
7 SÔgklish akolouji¸n metrhsÐmwn

kai oloklhr¸simwn sunart sewn

Sthn par�grafo aut  ja mac apasqol sei kurÐwc h sÔgklish akolouji¸n me-
trhsÐmwn sunart sewn me di�forouc trìpouc (sqedìn pantoÔ, sqedìn omoiì-
morfa, kat� mètro, ston q¸ro L1(µ),. . . ) all� kai h prosèggish metrhsÐmwn
  oloklhrwsÐmwn sunart sewn apì {kalÔterec} sunart seic (aplèc, klima-
kwtèc, suneqeÐc, . . . ).

7.1 To Je¸rhma tou Lusin

ArqÐzoume me èna je¸rhma prosèggishc Borel-metrhsÐmwn sunart sewn (se
èna metrikì q¸ro) apì suneqeÐc sunart seic: An X eÐnai metrikìc q¸roc
kai µ eÐnai peperasmèno mètro Borel ston X, k�je µ-metr simh sun�rthsh
tautÐzetai, se èna sÔnolo meg�lou mètrou, me mia suneq  sun�rthsh:

Je¸rhma 7.1 (Lusin) 'Estw X metrikìc q¸roc kai µ peperasmèno mètro
Borel ston X. An f : X → R eÐnai µ-metr simh, gia k�je ε > 0 up�rqei (i)
èna anoiktì sÔnolo A ⊆ X me µ(A) < ε ¸ste h f |Ac na eÐnai suneq c sto Ac

kai (ii) mia suneq c sun�rthsh g : X → R ¸ste µ̄([f 6= g]) < ε. Epiplèon

sup{|g(x)| : x ∈ X} ≤ sup{|f(x)| : x ∈ X}.

Apìdeixh 'Estw {Vn : n ∈ N} mia arÐjmhsh twn anoikt¸n diasthm�twn tou
R me rht� �kra1. Tìte k�je f−1(Vn) eÐnai µ-metr simo, �ra, ìpwc èqoume
apodeÐxei, up�rqoun Fn kleistì kai Gn anoiktì ¸ste Fn ⊆ f−1(Vn) ⊆ Gn kai
µ(Gn\Fn) < ε

2n . Jètoume2 A =
⋃

n(Gn\Fn) kai Y = Ac. To Y eÐnai kleistì
kai

µ(A) ≤
∑

n

µ(Gn\Fn) <
∑

n

ε

2n
= ε.

Isqurismìc: H f |Y eÐnai suneq c ston Y . Gia na to apodeÐxoume, arkeÐ (giatÐ?)
na deÐxoume ìti k�je f−1(Vn) ∩ Y eÐnai anoiktì (ston Y ). Ja deÐxoume ìti
f−1(Vn) ∩ Y = Y ∩Gn.

Pr�gmati, afoÔ Fn ⊆ f−1(Vn) ⊆ Gn, èqoume

Y ∩ Fn ⊆ Y ∩ f−1(Vn) ⊆ Y ∩Gn.

1  mia opoiad pote arijm simh b�sh gia thn topologÐa tou R
2AnazhtoÔme èna kleistì sÔnolo Y ¸ste to f−1(Vn)∩Y na eÐnai (sqetik�) anoiktì sto

Y ). To Y kataskeu�zetai {pet¸ntac ta kak� komm�tia} Gn\Fn.
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All� Gn\Fn ⊆ X\Y �ra Y ∩Gn = Y ∩ Fn, opìte isqÔei isìthta.
ApodeÐqjhke to (i). Efarmìzontac t¸ra to Je¸rhma Tietze (bl. 7.2),

epekteÐnoume thn suneq  sun�rthsh f |Y : Y → R se mia suneq  sun�rthsh
g : X → R me

sup{|g(x)| : x ∈ X} = sup{|f(y)| : y ∈ Y } ≤ sup{|f(x)| : x ∈ X},
kai parathroÔme ìti oi g kai f diafèroun to polÔ sta shmeÐa tou A, pou èqei
mètro mikrìtero tou ε. 2.

