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1. Upojètoume pr¸ta ìti ta A kai B eÐnai fragmèna, dhlad  up�rqoun diast mata I kai J ¸ste:
A ⊆ I kai B ⊆ J . DeÐqnoume diadoqik� ta ex c:

1. λ∗2(A×B) ≤ λ1(A)λ2(B). JewroÔme tuqoÔsec kalÔyeic {Rm}∞m=1 kai {Qn}∞n=1 twn A kai
B. Tìte, h {Rm ×Qn}∞m,n=1 eÐnai k�luyh tou A×B. 'Ara,

λ∗2(A×B) ≤
∞∑

n,m=1

vol(Rm ×Qn) =
∞∑

n,m=1

vol(Rm)vol(Qn)

=

( ∞∑
m=1

vol(Rm)

)( ∞∑
n=1

vol(Qn)

)
.

P�rte infimum wc proc ìlec tic dunatèc kalÔyeic.

2. To A×B eÐnai Lebesgue metr simo. Pr�gmati, up�rqoun Fσ sÔnola E, F kai sÔnola N,Z
mhdenikoÔ mètrou ¸ste A = E ∪N kai B = F ∪ Z. Tìte,

A×B = (E ∪N)× (F ∪ Z) = (E × F ) ∪ (N × F ) ∪ (E × Z) ∪ (N × Z).

To E × F eÐnai Fσ sÔnolo kai ta upìloipa trÐa sÔnola eÐnai mhdenikoÔ mètrou (apì to
prohgoÔmeno b ma). 'Ara, to A×B eÐnai Lebesgue metr simo.

3. Parathr ste ìti

I × J = (A×B) ∪ ((I \A)×B) ∪ (A× (J \B)) ∪ ((I \A)× (J \B)).

'Ola ta sÔnola eÐnai metr sima apì to deÔtero b ma. 'Ara,

λ1(I)λ1(J) = λ2(I × J)
= λ2(A×B) + λ2((I \A)×B) + λ2(A× (J \B)) + λ2((I \A)× (J \B))
≤ λ1(A)λ1(B) + λ1(I \A)λ1(B) + λ1(A)λ1(J \B) + λ1(I \A)λ1(J \B)
= [λ1(A) + λ1(I \A)] · [λ1(B) + λ1(J \B)]
= λ1(I)λ1(J).

Prèpei na èqoume pantoÔ isìthtec: eidikìtera, λ2(A×B) = λ1(A)λ2(B).

Gia th genik  perÐptwsh, jewroÔme ta diast mata In = [−n, n] kai orÐzoume An = A ∩ In, Bn =
B ∩ In. Tìte, An ×Bn ↗ A×B, �ra to A×B eÐnai Lebesgue metr simo. EpÐshc,

λ2(A×B) = lim
n→∞

λ2(An ×Bn) = lim
n→∞

λ1(An)λ1(Bn) = λ1(A)λ1(B).

2. MimoÔmaste thn kataskeu  tou sunìlou tou Cantor. JewroÔme to di�sthma I0 = [0, 1] kai to
qwrÐzoume se dèka Ðsa diast mata. AfairoÔme to tètarto kleistì di�sthma

[
4
10 , 5

10

]
. Onom�zoume

I1 to sÔnolo pou apomènei, to opoÐo apoteleÐtai apì ennèa diast mata m kouc 1
10 .

QwrÐzoume kajèna apì aut� se dèka Ðsa diast mata kai afairoÔme to tètarto kleistì di�sthma.
Onom�zoume I2 to sÔnolo pou apomènei. SuneqÐzontac me autìn ton trìpo, kataskeu�zoume gia
k�je n = 1, 2, . . . èna sÔnolo In ètsi ¸ste h akoloujÐa (In) na èqei tic ex c idiìthtec:

1. In ⊃ In+1 gia k�je n ≥ 0.

2. To In eÐnai h ènwsh 9n kleist¸n diasthm�twn, kajèna apì ta opoÐa èqei m koc 1
10n .

OrÐzoume C =
⋂∞

n=0 In. To C eÐnai metr simo kai apì thn λ(In) = 9n/10n èpetai ìti λ(C) = 0.
Parathr ste ìti to x ∈ [0, 1] den èqei dekadikì an�ptugma pou na perièqei to yhfÐo 4 an kai mìno
an x ∈ C.



3. DeÐqnoume pr¸ta to ex c: an W eÐnai èna sumpagèc uposÔnolo tou Rk me λ(W ) > 0, tìte, gia
k�je 0 < β < λ(W ) mporoÔme na broÔme sumpagèc V ⊂ W ¸ste λ(V ) = β.
Apìdeixh. AfoÔ to W eÐnai sumpagèc, mporoÔme na broÔme kleistì di�sthma [a, b] ⊂ R kai kleistì
di�sthma Q ⊂ Rk−1 ¸ste W ⊆ Q1 := [a, b]×Q. OrÐzoume f : [a, b] → R me

f(t) = λ(W ∩ {x = (x1, . . . , xk) ∈ Q1 : a ≤ x1 ≤ t}).

