth. Epomènwc, afoÔ 0 < K, h oikogèneia {Vp : p polu¸numo}, ìpou

Vp = {y : ‖p(T )(y) − x0‖ < 1}, eÐnai anoiqt  k�luyh tou K. 'Ara up�rqei èna peperasmèno sÔnolo

poluwnÔmwn F tètoio ¸ste

K ⊂
⋃
p∈F

Vp.
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Jètoume C = max{‖p(T )‖ : p ∈ F}. AfoÔ t¸ra T (x0) ∈ K, up�rqei p1 ∈ F tètoio ¸ste ‖(p1(T )T )(x0)− x0‖ < 1.
All� tìte (T p1(T )T )(x0) ∈ K, �ra up�rqei p2 ∈ F tètoio ¸ste ‖(p1(T )p2(T )T 2)(x0) − x0‖ < 1. SuneqÐzontac
me ton Ðdio trìpo, paÐrnoume mia akoloujÐa poluwnÔmwn pn tètoia ¸ste∥∥∥∥∥∥∥

T n
n∏

k=1

pk(T )

 (x0) − x0

∥∥∥∥∥∥∥ < 1.

Sunep¸c

‖x0‖ − 1 <

∥∥∥∥∥∥∥
T n

n∏
k=1

pk(T )

 (x0)

∥∥∥∥∥∥∥ ≤ Cn‖T n‖ · ‖x0‖.

'Ara

ρ(T ) = lim
n
‖T n‖1/n ≥

1
C
.

Autì shmaÐnei ìti to ��sma perièqei toul�qisto èna mh mhdenikì stoiqeÐo to opoÐo eÐnai idiotim  diìti o T
eÐnai sumpag c. O antÐstoiqoc idiìqwroc eÐnai mh tetrimmènoc, kleistìc, T - analloÐwtoc upìqwroc, �topo.
'Ara o X èqei mh tetrimmèno, kleistì, T - analloÐwto upìqwro !! �
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