L mma 7.2 (Je¸rhma Tietze gia metrikoÔc q¸rouc) An X eÐnai me-
trikìc q¸roc kai Y ⊆ X kleistì, k�je suneq c sun�rthsh f : Y → R èqei
mia suneq  epèktash g : X → R kai epiplèon

sup{|g(x)| : x ∈ X} = sup{|f(y)| : x ∈ Y }.

Sthn perÐptwsh X = R), h apìdeixh eÐnai �mesh: To sÔnolo Y c eÐnai anoi-
ktì, �ra eÐnai arijm simh ènwsh xènwn an� dÔo anoikt¸n diasthm�twn: Y c =
∪n(an, bn). EpekteÐnoume thn f se mia suneq  sun�rthsh g : X → R orÐzontac
thn g sto Y c ¸ste se k�je (an, bn) to gr�fhm� thc na eÐnai eujeÐa gramm :

g(x) =
(x− an)f(bn)− (x− bn)f(an)

bn − an

, an < x < bn.

Parat rhsh 7.3 To sumpèrasma tou Jewr matoc Lusin isqÔei ston q¸ro
(R,Mλ∗ , λ).

Pr�gmati, arkeÐ na deÐxoume ìti gia k�je A ∈ Mλ∗ kai ε > 0 up�rqoun G
anoiktì, F kleistì, F ⊆ A ⊆ G me µ(G \ F ) < ε.

Gia k�je n ∈ Z jètoume In = [n, n+1) kai An = A∩In. To mètro Lebesgue
eÐnai kanonikì se k�je In. Up�rqoun loipìn Kn sumpagèc, Gn anoiktì, Kn ⊆
An ⊆ Gn me µ(Gn \ Kn) < ε

2n . Jètoume G = ∪nGn kai F = ∪nKn. To
mìno pou qrei�zetai apìdeixh eÐnai ìti to F eÐnai kleistì. Kai pragmatik�, an
xn ∈ F kai xn → x, afoÔ h (xn) sugklÐnei ja eÐnai fragmènh �ra ja perièqetai
se k�poio [−no, no] kai �ra sto K−no ∪K−no+1 ∪ . . .∪Kno ≡ Fo. To Fo eÐnai
ìmwc kleistì, �ra x ∈ Fo ⊆ F. 2

7.2 SÔgklish akolouji¸n metrhsÐmwn sunart sewn

Orismìc 7.1 'Estw (X,A, µ) q¸roc mètrou, fn, f : X → R metr simec.

1. fn → f kat� shmeÐo sto X shmaÐnei ìti ∀ε > 0 kai ∀x ∈ X ∃no =
no(ε, x) ∈ N ¸ste n ≥ no ⇒ |fn(x)− f(x)| < ε.
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2. fn → f kat� shmeÐo µ-sqedìn pantoÔ shmaÐnei ìti up�rqei N ∈
A me µ(N) = 0 ¸ste fn(x) → f(x) ∀x ∈ X\N .

3. fn → f kat� mètro shmaÐnei ìti ∀ε > 0 an

N(n, ε) = {x ∈ X : |fn(x)− f(x)| ≥ ε}

tìte limn µ(N(n, ε)) = 0.

4. fn → f omoiìmorfa sto X shmaÐnei ìti ∀ε > 0 ∃no = no(ε) ∈ N
¸ste n ≥ no ⇒ |fn(x)− f(x)| < ε ∀x ∈ X.

5. fn → f sqedìn omoiìmorfa shmaÐnei ìti ∀ε > 0 ∃Mε ∈ A me
µ(Mε) < ε ¸ste fn → f omoiìmorfa sto X\Mε.

Parat rhsh 7.4 An X\A = {x ∈ X : limn fn(x) = f(x)} tìte

A =
⋃
ε>0

(
∞⋂

m=1

∞⋃
n=m

N(n, ε)

)
=
⋃
k∈N

(
∞⋂

m=1

∞⋃
n=m

N(n,
1

k
)

)
.

