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1. (a) 'Estw (αn) kai (βn) fragmènec akoloujÐec pragmatik¸n arijm¸n. Upojètoume ìti αn → α.
DeÐxte ìti lim supn(αn + βn) = α + lim supn βn.

(b) 'Estw (αn) fragmènh akoloujÐa pragmatik¸n arijm¸n. OrÐzoume βn = αn + 1
n , n = 1, 2, . . . .

DeÐxte ìti: an o x ∈ R eÐnai shmeÐo suss¸reushc (upakoloujiakì ìrio) thc (αn) tìte o x eÐnai
kai shmeÐo suss¸reushc thc (βn). (2 mon�dec)

2. (a) Exet�ste an sugklÐnoun   apoklÐnoun oi parak�tw seirèc:
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(b) 'Estw
∑∞

k=1 ck sugklÐnousa seir� jetik¸n pragmatik¸n arijm¸n. Onom�zoume ekjèth sÔgk-
lishc thc seir�c ton
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UpologÐste ton ekjèth sÔgklishc thc seir�c
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k2 .

(g) 'Estw (ak) akoloujÐa jetik¸n pragmatik¸n arijm¸n. DeÐxte ìti: an h
∞∑

k=1

ak sugklÐnei, tìte

h
∞∑
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a2
k sugklÐnei. (3 mon�dec)

3. (a) 'Estw f : A → R sun�rthsh me thn ex c idiìthta: gia k�je x, y ∈ A isqÔei |f(x)− f(y)| ≤
|x− y|1/2. DeÐxte ìti h f eÐnai omoiìmorfa suneq c.

(b) Exet�ste an oi parak�tw sunart seic eÐnai omoiìmorfa suneqeÐc (na anafèrete ta krit ria
pou qrhsimopoieÐte):

1. f : (0, 1) → R, me f(x) = e−
1
x .

2. g : [0,+∞) → R, me g(x) = sin(sinx).

3. h : [0,+∞) → R, me h(x) =
√

x.

(2.5 mon�dec)

4. (a) 'Estw g : [0, 1] → R h sun�rthsh pou orÐzetai wc ex c: g(x) =
{

1, an x ∈ Q
0, an x /∈ Q . DeÐxte

ìti h g den eÐnai Riemann oloklhr¸simh.

(b) 'Estw f : [0, 1] → R fragmènh sun�rthsh. Upojètoume ìti: gia k�je n ≥ 2, h f eÐnai
oloklhr¸simh sto di�sthma

[
1
n , 1

]
. DeÐxte ìti h f eÐnai oloklhr¸simh sto [0, 1]. (2.5 mon�dec)

5. (a) 'Estw f : [a, b] → R suneq c kai aÔxousa sun�rthsh. OrÐzoume g : (a, b] → R kai
h : [a, b) → R me
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∫ b

x
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DeÐxte ìti oi g kai h eÐnai aÔxousec. Qrhsimopoi¸ntac to, deÐxte ìti: gia k�je x ∈ (a, b),
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(b) Na brejeÐ to
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(2 mon�dec)

Kal  EpituqÐa!


