
Apeirostikìc Logismìc II (2010�11)

Omoiìmorfh sunèqeia � Ask seic

Om�da A'

1. DeÐxte to je¸rhma mègisthc kai el�qisthc tim c gia mia suneq  sun�rthsh f : [a, b] → R
qrhsimopoi¸ntac to je¸rhma Bolzano–Weiertstrass:
(a) DeÐxte pr¸ta ìti up�rqei M > 0 ¸ste |f(x)| ≤ M gia k�je x ∈ [a, b], me apagwg  se
�topo. An autì den isqÔei, mporoÔme na broÔme xn ∈ [a, b] ¸ste |f(xn)| > n, n = 1, 2, . . ..
H (xn) èqei upakoloujÐa (xkn) ¸ste xkn → x0 ∈ [a, b]. Qrhsimopoi ste thn arq  thc
metafor�c (h f eÐnai suneq c sto x0) gia na katal xete se �topo.

(b) Apì to (a) èqoume M := sup{f(x) : x ∈ [a, b]} < ∞. Tìte, mporoÔme na broÔme
xn ∈ [a, b] ¸ste f(xn) → M (exhg ste giatÐ). H (xn) èqei upakoloujÐa (xkn) ¸ste
xkn → x0 ∈ [a, b]. Qrhsimopoi ste thn arq  thc metafor�c (h f eÐnai suneq c sto x0) gia
na sumper�nete ìti f(x0) = M . Autì apodeiknÔei ìti h f paÐrnei mègisth tim  (sto x0).

(g) Ergazìmenoi ìmoia, deÐxte ìti h f paÐrnei el�qisth tim .

2. 'Estw X ⊆ R. Lème ìti mia sun�rthsh f : X → R ikanopoieÐ sunj kh Lipschitz an
up�rqei M ≥ 0 ¸ste: gia k�je x, y ∈ X,

|f(x)− f(y)| ≤ M · |x− y|.

DeÐxte ìti an h f : X → R ikanopoieÐ sunj kh Lipschitz tìte eÐnai omoiìmorfa suneq c.
IsqÔei to antÐstrofo?

3. 'Estw f : [a, b] → R suneq c, paragwgÐsimh sto (a, b). DeÐxte ìti h f ikanopoieÐ
sunj kh Lipschitz an kai mìno an h f ′ eÐnai fragmènh.

4. 'Estw n ∈ N, n ≥ 2 kai f(x) = x1/n, x ∈ [0, 1]. DeÐxte ìti h sun�rthsh f den
ikanopoieÐ sunj kh Lipschitz. EÐnai omoiìmorfa suneq c?

5. Exet�ste an oi parak�tw sunart seic ikanopoioÔn sunj kh Lipschitz:
(a) f : [0, 1] → R me f(x) = x sin 1

x an x 6= 0 kai f(0) = 0.
(b) g : [0, 1] → R me g(x) = x2 sin 1

x an x 6= 0 kai g(0) = 0.

6. 'Estw f : [a, b] → [m,M ] kai g : [m,M ] → R omoiìmorfa suneqeÐc sunart seic. DeÐxte
ìti h g ◦ f eÐnai omoiìmorfa suneq c.

7. 'Estw f, g : I → R omoiìmorfa suneqeÐc sunart seic. DeÐxte ìti

(a) h f + g eÐnai omoiìmorfa suneq c sto I.

(b) h f · g den eÐnai anagkastik� omoiìmorfa suneq c sto I, an ìmwc oi f, g upotejoÔn kai
fragmènec tìte h f · g eÐnai omoiìmorfa suneq c sto I.

8. 'Estw f : R → R suneq c sun�rthsh me thn ex c idiìthta: gia k�je ε > 0 up�rqei
M = M(ε) > 0 ¸ste an |x| ≥ M tìte |f(x)| < ε. DeÐxte ìti h f eÐnai omoiìmorfa
suneq c.

9. 'Estw a ∈ R kai f : [a,+∞) → R suneq c sun�rthsh me thn ex c idiìthta: up�rqei to
lim

x→+∞
f(x) kai eÐnai pragmatikìc arijmìc. DeÐxte ìti h f eÐnai omoiìmorfa suneq c.
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10. 'Estw f : R → R omoiìmorfa suneq c sun�rthsh. DeÐxte ìti up�rqoun A,B > 0
¸ste |f(x)| ≤ A|x|+ B gia k�je x ∈ R.

11. 'Estw n ∈ N, n > 1. Qrhsimopoi¸ntac thn prohgoÔmenh 'Askhsh deÐxte ìti h
sun�rthsh f(x) = xn, x ∈ R den eÐnai omoiìmorfa suneq c.