'Ara A ∈ A. 'Eqoume fn → f kat� shmeÐo an kai mìnon an A = ∅ kai
fn → f µ-sqedìn pantoÔ an kai mìnon an µ(A) = 0.

Apìdeixh

fn(x) → f(x) ⇐⇒ ∀ε > 0 ∃m ∈ N : (n ≥ m ⇒ |fn(x)− f(x)| < ε)

⇐⇒ ∀ε > 0 ∃m ∈ N : (n ≥ m ⇒ x ∈ (N(n, ε))c)

⇐⇒ ∀ε > 0 ∃m ∈ N : x ∈
∞⋂

n=m

(N(n, ε))c

⇐⇒ ∀ε > 0 x ∈
∞⋃

m=1

∞⋂
n=m

(N(n, ε))c

⇐⇒ x ∈
⋂
ε>0

(
∞⋃

m=1

∞⋂
n=m

(N(n, ε))c

)

�ra A =
⋃
ε>0

(
∞⋂

m=1

∞⋃
n=m

N(n, ε)

)
.
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Epeid  ìmwc

fn(x) → f(x) ⇐⇒ ∀k ∈ N ∃m ∈ N :

(
n ≥ m ⇒ |fn(x)− f(x)| < 1

k

)
èpetai me ton Ðdio sullogismì ìti

A =
∞⋃

k=1

(
∞⋂

m=1

∞⋃
n=m

N(n,
1

k
)

)
.

�ra to A eÐnai metr simo, afoÔ prokÔptei apì ta metr sima sÔnola N(n, 1
k
)

me arijm simec en¸seic kai tomèc.

Prìtash 7.5 (Lebesgue) 'Estw µ(X) < ∞. An fn → f sqedìn pantoÔ ,
tìte fn → f kat� mètro.

Apìdeixh 'Estw ε > 0. Apì thn upìjesh èqoume µ(A) = 0, �ra

0 = µ

(
∞⋂

m=1

∞⋃
n=m

N(n, ε)

)
= lim

m
µ

(
∞⋃

n=m

N(n, ε)

)
(1)

giatÐ ìtan mia akoloujÐa (Bm) eÐnai fjÐnousa èqoume µ(
⋂∞

m=1 Bm) = limm µ(Bm)
(epeid  µ(X) < ∞). All�

µ

(
∞⋃

n=m

N(n, ε)

)
≥ µ(N(m, ε))

�ra limm µ(N(m, ε)) = 0. 2

ParadeÐgmata 7.6 (i) To antÐstrofo den isqÔei en gènei.
Par�deigma: Gia k�je n, èstw Kn to ex c peperasmèno k�lumma tou [0, 1] apì
diast mata m kouc 2−n: K1 = {[0, 1

2
], ][1

2
, 1]}, K2 = {[0, 1

4
], [1

4
, 1

2
], [1

2
, 3

4
], [3

4
, 1]}

kai oÔtw kajex c. To sÔnolo ∪nKn eÐnai arijm simo. 'Estw I1, I2, . . . mia
arÐjmhs  tou, kai èstw χn h qarakthristik  sun�rthsh tou In. Efìson k�je
x ∈ [0, 1] an kei se �peiro pl joc In kai se �peiro pl joc Ic

n, h akoloujÐa
(χn(x)) den mporeÐ na sugklÐnei. Apì thn �llh ìmwc, gia k�je ε > 0 èqoume
λ({[χn ≥ ε]}) ≤ λ(In), �ra χn → 0 kat� mètro.

(ii) To sumpèrasma den isqÔei p�nta se q¸rouc �peirou mètrou. Gia par�-
deigma h akoloujÐa (χ[n,∞)) teÐnei sto 0 kat� shmeÐo, en¸ den sugklÐnei kat�
mètro ston (R,Mλ∗ , λ).
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Je¸rhma 7.7 (Egorov) 'Estw µ(X) < ∞. An fn → f µ-sqedìn pantoÔ,
tìte fn → f sqedìn omoiìmorfa.

