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'Askhsh 1 'Estw a = (an) akoloujÐa arijm¸n. Gia k�je x = (xn) ∈ `2,
jètoume Da(x) = (anxn). DeÐxte ìti Da(`2) ⊆ (`2) an kai mìnon an a ∈ `∞.

'Askhsh 2 DeÐxte ìti ènac ∞×∞ pÐnakac (aij) orÐzei fragmèno telest 
`2 → `2 an kai mìnon an apeikonÐzei ton `2 ston eautì tou, dhlad  an x =
(xn) ∈ `2 tìte gia k�je n ∈ N h seir�

∑
k ankxk sugklÐnei kai (

∑
k ankxk)n ∈

`2. [Upìdeixh: Arq  Omoiomìrfou fr�gmatoc.]

'Askhsh 3 'Estw k : [0, 1]× [0, 1] → C suneq c sun�rthsh.

(a) DeÐxte ìti gia k�je f ∈ C[0, 1] to olokl rwma
∫ 1
0 k(x, y)f(y)dy up�r-

qei gia k�je x ∈ [0, 1] kai orÐzei suneq  sun�rthsh Akf : [0, 1] → C apì ton
tÔpo

(Akf)(x) =
∫ 1

0
k(x, y)f(y)dy.

ApodeÐxte thn anisìthta∫ 1

0
|(Akf)(x)|2dx ≤ ‖k‖2

22

∫ 1

0
|f(y)|2dy

(ìpou ‖k‖2
22 =

∫∫
|k(x, y)|2dxdy).

(b) Proairetik�: 'Idia �skhsh me f ∈ L2[0, 1].

'Askhsh 4 An f ∈ C[0, 1], jètoume

(V f)(x) =
∫ x

0
f(t)dt (x ∈ [0, 1]).

DeÐxte ìti h apeikìnish V epekteÐnetai se fragmèno telest  apì ton L2[0, 1]
ston L2[0, 1].

'Askhsh 5 An C1(0, 1) eÐnai oi suneq¸c paragwgÐsimec sunart seic f :
(0, 1) → C, jewroÔme thn apeikìnish

D : (C1(0, 1), ‖·‖2) → (L2(0, 1), ‖·‖2) : f → f ′

(ìpou ‖·‖2 h nìrma tou L2(0, 1). DeÐxte ìti h D DEN eÐnai suneq c. An

orÐsoume ‖f‖D ≡
√
‖f‖2

2 + ‖f ′‖2
2, tìte h ‖·‖D eÐnai nìrma pou proèrqetai apì

eswterikì ginìmeno kai h apeikìnish

D : (C1(0, 1), ‖·‖D) → (L2(0, 1), ‖·‖2) : f → f ′

EINAI suneq c.

'Askhsh 6 'Estw g : [0, 1] → C suneq c sun�rthsh. OrÐzoume ton oloklh-
rwtikì telest  Kg : L2[0, 1] → L2[0, 1] apì ton tÔpo

(Kgf)(x) =
∫ 1

0
g(x− y)f(y)dy (f ∈ L2[0, 1]).

BreÐte ton pÐnaka tou telest  Kg wc proc thn orjokanonik  b�sh {fk : k ∈
Z}, ìpou fk : [0, 1] → C : t → e2πikt.


