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An�lush II: Full�dio 4

(Par�dosh: 10 IounÐou 2008)

1. 'Estw X ènac topik� kurtìc q¸roc kai èstw (xn) akoloujÐa ston X me xn → 0.
DeÐxte ìti

yn :=
x1 + · · ·+ xn

n
→ 0.

2. 'Estw X ènac pragmatikìc topik� kurtìc q¸roc kai èstw A,B mh ken�, xèna
kurt� uposÔnola tou X ¸ste 0 /∈ A−B. DeÐxte ìti up�rqei suneqèc grammikì
sunarthsoeidèc f : X → R ¸ste

sup{f(x) : x ∈ B} < inf{f(x) : x ∈ A}.

3. 'Estw L0 o q¸roc twn Lebesgue metr simwn sunart sewn f : [0, 1] → R (dÔo
sunart seic tautÐzontai an eÐnai sqedìn pantoÔ Ðsec). OrÐzoume mia topologÐa T
ston L0 paÐrnontac san b�sh perioq¸n tou 0 thn akoloujÐa twn sunìlwn

Bn =
{

f ∈ L0 : λ({x : |f(x)| > 1/n}) <
1
n

}

kai thn {f + Bn : n ∈ N} san b�sh perioq¸n thc f ∈ L0. DeÐxte ìti:
(a) O (L0, T ) eÐnai topologikìc grammikìc q¸roc.
(b) O (L0, T ) den eÐnai topik� kurtìc (upìdeixh: gia k�je n ∈ N, co(Bn) = L0).
(g) L∗0 = {0}.

4. 'Estw X ènac apeirodi�statoc q¸roc Banach.
(a) DeÐxte ìti SX

w
= BX .

(b) DeÐxte ìti h sun�rthsh ‖ · ‖ : (X, w) → R me x 7→ ‖x‖ den eÐnai suneq c se
kanèna shmeÐo tou X.
5. 'Estw {xn} akoloujÐa ston `p, 1 ≤ p < ∞. Gr�foume xn = (xnk)k∈N.

(a) An 1 < p < ∞, deÐxte ìti xn
w−→ 0 an kai mìno an (i) up�rqei M > 0 ¸ste

‖xn‖p ≤ M gia k�je n, kai (ii) lim
n→∞

xnk = 0 gia k�je k.

(b) An p = 1, deÐxte ìti xn
w∗−→ 0 an kai mìno an (i) up�rqei M > 0 ¸ste ‖xn‖1 ≤ M

gia k�je n, kai (ii) lim
n→∞

xnk = 0 gia k�je k.

6. 'Estw (en) h sun jhc b�sh tou `2. JewroÔme to sÔnolo

A = {em + men : 1 ≤ m < n, m, n ∈ N}.
DeÐxte ìti to 0 an kei sthn w�kleist  j kh tou A all� den up�rqei akoloujÐa (ak)
sto A me ak

w−→ 0.



7. 'Estw X ènac q¸roc Banach. DeÐxte ìti o X∗ eÐnai w∗�akoloujiak� pl rhc: an
x∗n ∈ X∗ kai gia k�je x ∈ X h akoloujÐa (x∗n(x)) eÐnai akoloujÐa Cauchy, tìte
up�rqei x∗0 ∈ X∗ ¸ste x∗n

w∗−→ x∗0.
8. 'Estw X ènac autopaj c q¸roc Banach, èstw (xn) mia fragmènh akoloujÐa ston
X kai x0 ∈ X. OrÐzoume

Kn = co{xm : m ≥ n}‖·‖.

DeÐxte ìti xn
w−→ x0 an kai mìno an

⋂∞
n=1 Kn = {x0}.

9. 'Estw (xn) fragmènh akoloujÐa se ènan q¸ro Banach X. Upojètoume ìti
up�rqei akoloujÐa (x∗k) ston X∗ me X∗ = span{x∗k : k ∈ N} kai lim

n→∞
x∗k(xn) = 0

gia k�je k. DeÐxte ìti xn
w−→ 0.

10. 'Estw (xn) akoloujÐa Cauchy se ènan q¸ro X me nìrma. An xn
w−→ 0 tìte

‖xn‖ → 0.
11. 'Estw X ènac q¸roc Banach kai èstw A ⊆ X∗. DeÐxte ìti to A diaqwrÐzei ta
shmeÐa tou X an kai mìno an span(A)

w∗
= X∗.

12. JewroÔme ton X = (C[0, 1], ‖ ·‖∞). BreÐte to ex(BX). DeÐxte ìti o X den eÐnai
isometrik� isìmorfoc me duðkì q¸ro.
13. 'Estw X ènac pragmatikìc topik� kurtìc q¸roc kai èstw K sumpagèc kai
kurtì uposÔnolo tou X. An E ⊆ K, deÐxte ìti ta ex c eÐnai isodÔnama:

(a) K = co(E).
(b) Gia k�je suneqèc grammikì sunarthsoeidèc f : X → R,

sup
x∈K

f(x) = sup
x∈E

f(x).

14. 'Estw X diaqwrÐsimoc q¸roc Banach kai èstw (xn) fragmènh akoloujÐa ston
X. DeÐxte ìti ta ex c eÐnai isodÔnama:

(a) xn
w−→ x.

(b) x∗(xn) → x∗(x) gia k�je x∗ ∈ ex(BX∗)
w∗

.
15. 'Estw X ènac q¸roc Banach kai Y ènac kleistìc upìqwroc tou X. 'Eqoume
dei ìti o Y ∗ eÐnai isometrik� isìmorfoc me ton X∗/N(Y ) (deÐte tic ask seic thc
paragr�fou 2.3). DeÐxte ìti gia k�je [x] ∈ ex(BX∗/N(Y )) up�rqei x1 ∈ [x] me
x1 ∈ ex(BX∗).

ParadÐdete okt¸ apì tic Ask seic.


