
Apeirostikìc Logismìc II (2010�11)

Olokl rwma Riemann � Ask seic

Om�da A'. Erwt seic katanìhshc

'Estw f : [a, b] → R. Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aiti-
olog ste pl rwc thn ap�nths  sac).

1. An h f eÐnai Riemann oloklhr¸simh, tìte h f eÐnai fragmènh.

2. An h f eÐnai Riemann oloklhr¸simh, tìte paÐrnei mègisth tim .

3. An h f eÐnai fragmènh, tìte eÐnai Riemann oloklhr¸simh.

4. An h |f | eÐnai Riemann oloklhr¸simh, tìte h f eÐnai Riemann oloklhr¸simh.

5. An h f eÐnai Riemann oloklhr¸simh, tìte up�rqei c ∈ [a, b] ¸ste f(c)(b − a) =∫ b
a f(x) dx.

6. An h f eÐnai fragmènh kai an L(f, P ) = U(f, P ) gia k�je diamèrish P tou [a, b], tìte
h f eÐnai stajer .

7. An h f eÐnai fragmènh kai an up�rqei diamèrish P ¸ste L(f, P ) = U(f, P ), tìte h f
eÐnai Riemann oloklhr¸simh.

8. An h f eÐnai Riemann oloklhr¸simh kai an f(x) = 0 gia k�je x ∈ [a, b] ∩Q, tìte∫ b

a
f(x)dx = 0.

Om�da B'

9. 'Estw f : [0, 1] → R fragmènh sun�rthsh me thn idiìthta: gia k�je 0 < b ≤ 1 h f eÐnai
oloklhr¸simh sto di�sthma [b, 1]. DeÐxte ìti h f eÐnai oloklhr¸simh sto [0, 1].

10. ApodeÐxte ìti h sun�rthsh f : [−1, 1] → R me f(x) = sin 1
x an x 6= 0 kai f(0) = 2

eÐnai oloklhr¸simh.

11. 'Estw g : [a, b] → R fragmènh sun�rthsh. Upojètoume ìti h g eÐnai suneq c pantoÔ,
ektìc apì èna shmeÐo x0 ∈ (a, b). DeÐxte ìti h g eÐnai oloklhr¸simh.

12. Qrhsimopoi¸ntac to krit rio tou Riemann apodeÐxte ìti oi parak�tw sunart seic
eÐnai oloklhr¸simec:

(a) f : [0, 1] → R me f(x) = x.

(b) f : [0, π/2] → R me f(x) = sin x.

13. Exet�ste an oi parak�tw sunart seic eÐnai oloklhr¸simec sto [0, 2] kai upologÐste
to olokl rwma touc (an up�rqei):

(a) f(x) = x + [x].
(b) f(x) = 1 an x = 1

k gia k�poion k ∈ N, kai f(x) = 0 alli¸c.
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14. 'Estw f : [a, b] → R suneq c sun�rthsh me f(x) ≥ 0 gia k�je x ∈ [a, b]. DeÐxte ìti∫ b

a
f(x)dx = 0

an kai mìno an f(x) = 0 gia k�je x ∈ [a, b].

15. 'Estw f, g : [a, b] → R suneqeÐc sunart seic ¸ste∫ b

a
f(x)dx =

∫ b

a
g(x)dx.

DeÐxte ìti up�rqei x0 ∈ [a, b] ¸ste f(x0) = g(x0).

16. 'Estw f : [a, b] → R suneq c sun�rthsh me thn idiìthta: gia k�je suneq  sun�rthsh
g : [a, b] → R isqÔei ∫ b

a
f(x)g(x)dx = 0.

DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].

17. 'Estw f : [a, b] → R suneq c sun�rthsh me thn idiìthta: gia k�je suneq  sun�rthsh
g : [a, b] → R pou ikanopoieÐ thn g(a) = g(b) = 0, isqÔei∫ b

a
f(x)g(x)dx = 0.

DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].

