
6 SÔgkrish me to olokl rwma Riemann

6.1 UpenjÔmish: To olokl rwma Riemann

'Estw f : [a, b] → R fragmènh. Gia k�je diamèrish P tou [a, b]

P = {I1, I2, . . . , In}
se xèna an� dÔo diast mata Ik = [tk−1, tk), (k = 1, 2, . . . , n − 1) kai In =
[tn−1, tn] jètoume

Mi = Mi(f) = sup{f(s) : s ∈ Ii}
mi = mi(f) = inf{f(s) : s ∈ Ii} (i = 1, . . . , n).

kai
L(f,P) =

n∑
i=1

mi(f)(ti − ti−1)

U(f,P) =
n∑

i=1

Mi(f)(ti − ti−1).

Ta L(f,P) kai U(f,P) onom�zontai to k�tw kai �nw �jroisma Rie-
mann thc f wc proc th diamèrish P .

EÐnai safèc ìti L(f,P) ≤ U(f,P). Jewr¸ntac diadoqik� diamerÐseic me
ìlo kai perissìtera shmeÐa, ja parathr soume ìti ta k�tw ajroÐsmata mega-
l¸noun, paramènontac ìmwc ìla mikrìtera (  Ðsa) apì k�je �nw �jroisma,
en¸ ta �nw ajroÐsmata mikraÐnoun, paramènontac ìmwc ìla megalÔtera ( 
Ðsa) apì k�je k�tw �jroisma. An up�rqei ènac kai monadikìc arijmìc I
an�mesa sta k�tw kai ta �nw ajroÐsmata, dhlad  tètoioc ¸ste na isqÔei
L(f,P) ≤ I ≤ U(f,Q) gia opoiesd pote dÔo diamerÐseic P kai Q tou [a, b],
tìte autìc o arijmìc onom�zetai to olokl rwma Riemann thc f sto [a, b].
Alli¸c, to olokl rwma Riemann thc f sto [a, b] den up�rqei. Ta ajroÐsmata
Riemann loipìn apoteloÔn k�tw kai �nw proseggÐseic1 tou oloklhr¸matoc
Riemann, ìtan autì up�rqei.

Prìtash 6.1 (Krit rio Riemann) 'Estw f : [a, b] → R fragmènh. H f
eÐnai Riemann-oloklhr¸simh an kai mìnon an gia k�je ε > 0 up�rqei diamè-
rish Pε tou [a, b] ¸ste

U(f,Pε)− L(f,Pε) < ε. (1)

1MporeÐ na diapist¸sei kaneÐc ìti, eÐte upologÐsei ta �nw kai k�tw ajroÐsmata qrhsi-
mopoi¸ntac hmi-�noiqta diast mata (ìpwc ed¸) eÐte ta upologÐsei qrhsimopoi¸ntac kleist�
diast mata, h Ôparxh kai h tim  tou oloklhr¸matoc thc f den ephre�zontai.
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IsodÔnama:
Gia k�je diamèrish P tou [a, b] orÐzoume klimakwtèc sunart seic hP , gP

wc ex c: k�je t ∈ [a, b] an kei akrib¸c se èna apì ta Ii kai jètoume

hP(t) = mi(f), gP(t) = Mi(f), t ∈ Ii (i = 1, . . . , n)

dhlad 

hP =
n∑

i=1

mi(f)χIi
, gP =

n∑
i=1

Mi(f)χIi

ìpou χA(t) =

{
1, t ∈ A
0, t /∈ A

h qarakthristik  sun�rthsh tou sunìlou A.

Diapist¸netai eÔkola ìti

hP(t) ≤ f(t) ≤ gp(t) gia k�je t ∈ [a, b]

kai

∫ b

a

hP(t)dt = L(f,P),

∫ b

a

gP(t)dt = U(f,P).

