
8 To Je¸rhma Radon-Nikodym

'Estw (X,A, µ) q¸roc mètrou kai f : X → [0, +∞] metr simh. OrÐzoume

ν : A → [0, +∞] : A →
∫

A

fdµ =

∫
χAfdµ.

Tìte to ν eÐnai mètro sthn A, dhlad  eÐnai σ-prosjetikì. Autì èpetai apì to
Je¸rhma B. Levi: an A = ∪nAn ìpou ta An ∈ A eÐnai xèna an� dÔo èqoume
χA =

∑
n χAn kat� shmeÐo kai �ra∫

χAfdµ =

∫ ∑
n

χAnfdµ =
∑

n

∫
χAnfdµ.

Epiplèon an µ(A) = 0 tìte χAf = 0 µ-sv.p. kai �ra ν(A) =
∫

χAfdµ = 0.

Orismìc 8.1 'Ena mètro ν ston (X,A) lègetai apìluta suneqèc wc
proc to µ (gr�foume ν � µ) an gia k�je A ∈ A me µ(A) = 0 isqÔei
ν(A) = 0.

H apìluth sunèqeia enìc mètrou ν eÐnai anagkaÐa sunj kh gia na eÐnai to
ν to {aìristo olokl rwma} A →

∫
A

fdµ miac sun�rthshc f . Ja deÐxoume ìti,
me k�poiec epiplèon sunj kec, eÐnai kai ikan .

Parat rhsh 8.1 H sqèsh ν(A) =
∫

χAfdµ pou orÐzei to mètro ν gr�fe-
tai isodÔnama ∫

χAdν =

∫
χAfdµ (A ∈ A)

kai èpetai apì th grammikìthta tou oloklhr¸matoc ìti an g eÐnai apl  metr -
simh sun�rthsh sto X tìte ∫

gdν =

∫
gfdµ.

H sqèsh aut  isqÔei gia k�je mh arnhtik  metr simh sun�rthsh g : X →
[0, +∞]. Pr�gmati, an g eÐnai mia tètoia sun�rthsh tìte up�rqei aÔxousa
akoloujÐa gn apì mh arnhtikèc aplèc sunart seic pou sugklÐnoun sthn g
kat� shmeÐo. Epeid  gnf ↗ fg kat� shmeÐo, apì to Je¸rhma Monìtonhc
SÔgklishc èpetai ìti

∫
gnfdµ ↗

∫
fgdµ kai

∫
gndν ↗

∫
gdν, opìte, efìson∫

gndν =
∫

gnfdµ gia k�je n, èqoume
∫

gdν =
∫

gfdµ.
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Je¸rhma 8.2 (Radon-Nikodym I) 'Estw (X,A, µ) q¸roc peperasmè-
nou mètrou kai ν peperasmèno mètro ston (X,A) ¸ste ν � µ. Up�rqei mh
arnhtik  f ∈ L1(X,A, µ), monadik  modulo isìthta µ-sv.p., ¸ste

ν(A) =

∫
A

fdµ (A ∈ A)

kai epomènwc
∫

gdν =
∫

gfdµ gia k�je mh arnhtik  metr simh sun�rthsh g
sto X.

H sun�rthsh f lègetai h par�gwgoc Radon-Nikodym tou ν wc proc

µ kai sumbolÐzetai me
dν

dµ
.

Apìdeixh H monadikìthta apodeiknÔetai eÔkola: An
∫

A
f1dµ =

∫
A

f2dµ gia
k�je A ∈ A, tìte

∫
A
(f1 − f2)dµ = 0 gia k�je A ∈ A, �ra f1 = f2 µ-sqedìn

pantoÔ.
ParathroÔme epÐshc ìti

∫
fdµ = ν(X) < +∞ kai �ra h f , an up�rqei,

an kei ston f ∈ L1(X,A, µ).

H apìdeixh thc Ôparxhc thc parag¸gou Radon-Nikodym ja gÐnei se
merik� b mata.

L mma 8.3 OrÐzoume

H = {h : X → [0, +∞] metr simh :

∫
A

hdµ ≤ ν(A) gia k�je A ∈ A}.

Up�rqei f ∈ H ¸ste
∫

fdµ = sup{
∫

hdµ : h ∈ H}.

