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O qw'roc L2(T) (ìpou T = {eix : x ∈ (−π, π]} h monadiaÐa perifèreia)
eÐnai efodiasmenoc me to eswterikì ginìmeno

〈f, g〉 =
1
2π

∫ π

−π
f(eix)g(eix)dx.

Onom�zoume fk(z) = zk.

'Askhsh 1 Qrhsimopoi¸ntac to Je¸rhma Stone - Weierstrass, deÐxte ìti h
oikogèneia {fk : k ∈ Z} eÐnai orjokanonik  b�sh tou L2(T).

An f ∈ L2(T), gr�foume f̂(k) = 〈f, fk〉 , (k ∈ Z). O metasqhmatismìc
Fourier :

F : L2(T) → `2(Z) : f → (f̂(k))k∈Z

eÐnai isometrÐa epÐ.
OrÐzoume

H2(T) = {f ∈ L2(T) : f̂(−k) = 0 gia k = 1, 2, . . .}.

'Askhsh 2 An tautÐsoume ton `2(N) me ton kleistì upìqwro tou `2(Z) pou
par�getai apì ta {en : n = 0, 1, 2, . . .}, tìte F(H2(T)) = `2(N).

(ParathreÐste ìti k�je f ∈ H2(T) orÐzei mia olìmorfh sun�rthsh F : D → C
apì ton tÔpo

F (z) =
∞∑

k=0

f̂(k)zk.)

SumbolÐzoume ζ th sun�rthsh ζ(z) = z, (z ∈ T) kai orÐzoume

Ũ : L2(T) → L2(T) : f → ζf.

'Askhsh 3 DeÐxte ìti o Ũ eÐnai isometrÐa epÐ, breÐte ton Ũ∗ kai ton FŨF−1.

'Askhsh 4 DeÐxte ìti Ũ(H2(T)) ⊆ (H2(T)) all� Ũ∗(H2(T)) * (H2(T)) .

OrÐzoume ton telest 

S̃ : H2(T) → H2(T) : f → ζf

dhlad  S̃ = Ũ |H2(T).

'Askhsh 5 DeÐxte ìti o S̃ eÐnai isometrÐa, breÐte ton S̃∗ kai ton F S̃F−1.
EÐnai o S̃ epÐ?

'Askhsh 6 An E ⊆ [0, 1] eÐnai sÔnolo Borel, jètoume

ME = {f ∈ L2(T) : f(z) = 0 sqedìn gia k�je z ∈ Ec}.

DeÐxte ìti o ME eÐnai kleistìc upìqwroc tou L2(T) kai ìti an�gei ton Ũ .

Je¸rhma 0.1 (Wiener) K�je kleistìc upìqwroc tou L2(T) pou an�gei

ton Ũ eÐnai thc morf c ME , ìpou E ⊆ [0, 1] eÐnai sÔnolo Borel.



An φ ∈ L∞(T) kai |φ(z)| = 1 sqedìn pantoÔ (p.q. φ(z) = zm), jètoume

Nφ = φL2(T) = {φf : f ∈ L2(T)}.

'Askhsh 7 O Nφ eÐnai kleistìc upìqwroc tou L2(T), kai eÐnai Ũ analloÐ-
wtoc all� ìqi an�gwn.

Je¸rhma 0.2 K�je kleistìc upìqwroc tou L2(T) pou eÐnai Ũ -analloÐwtoc

all� den an�gei ton Ũ eÐnai thc morf c aut c.

OrÐzoume

H∞(T)) = {f ∈ L∞(T) : f̂(−k) = 0 gia k = 1, 2, . . .} = H2(T) ∩ L∞(T).

[Parat rhse ìti an f ∈ H∞(T) tìte h antÐstoiqh sun�rthsh F : D → C eÐnai
olìmorfh kai fragmènh ston D.]

MÐa φ ∈ H∞(T) lègetai eswterik  an |φ(z)| = 1 sqedìn pantoÔ.

'Askhsh 8 An φ eÐnai eswterik , o

Kφ = φH2(T) = {φf : f ∈ H2(T)}.

eÐnai kleistìc upìqwroc tou H2(T) kai eÐnai S̃ analloÐwtoc.

Je¸rhma 0.3 (Beurling) K�je kleistìc upìqwroc tou H2(T) pou eÐnai

S̃-analloÐwtoc eÐnai thc morf c Kφ ìpou φ eswterik , monadik  modulo sta-

jerèc.


