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Another 'short' proof of the Riesz representation theorem

BY D. J. H. GARLING

St John's College, Cambridge

(Received 3 July 1985; revised 28 August 1985)

1. Introduction. In [2], a short synthetic proof of the Riesz representation theorem
was given; this used the Hahn-Banach theorem, the Stone-Cech compactification of
a discrete space and the Caratheodory extension procedure for measures. In this note,
we show how the theorem can be proved using ultrapowers in place of the Stone-Cech
compactification. We also describe how the proof can be expressed in a non-standard
way (a rather different non-standard proof has been given by Loeb [4]).

2. The Riesz representation theorem. We prove this in the same form as in [2]:

THEOREM. If F is a positive linear functional on the space C(X) of continuous real-
valued functions on a compact Hausdorff space X, then there exists a unique Baire measure
n on X such that

F(f) = f fdn for each fin C(X).
J x

Proof. By the Hahn-Banach theorem there is a linear functional G on the Banach
space Ba6(JT) of bounded Baire-measurable functions on X with the supremum norm,
which extends F, and with ||£|| = ||.F|| = F(l). Since \\G\\ = G(l), G is a positive linear
functional on Ba6(X). If A eBaire (X), let v(A) = G(xA)- ^ is a finitely additive set
function.

Now let % be a free ultrafilter on the integers, and let X/<% be the set-theoretic
ultrapower of X. If a ; / t e l / t , let j(x) = lin%a;(i), the limit of x(i) along the ultra-
filter fy.

If A is a subset of X, let A/& = {x/tft: x(i) eA almost certainly}. Since

A/% U B/W = (A u B)/<% and C(A)/<% = C(A/<%)

the set R = {A/<%: A a Baire set} is an algebra. If A/<%eR, let \{A/%) = v(A). A is
finitely additive on R and, since every decreasing sequence of non-empty sets in R has
a non-empty intersection, A is trivially tr-additive. By the usual Caratheodory extension
procedure, A extends to a measure /i on the cr-algebra cr(R) generated by R.

Now if E is a closed Gs subset of X, there exists a decreasing sequence (0^ of open
subsets of X such that E = r\tLiOt and Oi+1 £ Ot for each i. It follows from the
definition of j that j-\E) = ftiliiOJfy). Thus j is o-^-to-Baire measurable. Let n
be the image of /i under j , restricted to the Baire sets: if A is a Baire set in X then
n(A) = ii(j-\A)).

Next suppose that feC(X) and that 0 sS/< 1. Let CUn = {x:f(x) >j/n}, let
Dj>n,m = {x:/(x) > j/n — l/m} and let Ijtn<m be the characteristic function of D^ n m.
As above, Z>,,n>m+1 <= DUn>m and C,.n = flS-i#>.»,»,. s o t h a t

n(Chn) = lim G(IjtntJ.
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Thus [fdn = Km V - (Cit „)
J n-Koj = 0 n

) .= lim lim G(S -hn,m

But ||S"=o (Vn)-^,n,m~/IU < 1/n + l/mfoTm > w,andsoitfollowsfromthecontinuity
of G that J/^TT = <?(/). Thus TT represents F; the uniqueness of 77 follows from the
regularity of TT and Urysohn's lemma.

3. Non-standard methods. The key to this proof is of course the fact that A is trivially
cr-additive. A similar fact is the key to the proof given in [2] and is also the key to the
construction of Loeb measure in non-standard measure theory. In fact, the proof given
here can be put (with slight adjustments) in a non-standard form, as we now describe.
We use the notation and terminology of [1], which contains details of non-standard
methods, and of Loeb measures, that are used.

Let G and v be obtained as above. Let V(S) be a superstructure which contains C(X),
and let * V(S) be an ^-saturated non-standard universe. Then *v is a finitely additive
mapping from *(Baire (X)) into *[0, \\G\\]. By Loeb's theorem ([1], theorem 3-1), we can
construct the Loeb-measure space (*X, i(*(Baire (X))), L{*v)).

Now let j be the standard part map from *X to X. Arguments similar to those
given above show that^' is L(*(Baire(X)))-to-Baire measurable (this was shown by
Henson [3]), and that if n is the image of L[*v) under j then \fdn = F(f) for each/
in C(X).

Comparing the two arguments, we see that R = {*A: A e Baire (X)}, a proper
subset of *(Baire (X)) and that A is the restriction of *v to R, /u the restriction of
L(*v) to <r(R).
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