Apìdeixh ParathroÔme ìti

1. H 6= ∅, afoÔ 0 ∈ H.

2. An h, g ∈ H tìte h ∨ g ∈ H.
[Pr�gmati an B = {x ∈ X : h(x) ≥ g(x)} tìte B ∈ A kai gia k�je
A ∈ A èqoume∫

A

(h ∨ g)dµ =

∫
A∩B

(h ∨ g)dµ +

∫
A\B

(h ∨ g)dµ

=

∫
A∩B

hdµ +

∫
A\B

gdµ ≤ ν(A ∩B) + ν(A \B) = ν(A).]
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3. An (hn) eÐnai aÔxousa akoloujÐa stoiqeÐwn thc H gia k�je n tìte
limn hn ∈ H.
[Apìdeixh: Apì to Je¸rhma Monìtonhc SÔgklishc,∫

A

lim
n

hndµ =

∫
lim

n
hnχAdµ = lim

n

∫
hnχAdµ ≤ ν(A).]

An h ∈ H tìte
∫

hdµ ≤ ν(X) < +∞. Epomènwc jètontac

a = sup{
∫

hdµ : h ∈ H}

èqoume 0 ≤ a ≤ ν(X). Gia k�je n ∈ N, epilègoume hn ∈ H ¸ste∫
hndµ > a− 1

n
. An gn = h1 ∨ h2 ∨ . . . ∨ hn, tìte gn ∈ H kai∫

gndµ ≥
∫

hndµ > a− 1
n
. Jètontac f = supn gn èqoume f ∈ H giatÐ h (gn)

eÐnai aÔxousa kai a ≥
∫

fdµ ≥
∫

gndµ > a− 1
n
gia k�je n, �ra a =

∫
fdµ. �

• Ja deÐxoume ìti sthn pragmatikìthta h f eÐnai h zhtoÔmenh sun�rthsh1.

OrÐzoume νo : A →R+ apì th sqèsh

νo(A) = ν(A)−
∫

A

fdµ (A ∈ A)

kai parathroÔme ìti νo(A) ≥ 0 afoÔ f ∈ H.

L mma 8.4 Up�rqei M ∈ A ¸ste νo(M) = 0 kai µ(M c) = 0.

Apìdeixh To sÔnolo M ja kataskeuasjeÐ apì mia oikogèneia {Bm,n :
n,m ∈ N} ⊆ A pou ja ikanopoioÔn thn sqèsh νo(Bm,n) < 1

n
µ(Bm,n) en¸

tautìqrona to µ(Bm,n) ja eÐnai {arket� meg�lo}.

Gia k�je n ∈ N kai A ∈ A, orÐzoume mia bohjhtik  oikogèneia sunìlwn

Dn(A) =

{
B ∈ A : B ⊆ A kai νo(B) <

1

n
µ(B)

}
.

ParathroÔme ìti an B ∈ Dn(A) tìte anagkastik� µ(B) > 0.

1Parat rhse ìti h f eÐnai anagkastik� megistikì stoiqeÐo tou H. Pr�gmati, an g ∈ H
kai g ≥ f tìte g − f ≥ 0 kai

∫
gdµ ≥

∫
fdµ. All� epeid 

∫
fdµ = sup{

∫
hdµ : h ∈ H}

èqoume
∫

gdµ =
∫

fdµ dhl.
∫

(g − f)dµ = 0 kai �ra g = f µ-sqedìn pantoÔ.
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Parat rhsh 1 An µ(A) > 0, h oikogèneia Dn(A) den eÐnai ken .

Apìdeixh 'Estw ìti Dn(A) = ∅, dhlad  èstw ìti gia k�je B ∈ A me B ⊆ A
èqoume νo(B) ≥ 1

n
µ(B). Jètoume g = f + 1

n
χA, opìte∫

gdµ =

∫
fdµ +

1

n
µ(A) = a +

1

n
µ(A) > a

efìson µ(A) > 0. ParathroÔme ìmwc ìti g ∈ H. [Pr�gmati, gia k�je C ∈ A
èqoume 1

n
µ(C ∩ A) ≤ νo(C ∩ A) apì thn upìjesh kai �ra∫

C

gdµ =

∫
C

fdµ +
1

n

∫
C

χAdµ =

∫
C

fdµ +
1

n
µ(C ∩ A)

≤
∫

C

fdµ + νo(C ∩ A) ≤
∫

C

fdµ + νo(C) = ν(C).]

