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1. (a) 'Estw (ak) akoloujÐa pragmatik¸n arijm¸n. Exet�ste an oi parak�tw prot�seic
eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths  sac).

(i) An h seir�
∞∑

k=1

ak sugklÐnei tìte lim
k→∞

ak = 0.

(ii) An lim
k→∞

ak = 0 tìte h seir�
∞∑

k=1

ak sugklÐnei.

(iii) An ak > 0 gia k�je k ∈ N kai ak → 0, tìte up�rqei upakoloujÐa (ask
) thc (ak) me

thn idiìthta
∑∞

k=1 k2ask
< +∞.

(b) 'Estw an =
(
1− 1

n

)
hm

(
πn
2

)
. Na brejoÔn ta lim inf an kai lim sup an.

(2+1m)

2. (a) Exet�ste an sugklÐnei   apoklÐnei kajemÐa apì tic parak�tw seirèc:
∞∑

k=1

hm2k

k2
,

∞∑

k=1

(
k
√

k − 1
)k

,

∞∑

k=2

1
k ln k

.

(b) ProsdiorÐste to sÔnolo twn x ∈ R gia touc opoÐouc sugklÐnei h dunamoseir�:
∞∑

k=1

3kxk

k
.

(2+1m)

3. (a) 'Estw ∅ 6= X ⊆ R, f : X → R Lipschitz suneq c sun�rthsh: dhlad , up�rqei
M > 0 ¸ste: gia k�je x, y ∈ X, |f(x)−f(y)| ≤ M |x−y|. DeÐxte ìti h f eÐnai omoiìmorfa
suneq c.
(b) DeÐxte ìti h sun�rthsh g : [0,∞) → R me g(x) =

√
x eÐnai omoiìmorfa suneq c. EÐnai

Lipschitz suneq c?
(1+2m)

4. (a) 'Estw f : [0, 1] → R oloklhr¸simh sun�rthsh me thn idiìthta: f(x) = 1 gia k�je
x ∈ [0, 1] ∩Q. DeÐxte ìti ∫ 1

0
f(x) dx = 1.

(b) 'Estw f : [0, 1] → R oloklhr¸simh sun�rthsh me tic ex c idiìthtec: f(x) ≥ 0 gia k�je
x ∈ [0, 1], h f eÐnai suneq c sto shmeÐo x0 = 1

2 kai f(1
2) = 1. DeÐxte ìti

∫ 1

0
f(x) dx > 0.

(g) 'Estw f : [1,+∞) → (0, +∞) suneq c kai fjÐnousa sun�rthsh. DeÐxte ìti h akolou-
jÐa

an =
n∑

k=1

f(k)−
∫ n

1
f(x) dx

sugklÐnei.
(1+1+1m)

Kal  epituqÐa!


