
Apeirostikìc Logismìc II (2010�11)

Kurtèc kai koÐlec sunart seic � Ask seic

Om�da A'

1. 'Estw f, fn : I → R. Upojètoume ìti k�je fn eÐnai kurt  sun�rthsh kai ìti fn(x) →
f(x) gia k�je x ∈ I. DeÐxte ìti h f eÐnai kurt .

2. 'Estw {fn : n ∈ N} akoloujÐa kurt¸n sunart sewn fn : I → R. OrÐzoume f : I → R
me f(x) = sup{fn(x) : n ∈ N}. An h f eÐnai peperasmènh pantoÔ sto I, tìte h f eÐnai
kurt .

3. 'Estw f, g : R → R kurtèc sunart seic. Upojètoume akìma ìti h g eÐnai aÔxousa.
DeÐxte ìti h g ◦ f eÐnai kurt .

4. 'Estw f : I → R kurt  sun�rthsh. DeÐxte ìti

f(x1 + δ)− f(x1) ≤ f(x2 + δ)− f(x2)

gia k�je x1 < x2 ∈ I kai δ > 0 gia to opoÐo x1 + δ, x2 + δ ∈ I.

5. 'Estw f : [a, b] → R kurt  sun�rthsh. DeÐxte me èna par�deigma ìti h f den eÐnai
anagkastik� sun�rthsh Lipschitz se olìklhro to [a, b], akìma kai an upojèsoume ìti h f
eÐnai fragmènh. EpÐshc, deÐxte ìti h f den eÐnai anagkastik� suneq c sto [a, b].

6. 'Estw f : (a, b) → R kurt  sun�rthsh kai ξ ∈ (a, b). DeÐxte ìti:
(a) an h f èqei olikì mègisto sto ξ tìte h f eÐnai stajer .
(b) an h f èqei olikì el�qisto sto ξ tìte h f eÐnai fjÐnousa sto (a, ξ) kai aÔxousa

sto (ξ, b).
(g) an h f èqei topikì el�qisto sto ξ tìte èqei olikì el�qisto sto ξ.
(d) an h f eÐnai gnhsÐwc kurt , tìte èqei to polÔ èna shmeÐo olikoÔ elaqÐstou.

7. 'Estw f : R → R kurt  sun�rthsh. An h f eÐnai �nw fragmènh, tìte eÐnai stajer .

8. DeÐxte ìti k�je kurt  sun�rthsh orismènh se fragmèno di�sthma eÐnai k�tw fragmènh.

9. 'Estw f : (0,+∞) → R koÐlh, aÔxousa, �nw fragmènh kai paragwgÐsimh sun�rthsh.
DeÐxte ìti

lim
x→+∞

xf ′(x) = 0.

Om�da B'

10. DeÐxte ìti an h f : (0,+∞) → R eÐnai kurt  kai x1, . . . , xm, y1, . . . , ym > 0, tìte

(x1 + · · ·+ xm)f
(

y1 + · · ·+ ym

x1 + · · ·+ xm

)
≤

m∑
i=1

xif

(
yi

xi

)
.

DeÐxte ìti h f(x) = (1 + xp)1/p eÐnai kurt  sto (0,+∞) ìtan p ≥ 1, kai sumper�nate ìti

((x1 + · · ·+ xm)p + (y1 + · · ·+ ym)p)1/p ≤
m∑

i=1

(xp
i + yp

i )
1/p.
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11. DeÐxte ìti h sun�rthsh − sinx eÐnai kurt  sto [0, π]. Qrhsimopoi¸ntac to deÐxte ìti
h mègisth perÐmetroc n-g¸nou pou eggr�fetai sto monadiaÐo kÔklo eÐnai 2n sin(π/n).

12. 'Estw α1, α2, . . . , αn jetikoÐ arijmoÐ. DeÐxte ìti

(1 + α1)(1 + α2) · · · (1 + αn) ≥
(
1 + (α1α2 · · ·αn)1/n

)n
.

[Upìdeixh: Parathr ste ìti h x 7→ ln(1 + ex) eÐnai kurt .]

Om�da G'

13. 'Estw f : I → R jetik  koÐlh sun�rthsh. DeÐxte ìti h 1/f eÐnai kurt .

14. 'Estw f : [0, 2π] → R kurt  sun�rthsh. DeÐxte ìti gia k�je k ≥ 1,

1
π

∫ 2π

0
f(x) cos kxdx ≥ 0.

15. 'Estw f : (a, b) → R suneq c sun�rthsh. DeÐxte ìti h f eÐnai kurt  an kai mìno an

f(x) ≤ 1
2h

∫ h

−h
f(x + t)dt

gia k�je di�sthma [x− h, x + h] ⊂ (a, b).

16. 'Estw f : (a, b) → R kurt  sun�rthsh kai c ∈ (a, b). DeÐxte ìti h f eÐnai paragwgÐsimh
sto c an kai mìno an

lim
h→0+

f(c + h) + f(c− h)− 2f(c)
h

= 0.

17. 'Estw f : [0,+∞) kurt , mh arnhtik  sun�rthsh me f(0) = 0. OrÐzoume F :
[0,+∞) → R me F (0) = 0 kai

F (x) =
1
x

∫ x

0
f(t)dt.

DeÐxte ìti h F eÐnai kurt .
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