Autì eÐnai �topo, afoÔ a = sup{
∫

hdµ : h ∈ H}.

Kataskeu  Gia k�je n ∈ N kataskeu�zoume mia oikogèneia {Bm,n : m ∈
N} ⊆ Dn(X) xènwn an� dÔo sunìlwn wc ex c:

• Xekin�me me èna aujaÐreto B1,n ∈ Dn(X) (upenjumÐzoume ìti µ(B1,n) > 0
apì ton orismì tou Dn(X)).

• An µ(Bc
1,n) = 0, h kataskeu  telei¸nei: jètoume Bm,n = ∅ gia k�je

m > 1.

• An µ(Bc
1,n) > 0, efìson h Dn(Bc

1,n) den eÐnai ken , epilègoume B2,n ∈
Dn(Bc

1,n) me µ(B2,n) > 1
2
a2,n ìpou a2,n = sup{µ(B) : B ∈ Dn(Bc

1,n)}.

• An µ((B1,n ∪B2,n)c) = 0, jètoume Bm,n = ∅ gia k�je m > 2.

• An µ((B1,n ∪ B2,n)c) > 0 epilègoume B3,n ∈ Dn((B1,n ∪ B2,n)c) me
µ(B3,n) > 1

2
a3,n ìpou a3,n = sup{µ(B) : B ∈ Dn((B1,n ∪B2,n)c)}.

• SuneqÐzoume epagwgik�: 'Estw ìti èqoume brei B1,n, B2,n, . . . Bk−1,n ¸-
ste Bj,n ∈ Dn((B1,n ∪ . . . ∪ Bj−1,n)c) me µ(Bj,n) > 1

2
aj,n ìpou aj,n =

sup{µ(B) : B ∈ Dn((B1,n ∪ . . . ∪ Bj−1,n)c)} gia j < k. Tìte, an
µ((B1,n ∪ . . .∪Bk−1,n)c) = 0 jètoume Bm,n = 0 gia k�je m ≥ k, alli¸c
epilègoume Bk,n ∈ Dn((B1,n ∪ . . . ∪ Bk−1,n)c) me µ(Bk,n) > 1

2
ak,n ìpou

ak,n = sup{µ(B) : B ∈ Dn((B1,n ∪ . . . ∪Bk−1,n)c)}.
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ParathroÔme ìti, efìson gia k�je n ta {Bm,n : m ∈ N} eÐnai xèna an� dÔo,
èqoume

∑
m

am,n < 2
∑
m

µ(Bm,n) = 2µ

(⋃
m

Bm,n

)
≤ 2µ(X) < +∞,

kai epomènwc limm am,n = 0.

Jètoume t¸ra Mn =
∞⋃

m=1

Bm,n kai M =
∞⋃

k=1

∞⋂
n=k

Mn.

Gia na oloklhrwjeÐ h apìdeixh tou L mmatoc mènei na deiqjeÐ ìti µ(M c) = 0
kai νo(M) = 0.

Apìdeixh ìti µ(M c) = 0.
'Eqoume M ⊇

⋂∞
n=k Mn gia k�je k �ra M c ⊆

⋃∞
n=k M c

n kai epomènwc arkeÐ na
deÐxoume ìti µ(M c

n) = 0 gia k�je n ∈ N.
Pr�gmati an µ(M c

n) > 0 tìte apì thn Parat rhsh 1 up�rqei D ∈ Dn(M c
n),

opìte bebaÐwc µ(D) > 0. Gia k�je m èqoume M c
n = (

⋃∞
k=1 Bk,n)

c ⊆
(⋃m−1

k=1 Bk,n

)c
�ra D ∈ Dn(M c

n) ⊆ Dn

((⋃m−1
k=1 Bk,n

)c)
kai �ra

0 < µ(D) ≤ sup{µ(B) : B ∈ Dn((B1,n ∪B2,n ∪ . . . ∪Bm−1,n)c)} = am,n

gia k�je m en¸ limm am,n = 0, �topo.