18. 'Estw f, g : [a, b] → R oloklhr¸simec sunart seic. DeÐxte thn anisìthta Cauchy-
Schwarz: (∫ b

a
f(x)g(x)dx

)2

≤
(∫ b

a
f2(x)dx

)
·
(∫ b

a
g2(x)dx

)
.

19. 'Estw f : [0, 1] → R oloklhr¸simh sun�rthsh. DeÐxte ìti(∫ 1

0
f(x)dx

)2

≤
∫ 1

0
f2(x)dx.

IsqÔei to Ðdio an antikatast soume to [0, 1] me tuqìn di�sthma [a, b]?

20. 'Estw f : [0,+∞) → R suneq c sun�rthsh. DeÐxte ìti

lim
x→0+

1
x

∫ x

0
f(t)dt = f(0).

21. 'Estw f : [0, 1] → R oloklhr¸simh sun�rthsh. DeÐxte ìti h akoloujÐa

an =
1
n

n∑
k=1

f

(
k

n

)

sugklÐnei sto
∫ 1
0 f(x)dx. [Upìdeixh: Qrhsimopoi ste ton orismì tou Riemann.]
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22. DeÐxte ìti

lim
n→∞

√
1 +

√
2 + · · ·+

√
n

n
√

n
=

2
3
.

23. 'Estw f : [0, 1] → R suneq c sun�rthsh. OrÐzoume mia akoloujÐa (an) jètontac

an =
∫ 1
0 f(xn)dx. DeÐxte ìti an → f(0).

24. DeÐxte ìti h akoloujÐa γn = 1 + 1
2 + 1

3 + · · ·+ 1
n −

∫ n
1

1
xdx sugklÐnei.

25. 'Estw f : [0, 1] → R Lipschitz suneq c sun�rthsh ¸ste

|f(x)− f(y)| ≤ M |x− y|

gia k�je x, y ∈ [0, 1]. DeÐxte ìti∣∣∣∣ ∫ 1

0
f(x)dx− 1

n

n∑
k=1

f

(
k

n

) ∣∣∣∣ ≤ M

2n

gia k�je n ∈ N.

Om�da G'

26. 'Estw f : [a, b] → R gnhsÐwc aÔxousa kai suneq c sun�rthsh. DeÐxte ìti∫ b

a
f(x)dx = bf(b)− af(a)−

∫ f(b)

f(a)
f−1(x)dx.

27. 'Estw f : [0,+∞) → [0,+∞) gnhsÐwc aÔxousa, suneq c kai epÐ sun�rthsh me
f(0) = 0. DeÐxte ìti gia k�je a, b > 0

ab ≤
∫ a

0
f(x)dx +

∫ b

0
f−1(x)dx

me isìthta an kai mìno an f(a) = b.

28. 'Estw f : [a, b] → R suneq c sun�rthsh me thn ex c idiìthta: up�rqei M > 0 ¸ste

|f(x)| ≤ M

∫ x

a
|f(t)|dt

gia k�je x ∈ [a, b]. DeÐxte ìti f(x) = 0 gia k�je x ∈ [a, b].

29. 'Estw a ∈ R. DeÐxte ìti den up�rqei jetik  suneq c sun�rthsh f : [0, 1] → R ¸ste∫ 1

0
f(x)dx = 1,

∫ 1

0
xf(x)dx = a kai

∫ 1

0
x2f(x)dx = a2.

30. 'Estw f : [a, b] → R suneq c, mh arnhtik  sun�rthsh. Jètoume M = max{f(x) : x ∈
[a, b]}. DeÐxte oti h akoloujÐa

γn =
(∫ b

a
[f(x)]ndx

)1/n

3



sugklÐnei, kai limn→∞ γn = M .

31. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. Skopìc aut c thc �skhshc eÐnai na
deÐxoume ìti h f èqei poll� shmeÐa sunèqeiac.