Apìdeixh IsqÔoun oi upojèseic thc Prìtashc 7.5. Gia k�je k ∈ N, efarmì-
zontac th sqèsh (1) apì thn apìdeixh thc Prìtashc aut c gia ε = 1

k
èqoume

lim
m

µ

(
∞⋃

n=m

N(n,
1

k
)

)
= 0 ∀k ∈ N.

Epomènwc gia k�je δ > 0 kai k�je k ∈ N up�rqei mk ∈ N ¸ste

µ

(
∞⋃

n=mk

N(n,
1

k
)

)
<

δ

2k
.

'Estw

Aδ =
∞⋃

k=1

(
∞⋃

n=mk

N(n,
1

k
)

)
.

Tìte

µ(Aδ) ≤
∞∑

k=1

µ

(
∞⋃

n=mk

N(n,
1

k
)

)
<

∞∑
k=1

δ

2k
= δ.

Isqurismìc: fn → f omoiìmorfa sto Ac
δ.

Apìdeixh : 'Estw ε > 0 kai k ∈ N me 1
k

< ε. Epeid  Aδ ⊇
⋃∞

n=mk
N(n, 1

k
), an

x ∈ Ac
δ èqoume x /∈

⋃∞
n=mk

N(n, 1
k
) �ra gia k�je n ≥ mk isqÔei

|fn(x) − f(x)| ≤ 1
k

< ε. AfoÔ to mk den exart�tai apì to x èqoume fn → f
omoiìmorfa sto Ac

δ. 2

To Je¸rhma Egorov den isqÔei p�nta se q¸rouc �peirou mètrou. 'Ena
par�deigma eÐnai to 7.6 (i): H akoloujÐa (χn) teÐnei sto mhdèn pantoÔ, all� ìqi
sqedìn omoiìmorfa, diìti tìte ja èteine sto mhdèn kai kat� mètro (Prìtash
7.9).

Prìtash 7.8 H akoloujÐa (fn) sugklÐnei sthn f sqedìn omoiìmorfa an kai
mìnon an up�rqei fjÐnousa akoloujÐa (Ck) me Ck ∈ A kai µ(Ck) → 0 ¸ste
gia k�je k ∈ N na isqÔei fn → f omoiìmorfa sto Cc

k.

Prìtash 7.9 An fn → f sqedìn omoiìmorfa tìte fn → f sqedìn pantoÔ
kai kat� mètro.
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To antÐstrofo den isqÔei en gènei. 'Ena par�deigma eÐnai h akoloujÐa (gn)

ìpou gn(t) =

{
1, an n ≤ t ≤ n + 1

n

0, alli¸c
ston (R,Mλ∗ , λ).

Parat rhsh 7.10 Apo to Je¸rhma 7.7 kai thn Prìtash 7.9 èpetai ìti se
q¸rouc peperasmènou mètrou,

fn → f sv.p. ⇐⇒ fn → f sqedìn omoiìmorfa.

Epomènwc, an fn → f sq. omoiìmorfa tìte fn → f kat� mètro. To antÐstrofo
ìmwc den isqÔei p�nta, ìpwc faÐnetai apì to Par�deigma 7.6.

Prìtash 7.11 An (X, d) metrikìc q¸roc kai µ peperasmèno mètro Borel
ston X tìte gia k�je metr simh sun�rthsh f : X → R up�rqei akoloujÐa su-
neq¸n sunart sewn gn : X → R ¸ste gn → f µ-sqedìn pantoÔ. An epiplèon
h f eÐnai fragmènh, mporoÔme na epilèxoume tic gn omoiìmorfa fragmènec:
sup{|gn(x)| : x ∈ X} ≤ sup{|f(x)| : x ∈ X}.

