
APEIROSTIKOS LOGISMOS II (2007-08)
Telik  Exètash � 19 IounÐou 2008

1. 'Estw (ak), (bk) akoloujÐec jetik¸n pragmatik¸n arijm¸n. ApodeÐxte ìti:

(a) An h seir�
∞∑

k=1

ak sugklÐnei, tìte h seir�
∞∑

k=1

a2
k sugklÐnei.

(b) An oi seirèc
∞∑

k=1

ak kai
∞∑

k=1

bk sugklÐnoun, tìte h seir�
∞∑

k=1

akbk sugklÐnei. (1,5m)

2. Gia kajemÐa apì tic parak�tw seirèc, exet�ste an sugklÐnei   apoklÐnei:

∞∑
k=1

k10

2k
,

∞∑
k=1

sun(k3)
k2

,

∞∑
k=1

(
1
k2

+
ln k

k

)
.

(1.5m)

3. (a) D¸ste par�deigma akoloujÐac (an) h opoÐa den sugklÐnei se pragmatikì arijmì
all� ikanopoieÐ thn an+1 − an → 0.

Up�rqei fragmènh akoloujÐa (an) me autèc tic idiìthtec?

(b) 'Estw (an) akoloujÐa pragmatik¸n arijm¸n me thn idiìthta |an+1−an| < 1
n2 gia k�je

n = 1, 2, . . .. ApodeÐxte ìti h (an) sugklÐnei. (2m)

4. (a) ApodeÐxte ìti k�je aÔxousa sun�rthsh f : [a, b] → R eÐnai Riemann oloklhr¸simh.

(b) 'Estw f : [0, 3] → R me f(1) = f(2) = 4 kai f(x) = 0 gia k�je �llo x ∈ [0, 3].
ApodeÐxte me to krit rio tou Riemann ìti h f eÐnai oloklhr¸simh kai breÐte to olokl rwm�
thc. (1.5m)

5. (a) 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. ApodeÐxte ìti h F : [a, b] → R me
F (x) =

∫ x
a f(t)dt eÐnai Lipschitz suneq c sun�rthsh.

(b) 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh me
∫ b
a f(x) dx = 3. ApodeÐxte ìti

up�rqoun t1, t2 ∈ (a, b) ¸ste ∫ t2

t1

f(x) dx = 1.

(1,5m)

6. 'Estw f : [1,+∞) → R sun�rthsh me suneq  par�gwgo. ApodeÐxte ìti, gia k�je
k ∈ N,

f(k) =
∫ k+1

k
f(x) dx−

∫ k+1

k
(k + 1− x)f ′(x) dx.

(1m)

7. UpologÐste ta akìlouja oloklhr¸mata:∫
dx

e2x + ex
,

∫
sun2x hm3x dx,

∫
hm(lnx) dx.

(2m)

8. (a) 'Estw n ≥ 1 kai f : [a, b] → R mia sun�rthsh n forèc paragwgÐsimh sto [a, b] kai
èstw x0 ∈ (a, b). OrÐzoume F : [a, b] → R me F (x) =

∫ x
x0

f(t) dt. ApodeÐxte ìti

Tn+1,F,x0(x) =
∫ x

x0

Tn,f,x0(t) dt, x ∈ [a, b]

(genik�, me Tk,g,y sumbolÐzoume to polu¸numo Taylor bajmoÔ k thc g me kèntro to y).

(b) 'Estw f(x) =
∫ x
0 e−t2dt, x ∈ R. Na brejeÐ to polu¸numo Taylor T3,f,0.

(g) 'Estw f : (−1, 1) → R tèsseric forèc paragwgÐsimh sto (−1, 1), me f(0) = f ′(0) =
f ′′(0) = f (3)(0) = 0 kai f (4)(0) > 0. ApodeÐxte ìti h f èqei topikì el�qisto sto shmeÐo 0.
(2m)


