EXERCISES

OPERATOR THEORY MODULE, OCTOBER 2025

1. ELEMENTARY SPECTRAL THEORY FOR BANACH ALGEBRAS

Exercise 1.1. Let (A))xca denote a family of Banach algebras. The direct sum
A= ®y\A,
is the set of all (ay) € [], Ax such that

sup [lax || < oo
AeA

Show that this space is a Banach algebra under the pointwise operations:

(ax) + (bx) = (ax +ba), pu(ar) = (nax), (ax)(br) = (arbyr),
and the norm given by
[[(@x)] := sup [|ax]|.
AEA

Show that A is unital if and only if every A is unital. Show that A is abelian if and only if
every A, is abelian.
The restricted sum
B := EB;O Ay
is the set of all elements (ay) € A such that for each € > 0 there exists a finite subset F' of A for
which |lay|| < e if A € A\ F. Show that B is a closed ideal in A.

[Hint: Mimic the case of £*° and c.]

Exercise 1.2. Let A be a Banach algebra and {2 a non-empty set. Denote by £*°(€2, A) the set of
all bounded maps f: Q — A. Show that £°°(£2, A) is a Banach algebra with the pointwise-defined
operations and norm given by

1f1 := sup || f(w)]]-
wel
If Q is a compact Hausdorff space, show that the set
C(QA)={f:Q— A| f continuous}
is a closed subalgebra of £>°(Q2, A).
[Hint: For the first part compare with the construction in the first exercise. For the second part
mimic the case of C(Q2) in £*°(Q).]

Exercise 1.3. Give an example of a unital non-abelian Banach algebra A in which 0 and A are
the only closed ideals.

Exercise 1.4. Let C[z] denote the single-variable C-valued polynomials equipped with the
pointwise operations and norm

[pl| := sup |p(2)]|.

j2l=1

Is this a Banach algebra?

Exercise 1.5. Let A be a unital Banach algebra. Show the following:
(i) If a is invertible in A show that o(a™1) = {\"1 | A € o(a)}.
(ii) If p(a) = 0 for a € A and p € Clz] such that p(a) = 0 show that p(\) = 0 for all
A€ o(a).
(iii) For any a € A and n € N we have r(a™) = r(a)".
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(iv) If A is abelian show that the Gelfand representation is isometric if and only if ||a?|| =

l|la||? for all @ € A.

Exercise 1.6. Let H = /2(N) be the Hilbert space with inner product

oo
<$7 y> = Z Tnln -
n=1

Let S € B(£?(N) be defined by
S(]Jl,xg, .. ) = (0,331,33‘2, e )
Find S* and show that for every A € D there exists an = € ¢2(N) such that S*z = A\z. Deduce
that B
o(S)=o(S*) =D.
[Hint: Compare o(S) with o(5*).]

Exercise 1.7. Let H = (%(Z) be the Hilbert space with inner product

<$7y>: Z TnYn-

n=—0oo

Let U € B(/*%(Z) be defined by Ue,, = e, 11, where {e,}nez is the orthonormal basis.
Find U* and show that U (and U*) is a unitary. Show that

o(U) =0a(U) =T,
where 0,(U) is the approximate point spectrum.
[Hint: Compare o(U) with o(U*). For every A € T investigate what happens to

1 n
1 _— :‘? pu— k:
hqgn(/\IH U)x, =7 for =z, o 1 k_g_ Ny,

n

where {e,,},, is the orthonormal basis of £(Z). Note that \' = X for A € T.]