Apìdeixh Gia k�je n ∈ N, apì to Je¸rhma Lusin up�rqei gn : X → R
suneq c me µ([gn 6= f ]) < 1

2n kai sup{|gn(x)| : x ∈ X} ≤ sup{|f(x)| : x ∈ X}.
Gia na deÐxoume ìti gn → f sv.p. prèpei na deÐxoume ìti gia k�je ε > 0 to
sÔnolo

Aε =
∞⋂

m=1

∞⋃
n=m

N(n, ε)

(ìpou N(n, ε) = [|gn − f | ≥ ε]) èqei µ(Aε) = 0.

Gia k�je m, èqoume Aε ⊆ ∪n≥mN(n, ε) �ra µ(Aε) ≤
∞∑

n=m

µ(N(n, ε)). ArkeÐ

loipìn na deÐxoume ìti lim
m→∞

∞∑
n=m

µ(N(n, ε)) = 0. Pr�gmati, epeid 

µ(N(n, ε)) = µ([|gn − f | ≥ ε]) ≤ µ([gn 6= f ]) <
1

2n

èqoume
∞∑

n=1

µ(N(n, ε)) < ∞, �ra lim
m→∞

∞∑
n=m

µ(N(n, ε)) = 0.

Prìtash 7.12 (anisìthta Chebyshev - Markov) An f : X → [0, +∞]
eÐnai metr simh kai ε > 0, tìte

µ([f ≥ ε]) ≤ 1

ε

∫
fdµ.
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Apìdeixh ∫
X

fdµ ≥
∫

[f≥ε]

fdµ ≥
∫

[f≥ε]

εdµ = εµ([f ≥ ε]). 2

7.3 O q¸roc L1(X,S, µ)

Orismìc 7.2 An (X,S, µ) eÐnai q¸roc mètrou, o q¸roc L1(X,S, µ) apote-
leÐtai apì ìlec tic sunart seic f : X → R ∪ {±∞} (  f : X → C) pou eÐnai
metr simec kai ikanopoioÔn

∫
X
|f |dµ < +∞. O arijmìc

∫
X
|f |dµ sumbolÐzetai

‖f‖1.

Parat rhsh 7.13 (i) An h f : X → R ∪ {±∞} eÐnai metr simh tìte
‖f‖1 < +∞ an kai mìnon an h f paÐrnei µ-sv.p. pragmatikèc timèc.

(ii) An f ∈ L1(X,S, µ), to sÔnolo [f 6= 0] èqei σ-peperasmèno mètro3.
(iii) An f, g ∈ L1(X,S, µ) kai λ ∈ R tìte f + λg ∈ L1(X,S, µ) kai

1. ‖λg‖1 = |λ|‖g‖1

2. ‖f + g‖1 ≤ ‖f‖1 + ‖g‖1

3. ‖f‖1 = 0 an kai mìnon an f = 0 µ-sv.p.

Orismìc 7.3 Mia akoloujÐa (fn) sunart sewn ston L1(X,S, µ) lègetai
ìti sugklÐnei sthn f ∈ L1(X,S, µ) wc proc thn ‖.‖1 (  ston L1) an
‖fn − f‖1 → 0. Genikìtera, h (fn) lègetai basik  akoloujÐa wc proc
thn ‖.‖1 an gia k�je ε > 0 up�rqei no ∈ N ¸ste ‖fn − fm‖1 < ε gia k�je
m, n ≥ no.

Parat rhsh 7.14 An h (fn) sugklÐnei µ-sv.p., den èpetai kat�an�gkhn ìti
sugklÐnei wc proc thn ‖.‖1.
Gia par�deigma èstw fn : [0, 1] → R h sun�rthsh

fn(x) =

{
n2(1− nx), 0 ≤ x ≤ 1

n

0, 1
n

< x ≤ 1

Tìte fn ∈ L1([0, 1], λ) kai fn(x) → 0 gia k�je x 6= 0, �ra fn → 0 λ-sv.p., all�
‖fn‖1 = n

2
→∞.