Epomènwc to krit rio Riemann anadiatup¸netai wc ex c:

Prìtash 6.2 'Estw f : [a, b] → R fragmènh. H f eÐnai Riemann-oloklhr¸simh
an kai mìnon an gia k�je ε > 0 up�rqoun klimakwtèc sunart seic gε, hε :

[a, b] → R ¸ste gε ≤ f ≤ hε kai
∫ b

a
(hε − gε) < ε.

6.2 Olokl rwma Riemann kai olokl rwma Lebesgue

Exet�zoume t¸ra th sqèsh an�mesa sto olokl rwma Riemann kai to olo-
kl rwma Lebesgue.

Epeid  oi sunart seic hP kai gP eÐnai klimakwtèc (�ra aplèc metr simec),
to olokl rwma Riemann kai to olokl rwma Lebesgue twn sunart sewn au-
t¸n sumpÐptoun.

Epilègoume epagwgik� diamerÐseic P1 ⊆ P2 ⊆ . . . ⊆ Pn ⊆ . . . ¸ste h
{leptìthta} (dhlad  h apìstash dÔo diadoqik¸n shmeÐwn) thc Pn na eÐnai
mikrìterh apì 1

n
kai

lim
n→∞

∫ b

a

hPn = sup
P

L(f,P) ≡
∫ b

a

f, lim
n→∞

∫ b

a

gPn = inf
P

U(f,P) ≡
∫ b

a

f.
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ParathroÔme ìti h akoloujÐa (hPn) = (hn) eÐnai aÔxousa kai h (gPn) = (gn)
eÐnai fjÐnousa kai ìti hn ≤ f ≤ gn gia k�je n. Jètoume h = supn hn kai
g = infn gn. Oi h, g eÐnai metr simec kai

h ≤ f ≤ g.

QwrÐc kammi� upìjesh gia thn f (ektìc tou ìti eÐnai fragmènh) apì to
Je¸rhma Monìtonhc SÔgklishc sumperaÐnoume ìti∫

hdλ = lim
n

∫
hndλ =

∫ b

a

f kai

∫
gdλ = lim

n

∫
gndλ =

∫ b

a

f.

Epomènwc h f eÐnai Riemann oloklhr¸simh an kai mìnon an isqÔei h isìthta∫
hdλ =

∫
gdλ.

Efìson h ≤ g, h isìthta aut  isqÔei an kai mìnon an h(x) = g(x) sqedìn gia
k�je x ∈ [a, b].

Tìte èqoume kai h(x) = f(x) = g(x) sqedìn gia k�je x ∈ [a, b] opìte h f
eÐnai metr simh2, m�lista Lebesgue-oloklhr¸simh kai∫

fdλ =

∫
hdλ =

∫ b

a

f

dhlad  to olokl rwma Lebesgue thc f sumpÐptei me to olokl rwma Riemann.

Isqurismìc 6.3 'Estw x ∈ [a, b] pou den an kei se kanèna apì ta diaqwri-
stik� shmeÐa kammi�c apì tic diamerÐseic Pn. Tìte h f eÐnai suneq c sto x
an kai mìnon an h(x) = f(x) = g(x).

Apìdeixh An h f eÐnai suneq c sto x, tìte gia k�je ε > 0 up�rqei δ > 0
¸ste an t ∈ [a, b] kai |t − x| < δ na isqÔei |f(t) − f(x)| < ε. Epilègoume
n ∈ N ¸ste 1

n
< δ, opìte h leptìthta thc diamèrishc Pn eÐnai mikrìterh apì δ.

'Epetai ìti an Ik eÐnai to di�sthma thc Pn ìpou an kei to x, tìte k�je t ∈ Ik

ja ikanopoieÐ |t−x| < δ, �ra |f(t)−f(x)| < ε kai sunep¸c |Mk(f)−f(x)| ≤ ε

2gia k�je c ∈ R, to sÔnolo {x ∈ [a, b] : f(x) < c} diafèrei apì to sÔnolo {x ∈ [a, b] :
h(x) < c} kat� èna sÔnolo mètrou mhdèn, �ra eÐnai metr simo, giatÐ ta sÔnola mètrou mhdèn
eÐnai Lebesgue metr sima.
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kai |mk(f)− f(x)| ≤ ε �ra |Mk(f)−mk(f)| ≤ 2ε, opìte gn(x)− hn(x) ≤ 2ε.
All� 0 ≤ g(x) − h(x) ≤ gn(x) − hn(x) ≤ 2ε, pr�gma pou shmaÐnei (afoÔ to
ε > 0 eÐnai aujaÐreto) ìti g(x)− h(x) = 0.