Apìdeixh ìti νo(M) = 0.
'Eqoume M =

⋃∞
k=1 Nk ìpou Nk =

⋂∞
n=k Mn epomènwc arkeÐ na deÐxoume ìti

νo(Nk) = 0 gia k�je k ∈ N.
ParathroÔme ìti gia k�je n isqÔei νo(Bm,n) ≤ 1

n
µ(Bm,n) gia k�je m kai

sunep¸c

νo(Mn) =
∞∑

m=1

νo(Bm,n) ≤ 1

n

∞∑
m=1

µ(Bm,n) =
1

n
µ(Mn) ≤ 1

n
µ(X).

All� gia k�je n ≥ k èqoume Nk ⊆ Mn �ra νo(Nk) ≤ νo(Mn) < 1
n
µ(X).

Epomènwc νo(Nk) = 0. �

Olokl rwsh thc Apìdeixhc tou Jewr matoc Efìson ν � µ, apì
th sqèsh µ(M c) = 0 prokÔptei ìti ν(M c) = 0 kai epomènwc νo(M

c) = 0, �ra
telik� νo(X) = 0. �
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ParathroÔme ìti sthn apìdeixh tou jewr matoc to mìno shmeÐo ìpou qrh-
simopoi jhke h apìluth sunèqeia tou ν  tan gia na sumper�noume ìti an
µ(M c) = 0 kai νo(M) = 0, tìte νo = 0. Epomènwc èqoume apodeÐxei thn
akìloujh genikìterh

Prìtash 8.5 An (X,A, µ) eÐnai q¸roc peperasmènou mètrou kai ν èna pe-
perasmèno mètro ston (X,A), tìte up�rqei mh arnhtik  sun�rthsh f ∈
L1(X,A, µ), pou eÐnai monadik  modulo isìthta µ-sv.p., ¸ste to mètro νo pou
orÐzetai apì th sqèsh

νo(A) = ν(A)−
∫

A

fdµ (A ∈ A)

na eÐnai k�jeto sto µ (  idi�zon wc proc to µ), dhlad  na {zei se èna
µ-mhdenikì sÔnolo}: na up�rqei M ∈ A ¸ste µ(M c) = 0 kai νo(M) = 0.
Gr�foume νo⊥µ. 'Eqoume

ν = νo + ν1

ìpou ν1(A) =
∫

A
fdµ �ra ν1 � µ kai νo⊥µ (�ra kai νo⊥ν1).

Parat rhsh 8.6 (Epekt�seic tou Jewr matoc Radon-Nikodym)
'Estw µ, ν mètra ston (X,A) me µ σ-peperasmèno kai ν � µ.

(i) An to ν eÐnai peperasmèno, to sumpèrasma tou Jewr matoc eÐnai to
Ðdio.

(ii) An to ν eÐnai σ-peperasmèno, up�rqei f : X → R+ metr simh (all�
ìqi kat�an�gkhn ston L1(X,A, µ)) ¸ste ν(A) =

∫
A

fdµ gia k�je A ∈ A.
(iii) An to ν eÐnai aujaÐreto, up�rqei f : X → [0, +∞] metr simh (all�

ìqi kat�an�gkhn f : X → R+) ¸ste ν(A) =
∫

A
fdµ gia k�je A ∈ A.

(iv) An to µ den eÐnai σ-peperasmèno, h par�gwgoc Radon-Nikodym den
up�rqei p�nta. Gia par�deigma an X = [0, 1] kai h A apoteleÐtai apì ìla ta
arijm sima kai ìla ta sunarijm sima uposÔnola, orÐzoume µ(A) = |A| kai
jètoume ν(A) = 0 ìtan to A eÐnai arijm simo kai ν(A) = 1 ìtan to A den
eÐnai arijm simo. Ta µ kai ν eÐnai mètra (m�lista to ν eÐnai peperasmèno) kai
ν � µ. 'Omwc, an up rqe f ¸ste ν(A) =

∫
A

fdµ gia k�je A ∈ A tìte ja
eÐqame

∫
fdµ = ν([0, 1]) = 1 en¸

0 = ν({x}) =

∫
{x}

fdµ = f(x)µ({x}) = f(x)

gia k�je x ∈ [0, 1], pr�gma adÔnato.
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