3giatÐ [f 6= 0] =
⋃
n

[
|f | ≥ 1

n

]
kai µ

([
|f | ≥ 1

n

])
≤ n

∫
|f |dµ < ∞ (Prìtash 7.12).
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Parat rhsh 7.15 An h (fn) sugklÐnei wc proc thn ‖.‖1, den èpetai kat�a-
n�gkhn ìti sugklÐnei µ-sv.p. MporeÐ m�lista na apoklÐnei se k�je shmeÐo.
'Opwc ja doÔme ìmwc sthn apìdeixh tou Jewr matoc 7.16, h (fn) èqei p�nta
mia upakoloujÐa pou sugklÐnei µ-sv.p.
'Ena par�deigma eÐnai h akoloujÐa (χn) apì to par�deigma 7.6(i) h opoÐa den
sugklÐnei gia kanèna x ∈ [0, 1], en¸ apì thn �llh meri�

‖χn‖1 =

∫ 1

0

|χn|dλ = λ(In) → 0

efìson gia k�je m ∈ N, mìnon peperasmèno pl joc apì ta In èqei m koc
megalÔtero apì 2−m.

Je¸rhma 7.16 (Riesz-Fischer) 'Estw (fn) mia akoloujÐa sunart sewn
ston L1(X,S, µ) pou eÐnai basik  wc proc thn ‖.‖1. Tìte up�rqei f ∈
L1(X,S, µ) ¸ste fn → f wc proc thn ‖.‖1. M�lista h f eÐnai to ìrio µ-
sv.p. miac upakoloujÐac thc (fn).

Apìdeixh (i) Efìson oi diaforèc ‖fn − fm‖1 {teÐnoun sto 0}, up�rqei
upakoloujÐa (fnk

) ¸ste
∑

k ‖fnk+1
−fnk

‖1 < +∞. Ja deÐxoume ìti mia tètoia
upakoloujÐa sugklÐnei µ-sv.p. se mia f ∈ L1(X,S, µ).

Sugkekrimèna, epilègoume gn sia aÔxousa akoloujÐa (nk) ¸ste

‖fm − fn‖1 <
1

2k
(m,n ≥ nk) (2)

Gia eukolÐa jètoume hk = fnk
,

gk = |h1|+ |h2 − h1|+ . . . + |hk+1 − hk|

kai

g = sup
k

gk = lim
k

gk = |h1|+
∞∑

k=1

|hk+1 − hk|.

Tìte oi hk, gk, g eÐnai metr simec. Apì to Je¸rhma B. Levi,∫
gdµ =

∫
|h1|dµ +

∫ ∞∑
k=1

|hk+1 − hk|dµ

=

∫
|h1|dµ +

∞∑
k=1

∫
|hk+1 − hk|dµ ≤

∫
|h1|dµ +

∞∑
k=1

1

2k
< ∞
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�ra h g(x) eÐnai sv.p. peperasmènh (Parat rhsh 7.13 (i)). Epomènwc an A =
[g < +∞] tìte A ∈ S kai µ(Ac) = 0. Gia k�je x ∈ A h akoloujÐa (gk(x))
sugklÐnei se pragmatikì arijmì. Autì shmaÐnei ìti gia k�je x ∈ A, h seir�

h1(x) +
∞∑

k=1

(hk+1(x)− hk(x))

sugklÐnei apìluta, �ra sugklÐnei se pragmatikì arijmì. All�

hk+1(x) = h1(x) + (h2(x)− h1(x)) + . . . + (hk+1(x)− hk(x)) ,

opìte jètontac f(x) = limk hk(x) = limk fnk
(x) gia x ∈ A kai f(x) = 0 gia

x ∈ Ac èqoume mia metr simh sun�rthsh f sto X. EpÐshc,∫
X

|f |dµ =

∫
X

lim
m
|hm+1|dµ ≤

∫
X

lim
m

(
|h1|+

m∑
k=1

|hk+1 − hk|

)
dµ

=

∫
X

gdµ < +∞

�ra f ∈ L1(X,S, µ).