An antÐstrofa g(x)− h(x) = 0 tìte gia k�je ε > 0 up�rqei n ∈ N ¸ste
0 ≤ gn(x) − hn(x) < ε opìte, an Ik = [tk−1, tk) eÐnai to di�sthma thc Pn

ìpou an kei to x, tìte gia k�je t ∈ Ik èqoume mk(f) ≤ f(t) ≤ Mk(f) kai
mk(f) ≤ f(x) ≤ Mk(f) �ra

|f(t)− f(x)| ≤ Mk(f)−mk(f) = gn(x)− hn(x) < ε.

Dhlad  gia k�je ε > 0 up�rqei anoiktì di�sthma (tk−1, tk) ¸ste gia k�je
t ∈ (tk−1, tk) na isqÔei |f(t) − f(x)| < ε, pou shmaÐnei ìt h f eÐnai suneq c
sto x. 2

Epomènwc, an up�rqei èna sÔnolo N1 ⊆ [a, b] mètrou mhdèn ¸ste h(x) =
f(x) = g(x) gia k�je x ∈ [a, b]\N1 kai an onom�soume N thn ènwsh tou N1 me
to (arijm simo) sÔnolo ìlwn twn shmeÐwn ìlwn twn diamerÐsewn Pn, n ∈ N,
tìte to N èqei mètro mhdèn kai h f eÐnai suneq c se k�je x ∈ [a, b] \ N ,
dhlad  sqedìn pantoÔ. An antÐstrofa h f eÐnai suneq c sqedìn pantoÔ,
dhlad  up�rqei èna sÔnolo N2 ⊆ [a, b] mètrou mhdèn ¸ste h f na eÐnai suneq c
se k�je x ∈ [a, b] \ N2, tìte h isìthta h(x) = f(x) = g(x) isqÔei se k�je
x ∈ [a, b] \ N2 pou den eÐnai shmeÐo kammi�c apì tic diamerÐseic Pn, dhlad 
sqedìn pantoÔ. 'Epetai tìte ìti

∫
hdλ =

∫
gdλ, kai sunep¸c to olokl rwma

Riemann thc f sto [a, b] up�rqei.
SunoyÐzoume:

Je¸rhma 6.4 Mia fragmènh sun�rthsh f : [a, b] → R eÐnai Riemann olo-
klhr¸simh an kai mìnon an eÐnai sqedìn pantoÔ suneq c, an dhlad  to sÔnolo
twn asuneqei¸n thc èqei mètro mhdèn. Tìte h f eÐnai Lebesgue oloklhr¸simh
kai ta dÔo oloklhr¸mata sumpÐptoun.

Parat rhsh 6.5 Ac tonÐsoume th diafor� an�mesa sthn ènnoia {sqedìn
pantoÔ suneq c} kai {sqedìn pantoÔ Ðsh me mia suneq  sun�rthsh}:

Gia par�deigma h sun�rthsh Dirichlet, dhlad  h qarakthristik  sun�rth-
sh twn rht¸n, den eÐnai poujen� suneq c, all� eÐnai sqedìn pantoÔ Ðsh me th
suneq  sun�rthsh f(t) = 0. AntÐjeta h qarakthristik  sun�rthsh tou [1

3
, 2

3
]

eÐnai sqedìn pantoÔ suneq c (afoÔ eÐnai asuneq c mìno sta shmeÐa 1
3
kai 2

3
),

all� den mporeÐ na eÐnai sqedìn pantoÔ Ðsh me mia suneq  sun�rthsh, giatÐ
èqei �lma sta dÔo aut� shmeÐa.
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