H f eÐnai suneq c: deÐxte ìti

|f(t)− f(s)| ≤ λk−1(Q) |t− s|.

AfoÔ f(a) = 0 kai f(b) = λ(W ), o isqurismìc èpetai apì to je¸rhma endi�meshc tim c.

'Estw t¸ra E kai F dÔo sumpag  uposÔnola tou Rk me E ⊂ F kai λ(E) < λ(F ). 'Estw
α ∈ (

λ(E), λ(F )
)
. AfoÔ α−λ(E) < λ(F \E), mporoÔme na broÔme sumpagèc sÔnolo W ⊆ F \E

me λ(W ) > α − λ(E). Efarmìzontac ton isqurismì, brÐskoume sumpagèc V ⊂ W ¸ste λ(V ) =
α− λ(E). An jèsoume K = E ∪ V , èqoume ìti to K eÐnai sumpagèc, E ⊂ K ⊂ F kai λ(K) = α.

4. Apì ton orismì tou exwterikoÔ mètrou, gia k�je ε > 0 mporoÔme na broÔme akoloujÐa {Jn}
anoikt¸n diasthm�twn ¸ste A ⊆ ⋃∞

n=1 Jn kai

∞∑
n=1

λ(Jn) < (1 + ε)λ∗(A).

Apì thn upoprosjetikìthta tou λ∗ paÐrnoume

λ∗(A) ≤
∞∑

n=1

λ∗(A ∩ Jn).

Apì tic parap�nw anisìthtec èpetai ìti, gia k�poio m ∈ N,

λ∗(A ∩ Jm) ≥ 1
1 + ε

λ∗(Jm).

PaÐrnontac ε = 1
α − 1 èqoume to zhtoÔmeno.

5. To epiqeÐrhma thc prohgoÔmenhc 'Askhshc douleÔei ston Rk gia opoiond pote k ∈ N. Mpo-
roÔme epÐshc na upojèsoume ìti oi korufèc twn diasthm�twn Jn èqoun korufèc me rhtèc sunte-
tagmènec.

Efarmìzontac to parap�nw sta E kai F , mporoÔme na broÔme diast mata I0 kai J0 me {rhtèc
korufèc}, ¸ste

(∗) λ(E ∩ I0) ≥ 3
4
λ(I0) kai λ(F ∩ J0) ≥ 3

4
λ(J0).

Isqurismìc. MporoÔme na broÔme m,n ∈ N ¸ste ta I0 kai J0 na qwrÐzontai se m kai n Ðsouc
mh epikaluptìmenouc kÔbouc antÐstoiqa (�skhsh: qrhsimopoi ste to gegonìc ìti oi akmèc twn I0

kai J0 èqoun rht� m kh).
H (∗) kai èna epiqeÐrhma ìmoio me autì thc 'Askhshc 4 deÐqnoun ìti up�rqoun kÔboi I1 kai J1

pou èqoun to Ðdio m koc akm c, ¸ste

λ(E ∩ I1) ≥ 3
4
λ(I1) kai λ(F ∩ J1) ≥ 3

4
λ(J1).

Me �lla lìgia, up�rqei kÔboc I me kèntro to 0 kai up�rqoun x, y ∈ Rk ¸ste

λ((E − x) ∩ I) ≥ 3
4
λ(I) kai λ((F − y) ∩ I) ≥ 3

4
λ(I).

'Epetai ìti
λ((E − x) ∩ (F − y) ∩ I) ≥ 1

2
λ(I) > 0.



Jètoume B = (E − x) ∩ (F − y). Apì to L mma tou Steinhaus, to B − B perièqei di�sthma me
kèntro to 0. AfoÔ

E − F − (x + y) = (E − x)− (F − y) ⊇ B −B,

sumperaÐnoume ìti to E − F perièqei di�sthma. Antikajist¸ntac to F me to −F paÐrnoume to
zhtoÔmeno.

6. DeÐxte diadoqik� ta ex c:

1. An to F ⊆ Rk eÐnai sumpagèc tìte to T (F ) eÐnai sumpagèc.

2. An to E ⊆ Rk eÐnai Fσ�sÔnolo tìte to E mporeÐ na grafteÐ san arijm simh ènwsh sumpag¸n
uposunìlwn tou Rk. Apì to prohgoÔmeno b ma, to T (E) eÐnai Fσ�sÔnolo.