12. (a) 'Estw f : [0,+∞) → R suneq c sun�rthsh. Upojètoume ìti up�rqei a > 0 ¸ste
h f na eÐnai omoiìmorfa suneq c sto [a,+∞). DeÐxte ìti h f eÐnai omoiìmorfa suneq c
sto [0,+∞).
(b) DeÐxte ìti h f(x) =

√
x eÐnai omoiìmorfa suneq c sto [0,+∞).

13. 'Estw f : (a, b) → R omoiìmorfa suneq c sun�rthsh. DeÐxte ìti up�rqei suneq c
sun�rthsh f̂ : [a, b] → R ¸ste f̂(x) = f(x) gia k�je x ∈ (a, b).

14. Exet�ste an oi parak�tw sunart seic eÐnai omoiìmorfa suneqeÐc.

1. f : R → R me f(x) = 3x + 1.

2. f : [2,+∞) → R me f(x) = 1
x .

3. f : (0, π] → R me f(x) = 1
x sin2 x.

4. f : (0,∞) → R me f(x) = sin 1
x .

5. f : (0,∞) → R me f(x) = x sin 1
x .

6. f : (0,∞) → R me f(x) = sin x
x .

7. f : (1,∞) → R me f(x) = cos(x3)
x .

8. f : R → R me f(x) = 1
x2+4

.

9. f : R → R me f(x) = x
1+|x| .

10. f : [−2, 0] → R me f(x) = x
x2+1

.

11. f : R → R me f(x) = x sinx.

12. f : [0,+∞) → R me f(x) = cos(x2)
x+1 .

Om�da B'. Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn
ap�nths  sac).

15. H sun�rthsh f(x) = x2 + 1
x eÐnai omoiìmorfa suneq c sto (0, 1).

16. H sun�rthsh f(x) = 1
x−1 eÐnai omoiìmorfa suneq c sto (0, 1).

17. An h sun�rthsh f den eÐnai fragmènh sto (0, 1), tìte h f den eÐnai omoiìmorfa suneq c
sto (0, 1).

18. An h (xn) eÐnai akoloujÐa Cauchy kai h f eÐnai omoiìmorfa suneq c sto R, tìte h
(f(xn)) eÐnai akoloujÐa Cauchy.
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19. An h f eÐnai omoiìmorfa suneq c sto (0, 1), tìte to lim
n→∞

f( 1
n) up�rqei.

20. JewroÔme tic f(x) = x kai g(x) = sin x. Oi f kai g eÐnai omoiìmorfa suneqeÐc sto R,
ìmwc h fg den eÐnai omoiìmorfa suneq c sto R.

21. H sun�rthsh f : R → R me f(x) = x an x > 0 kai f(x) = 2x an x ≤ 0, eÐnai
omoiìmorfa suneq c sto R.

22. K�je fragmènh kai suneq c sun�rthsh f : R → R eÐnai omoiìmorfa suneq c.

Om�da G'

23. DeÐxte ìti h sun�rthsh f : (0, 1) ∪ (1, 2) → R me f(x) = 0 an x ∈ (0, 1) kai f(x) = 1
an x ∈ (1, 2) eÐnai suneq c all� den eÐnai omoiìmorfa suneq c.

24. 'Estw f : [a, b] → R suneq c sun�rthsh kai èstw ε > 0. DeÐxte ìti mporoÔme na
qwrÐsoume to [a, b] se peperasmèna to pl joc diadoqik� upodiast mata tou idÐou m kouc
ètsi ¸ste: an ta x, y an koun sto Ðdio upodi�sthma, tìte |f(x)− f(y)| < ε.

25. 'Estw f : R → R suneq c, fragmènh kai monìtonh sun�rthsh. DeÐxte ìti h f eÐnai
omoiìmorfa suneq c.

26. 'Estw f : R → R suneq c kai periodik  sun�rthsh. Dhlad , up�rqei T > 0 ¸ste
f(x + T ) = f(x) gia k�je x ∈ R. DeÐxte ìti h f eÐnai omoiìmorfa suneq c.

27. 'Estw X ⊂ R fragmèno sÔnolo kai f : X → R omoiìmorfa suneq c sun�rthsh.
DeÐxte ìti h f eÐnai fragmènh: up�rqei M > 0 ¸ste |f(x)| ≤ M gia k�je x ∈ X.

28. 'Estw A mh kenì uposÔnolo tou R. OrÐzoume f : R → R me

f(x) = inf{|x− a| : a ∈ A}

(f(x) eÐnai h {apìstash} tou x apì to A). DeÐxte ìti

(a) |f(x)− f(y)| ≤ |x− y| gia k�je x, y ∈ R.

(b) h f eÐnai omoiìmorfa suneq c.
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