(ii) DeÐqnoume t¸ra ìti h f eÐnai to ìrio wc proc thn ‖.‖1 olìklhrhc thc
akoloujÐac (fn).

Dojèntoc ε > 0, epilègoume ko ¸ste 1
2ko < ε opìte apì thn (2) èqoume

‖fm − fn‖1 < ε (m, n ≥ nko).

Sunep¸c an k ≥ ko kai m ≥ nko tìte ‖fm − fnk
‖1 < ε �ra

lim inf
k
‖fm − fnk

‖1 ≤ ε gia k�je m ≥ nko .

Epeid  ìmwc f = lim fnk
sv.p., �ra |f − fm| = lim

k
|fnk

− fm| sv.p. gia k�je

m ≥ nko , apì to L mma Fatou èqoume

‖f − fm‖1 =

∫
X

|f − fm|dµ =

∫
X

lim inf
k

|fnk
− fm|dµ

≤ lim inf
k

∫
X

|fnk
− fm|dµ ≤ ε. 2
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Parat rhsh 7.17 H parat rhsh 7.13 lèei ìti o L1(X,S, µ) eÐnai grammi-
kìc q¸roc kai h ‖.‖1 eÐnai hminìrma s�autìn. Epomènwc h ‖.‖1 orÐzei mia nìrma
ston q¸ro phlÐko L1(X,S, µ) = L1(X,S, µ)/N ìpou
N = {f ∈ L1(X,S, µ) : ‖f‖1 = 0}. Apì to (3) thc parat rhshc 7.13 èpetai
ìti o L1(X,S, µ) apoteleÐtai apì tic kl�seic isodunamÐac sunart sewn tou
L1(X,S, µ) modulo isìthta µ-sv.p.

Me aut n thn orologÐa, to Je¸rhma Riesz-Fischer lèei akrib¸c ìti o q¸-
roc (L1(X,S, µ), ‖.‖1) eÐnai pl rhc q¸roc me nìrma, dhlad  q¸roc Banach.

Parat rhsh 7.18 Ston L1(X,S, µ) oi aplèc oloklhr¸simec sunart seic
eÐnai puknì uposÔnolo: gia k�je f ∈ L1(R,Mλ∗ , λ) up�rqei akoloujÐa (fn)
apì aplèc oloklhr¸simec sunart seic ¸ste ‖f − fn‖1 → 0.

Apìdeixh Up�rqoun aÔxousec akoloujÐec apl¸n metr simwn sunart sewn
(sn) kai (tn) ¸ste sn ↗ f+ kai tn ↗ f−. An fn = sn − tn èqoume
fn → f+ − f− = f kat� shmeÐo kai

|fn| = |sn − tn| ≤ |sn|+ |tn| ≤ f+ + f− = |f |.

AfoÔ h |f | an kei ston L1, èqoume fn ∈ L1 kai apì to Je¸rhma Kuriarqhmènhc
SÔgklishc èpetai ìti ‖fn − f‖1 =

∫
|fn − f |dµ → 0.

Prìtash 7.19 Ston L1(R,Mλ∗ , λ) oi suneqeÐc sunart seic me sumpag 
forèa eÐnai puknì uposÔnolo: gia k�je f ∈ L1(R,Mλ∗ , λ) up�rqei akoloujÐa
(fn) apì suneqeÐc sunart seic me sumpag  forèa ¸ste ‖f − fn‖1 → 0.

Apìdeixh An f ∈ L1 kai χn = χ[−n,n], tìte fχn → f ston L1 (Je¸rhma
Kuriarqhmènhc sÔgklishc). Epomènwc, an ε > 0 up�rqei sumpagèc di�sthma
I ¸ste

∫
|f − fχI |dλ < ε. Apì thn Prìtash 7.11 brÐskw suneqeÐc gn ¸ste

gn → fχI sqedìn pantoÔ sto I kai epÐshc |gn| ≤ |fχI |, �ra gn → fχI

sqedìn pantoÔ sto R. Apì to Je¸rhma Kuriarqhmènhc SÔgklishc èpetai ìti
gn → fχI ston L1, dhlad  up�rqei no ∈ N ¸ste

∫
|fχI − gn|dλ < ε gia k�je

n ≥ no kai sunep¸c∫
|f − gn|dλ ≤

∫
|f − fχI |dλ +

∫
|fχI − gn|dλ < 2ε

gia k�je n ≥ no.

