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'Askhsh 1 An P,Q eÐnai probolèc se èna q¸ro Hilbert H, deÐxte ìti o
telest c P + Q einai probol  an kai mìnon an PQ = 0, an kai mìnon an
QP = 0, an kai mìnon an ‖P +Q‖ ≤ 1.

'Askhsh 2 Let M1,M2 be closed orthogonal subspaces, M = M1⊕M2 and
P = P (M2). If A = Alg(M1,M) = {A ∈ B(H) : A(M1) ⊆M1 and A(M) ⊆
M}, the map A→ PAP |M2 preserves products on A, not *.

Conversely, if A ⊆ B(H) is a subalgebra and P = P (N) a projection
such that A → PAP preserves products on A, then the closed subspace N
is semi-invariant for A, i.e. there are A-invariant subspaces K ⊆ L such
that N = K ∩ L⊥.

'Askhsh 3 'Estw Da ∈ B(`2) o diag¸nioc telest c Daen = a(n)en (n ∈ N)
ìpou a = (a(n)) ∈ `∞.

(a) DeÐxte ìti o Da eÐnai fusiologikìc kai ‖Da‖ = ‖a‖∞.
(b) DeÐxte ìti h apeikìnish `∞ → B(`2) : a → Da eÐnai isometrikìc *-

morfismìc algebr¸n.
(g) BreÐte to σp(Da) kai to σ(Da).
(d) An p polu¸numo, deÐxte ìti ‖p(Da)‖ = sup{|p(λ)| : λ ∈ σp(Da)} .

'Askhsh 4 'Estw T ∈ B(L2([0, 1]) o telest c Tf(t) = tf(t) (f ∈ L2([0, 1]),
t ∈ [0, 1]). DeÐxte ìti σp(T ) = ∅ kai breÐte to σ(T ).

'Askhsh 5 An A = A∗ ∈ B(H) deÐxte ìti σ(A) ⊆ [a, b] ìpou
a = inf{〈Ax, x〉 : ‖x‖ = 1} kai b = sup{〈Ax, x〉 : ‖x‖ = 1}. Na sumper�nete
ìti ‖A‖ = max{|a|, |b|}.

'Askhsh 6 (a) 'Estw U : `2(Z)→ `2(Z) o telest c thc amfÐpleurhc meta-
tìpishc (bilateral shift) Uek = ek+1, (k ∈ Z). DeÐxte ìti σ(U) = T.

(b) An S : `2(Z+) → `2(Z+) o periorismìc tou U ston (kleistì, U -
analloÐwto) upìqwro `2(Z+) pou par�getai apì ta {ek : k ≥ 0} (dhl. eÐnai h
kleist  grammik  touc j kh). DeÐxte ìti σ(S) = D.

'Eqoun autoÐ oi telestèc idiotimèc? Oi suzugeÐc touc?

'Askhsh 7 DeÐxte ìti den up�rqei telest c T ∈ B(C2) ¸ste T 2 = ( 0 0
1 0 ).

Genikìtera, deÐxte ìti to unilateral shift S ∈ B(`2(Z+) den èqei tetragwnik 
rÐza. TÐ sumbaÐnei gia to bilateral shift U ∈ B(`2(Z)?