(a) Up�rqei diamèrish P tou [a, b] ¸ste U(f, P )−L(f, P ) < b−a (exhg ste giatÐ). DeÐxte
ìti up�rqoun a1 < b1 sto [a, b] ¸ste b1 − a1 < 1 kai

sup{f(x) : a1 ≤ x ≤ b1} − inf{f(x) : a1 ≤ x ≤ b1} < 1.

(b) Epagwgik� orÐste kibwtismèna diast mata [an, bn] ⊆ (an−1, bn−1) me m koc mikrìtero
apì 1/n ¸ste

sup{f(x) : an ≤ x ≤ bn} − inf{f(x) : an ≤ x ≤ bn} <
1
n

.

(g) H tom  aut¸n twn kibwtismènwn diasthm�twn perièqei akrib¸c èna shmeÐo. DeÐxte ìti
h f eÐnai suneq c se autì.

(d) T¸ra deÐxte ìti h f èqei �peira shmeÐa sunèqeiac sto [a, b] (den qrei�zetai perissìterh
doulei�!).

32. 'Estw f : [a, b] → R oloklhr¸simh (ìqi anagkastik� suneq c) sun�rthsh me f(x) > 0
gia k�je x ∈ [a, b]. DeÐxte ìti ∫ b

a
f(x)dx > 0.

Om�da D'. Sumplhr¸mata thc JewrÐac

ApodeÐxte tic parak�tw prot�seic.

33. 'Estw f, g, h : [a, b] → R treÐc sunart seic pou ikanopoioÔn thn f(x) ≤ g(x) ≤ h(x)
gia k�je x ∈ [a, b]. Upojètoume ìti oi f, h eÐnai oloklhr¸simec kai∫ b

a
f(x)dx =

∫ b

a
h(x)dx = I.

DeÐxte ìti h g eÐnai oloklhr¸simh kai∫ b

a
g(x)dx = I.

34. 'Estw f : [a, b] → R oloklhr¸simh sun�rthsh. DeÐxte ìti h |f | eÐnai oloklhr¸simh.
OmoÐwc, ìti h f2 eÐnai oloklhr¸simh.

35. 'Estw f, g : [a, b] → R oloklhr¸simec sunart seic. DeÐxte ìti h f ·g eÐnai oloklhr¸simh.

36. 'Estw f : [a, b] → R oloklhr¸simh. DeÐxte ìti∣∣∣∣ ∫ b

a
f(x)dx

∣∣∣∣ ≤ ∫ b

a
|f(x)|dx.

37. 'Estw f : R → R sun�rthsh oloklhr¸simh se k�je kleistì di�sthma thc morf c
[a, b]. DeÐxte ìti:
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(a)
∫ a
0 f(x)dx =

∫ a
0 f(a− x)dx.

(b)
∫ b
a f(x)dx =

∫ b
a f(a + b− x)dx.

(g)
∫ b
a f(x)dx =

∫ b+c
a+c f(x− c)dx.

(d)
∫ cb
ca f(t)dt = c

∫ b
a f(ct)dt.

(e)
∫ a
−a f(x)dx = 0 an h f eÐnai peritt .

(st)
∫ a
−a f(x)dx = 2

∫ a
0 f(x)dx an h f eÐnai �rtia.

38. 'Estw f : [a, b] → R fragmènh sun�rthsh.

(a) DeÐxte ìti h f eÐnai oloklhr¸simh an kai mìno an gia k�je ε > 0 mporoÔme na broÔme
klimakwtèc sun�rt seic gε, hε : [a, b] → R me gε ≤ f ≤ hε kai∫ b

a
hε(x)dx−

∫ b

a
gε(x)dx < ε.

(b) DeÐxte ìti h f eÐnai oloklhr¸simh an kai mìno an gia k�je ε > 0 mporoÔme na broÔme
suneqeÐc sunart seic gε, hε : [a, b] → R me gε ≤ f ≤ hε kai∫ b

a
hε(x)dx−

∫ b

a
gε(x)dx < ε.
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