3. H T eÐnai Lipschitz suneq c sun�rthsh: up�rqei M > 0 ¸ste ‖T (x)−T (y)‖2 ≤ M ‖x−y‖2
gia k�je x, y ∈ Rk.

4. An R eÐnai ènac kÔboc (di�sthma me isom keic akmèc) ston Rk, tìte to T (R) perièqetai se
mia mp�la aktÐnac to polÔ Ðshc me M ·d

2 = M
√

kα
2 ìpou d h di�metroc kai α h akm  tou R.

Dhlad , up�rqei c = c(M,k) > 0 ¸ste to T (R) na perièqetai se kÔbo akm c cα. 'Epetai
ìti λ(T (R)) ≤ ckλ(R).

5. Qrhsimopoi¸ntac to prohgoÔmeno b ma kai thn parat rhsh ìti gia ton orismì tou exwteri-
koÔ mètrou tou A arkeÐ na jewr soume kalÔyeic tou A me kÔbouc, deÐxte ìti an λ(A) = 0
tìte λ(T (A)) = 0.

Gr�fontac to tuqìn metr simo sÔnolo san ènwsh enìc Fσ�sunìlou kai enìc sunìlou mètrou 0
paÐrnoume �mesa to zhtoÔmeno.

7. (a) Apì th monotonÐa tou exwterikoÔ mètrou èqoume λ(F ) ≤ λ∗(E) gia k�je kleistì F ⊆ E.
Sunep¸c,

λ(i)(E) = sup{λ(F ) : F ⊆ E, F kleistì} ≤ λ∗(E).

(b) Upojètoume pr¸ta ìti to E eÐnai Lebesgue metr simo. 'Estw ε > 0. Xèroume ìti up�rqei
kleistì F ⊆ E ¸ste λ(E) < λ(F )+ε. Apì ton orismì tou λ(i)(E) èpetai ìti λ(E) < λ(i)(E)+ε.
To ε > 0  tan tuqìn, �ra λ∗(E) ≤ λ(i)(E). Apì to (a) prokÔptei h isìthta.

AntÐstrofa, ac upojèsoume ìti λ∗(E) = λ(i)(E) < ∞. MporoÔme tìte na broÔme Gδ�sÔnolo
G kai Fσ�sÔnolo F ¸ste F ⊆ E ⊆ G kai λ(F ) = λ∗(E) = λ(G) < ∞ (exhg ste giatÐ). Tìte,
λ(G \ F ) = λ(G) − λ(F ) = 0 kai E \ F ⊆ G \ F , opìte to E \ F eÐnai Lebesgue metr simo (me
λ(E \ F ) = 0). 'Epetai ìti to E = F ∪ (E \ F ) eÐnai Lebesgue metr simo.
(g) An λ∗(E) = ∞ tìte h isodunamÐa sto (b) den eÐnai p�nta swst , me thn ex c ènnoia: up�rqei mh
metr simo sÔnolo E me λ(i)(E) = λ∗(E) = ∞. Par�deigma: jewr ste èna mh metr simo A ⊂ [0, 1]
kai p�rte san E to A ∪ [2,+∞).

8. Pr¸toc trìpoc. OrÐzoume thn ex c sqèsh isodunamÐac sto [0, 1]:

x ∼ y ⇐⇒ x− y ∈ Q.

An {Fα : α ∈ A} eÐnai h oikogèneia twn kl�sewn isodunamÐac thc ∼, orÐzoume, me qr sh tou
axi¸matoc thc epilog c, èna sÔnolo E ⊂ [0, 1] to opoÐo perièqei akrib¸c èna shmeÐo apì k�je Fα.
JewroÔme mia arÐjmhsh {qn : n ∈ N} twn rht¸n tou [−1, 1] kai orÐzoume En = qn + E. Apì ton
trìpo orismoÔ tou E elègqoume ìti ta En eÐnai xèna an� dÔo kai ìti

[0, 1] ⊆ ∪∞n=1En ⊆ [−1, 2].

Parathr ste ìti
λ∗(En) = λ∗(E) > 0

gia k�je n ∈ N. Alli¸c, ja eÐqame

1 = λ([0, 1]) ≤ λ∗ (∪∞n=1En) = 0.



'Ara,
∞∑

n=1

λ∗(En) = +∞ > 3 = λ([−1, 2]) ≥ λ∗ (∪∞n=1En) .

DeÔteroc trìpoc. GnwrÐzoume ìti up�rqei mh metr simo sÔnolo A ⊂ R. Sunep¸c, up�rqei E ⊂ R
¸ste

λ∗(E) < λ∗(E ∩A) + λ∗(E ∩Ac).

Jewr ste ta sÔnola E1 = E ∩A, E2 = E ∩Ac, E3 = E4 = · · · = ∅.