Prìtash 7.20 H sÔgklish ston L1 sunep�getai thn sÔgklish kat� mètro.
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Apìdeixh An fn → f ston L1, tìte fn → f kat� mètro. Pr�gmati, gia
k�je ε > 0, an N(n, ε) = [|fn − f | ≥ ε] èqoume apì thn Prìtash 7.12

µ(N(n, ε)) ≤ 1

ε

∫
N(n,ε)

|fn − f |dµ ≤ 1

ε
‖fn − f‖1 → 0.

ParadeÐgmata 7.21 To antÐstrofo den isqÔei qwrÐc epiplèon upojèseic
(bl. Prìtash 7.22), oÔte se q¸rouc peperasmènou mètrou.

Gia par�deigma, ston ([0, 1],Mλ, λ) an fn = n2χ[0, 1
n

] èqoume N(n, ε) ⊆
[0, 1

n
] gia k�je ε > 0 �ra fn → 0 kat� mètro, en¸ ‖fn‖1 = n →∞.

Ston (R,Mλ, λ), h akoloujÐa (fn) ìpou fn(t) =
n

t2
χ[n,∞)(t) ikanopoieÐ fn → 0

omoiìmorfa (kai �ra kat� mètro) all�
∫

fndλ =

∫ ∞

n

n

t2
dt = 1 gia k�je n.

Prìtash 7.22 'Estw fn, f metr simec sunart seic kai g ∈ L1(X,S, µ)
metr simh sun�rthsh me |fn| ≤ g gia k�je n ∈ N.
(i) An fn → f sqedìn pantoÔ, tìte f ∈ L1 kai ‖fn − f‖1 → 0.
(ii) An fn → f kat� mètro, tìte f ∈ L1 kai ‖fn − f‖1 → 0.

Apìdeixh (i) AfoÔ |fn| ≤ g kai fn → f sqedìn pantoÔ, èqoume |f | ≤ g
sqedìn pantoÔ (�ra f ∈ L1) kai sunep¸c |fn − f | ≤ 2g sqedìn pantoÔ. Apì
to Je¸rhma Kuriarqhmènhc SÔgklishc èpetai ìti, efìson |fn−f | → 0 sqedìn
pantoÔ, èqoume

∫
|fn − f |dµ → 0.

(ii) Upojètoume ìti to sumpèrasma den isqÔei. Ja up�rqei tìte ε > 0 kai
upakoloujÐa (fkn) thc (fn) ¸ste∫

|fkn − f |dµ ≥ ε gia k�je n. (3)

Gr�foume hn = |fkn − f | gia eukolÐa. Efìson hn → 0 kat� mètro apì thn
upìjesh, an N(n, ε) = [hn ≥ ε] èqoume gia k�je ε > 0 ìti µ(N(n, ε)) → 0 kai
�ra gia k�je m ∈ N up�rqei nm ∈ N ¸ste µ(N(nm, 1

2m )) ≤ 1
2m .

Jètontac t¸ra A =
⋂
k≥1

⋃
m≥k

N(nm,
1

2m
) brÐskoume ìti µ(A) ≤

∑
m≥k

1

2m
=

1

2k−1
gia k�je k ∈ N kai sunep¸c µ(A) = 0. EpÐshc gia k�je x /∈ A èqoume

|hnm(x)| < 1
2m . 'Eqoume dhlad  fknm

→ f sqedìn pantoÔ, �ra |f | ≤ g sqedìn
pantoÔ. Apì to (i) èpetai t¸ra ìti f ∈ L1 kai

∫
|fknm

− f |dµ → 0, pr�gma
pou èrqetai se antÐfash me thn (3).
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