
UpenjÔmish: Enallag  orÐou kai ajroÐsmatoc

1. Monìtonec akoloujÐec An bnk ∈ R+ kai bn,k ≤ bn+1,k gia k�je k, tìte

lim
n→∞

∞∑
k=1

bnk =
∞∑

k=1

lim
n→∞

bnk

Apìdeixh Jètw
bk = sup

n
bnk = lim

n
bnk ∈ [0, +∞]

kai ja deÐxw ìti
∞∑

k=1

bk = lim
n

∞∑
k=1

bnk = sup
n

∞∑
k=1

bnk

'Eqoume

∀n,∀k bnk ≤ bk

⇒ ∀n,∀K
K∑

k=1

bnk ≤
K∑

k=1

bk ≤
∞∑

k=1

bk

⇒ ∀n,
∞∑

k=1

bnk ≤
∞∑

k=1

bk

⇒ sup
n

∞∑
k=1

bnk ≤
∞∑

k=1

bk.

All�

∀K,
K∑

k=1

bk =
K∑

k=1

lim
n

bnk = lim
n

K∑
k=1

bnk = sup
n

K∑
k=1

bnk ≤ sup
n

∞∑
k=1

bnk

⇒
∞∑

k=1

bk ≤ sup
n

∞∑
k=1

bnk

kai sunep¸c isqÔei isìthta.

2. Par�deigma H upìjesh thc monotonÐac den mporeÐ na paraleifjeÐ: 'Estw

bnk =

{
1, n ≤ k
0, n > k
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'Eqoume ∀k, lim
n→∞

bnk = 0 �ra
∞∑

k=1

lim
n→∞

bnk = 0

All� ∀n,

∞∑
k=1

bnk =
∞∑

k=n

bnk = 1 + 1 + . . . = +∞

�ra lim
n→∞

∞∑
k=1

bnk = +∞.

3. Seirèc jetik¸n ìrwn An aij ≥ 0, tìte

∞∑
m=1

∞∑
k=1

amk =
∞∑

k=1

∞∑
m=1

amk.

Apìdeixh Jètw bnk =
∑n

m=1 amk. Tìte bnk ≤ bn+1,k gia k�je k kai limn→∞ bnk =∑∞
m=1 amk, opìte

∞∑
k=1

∞∑
m=1

amk =
∞∑

k=1

lim
n→∞

bnk
(1)
= lim

n→∞

∞∑
k=1

bnk

= lim
n→∞

∞∑
k=1

n∑
m=1

amk = lim
n→∞

n∑
m=1

∞∑
k=1

amk =
∞∑

m=1

∞∑
k=1

amk.

4. Apìluta sugklÐnousec seirèc An
∑∑

|xnk| < ∞ (dhlad  sup{
∑N

n=1

∑K
k=1 |xnk| :

N, K ∈ N} < ∞), tìte oi seirèc
∑

n

∑
k xnk kai

∑
k

∑
n xnk sugklÐnoun kai

m�lista sto Ðdio ìrio.

Apìdeixh Apì thn upìjesh, an A eÐnai èna �nw fr�gma ìlwn twn ajroi-
sm�twn

∑N
n=1

∑K
k=1 |xnk|, tìte gia k�je i èqoume

∑K
k=1 |xik| ≤ A �ra h

seir�
∑∞

k=1 xik sugklÐnei (apìluta), èstw sto yi kai gia k�je N èqoume∑N
i=1 |yi| ≤

∑N
i=1

∑∞
k=1 |xik| ≤ A �ra kai h seir�

∑
i yi sugklÐnei apìluta.

'Estw E = { 1
n

: n ∈ N}∪{0}. Apì thn prohgoÔmenh par�grafo, orÐzontai
oi

fi(
1

n
) =

n∑
k=1

xik, fi(0) = yi =
∞∑

k=1

xik kai g(x) =
∞∑
i=1

fi(x) (x ∈ E).

ParathroÔme ìti gia k�je i ∈ N, limn fi(
1
n
) = fi(0). Ja deÐxw ìti limn g( 1

n
) =

g(0).
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An ai =
∑∞

k=1 |xik| èqoume |fi(x)| ≤ ai gia k�je i kai gia k�je x ∈ E �ra∣∣∣∣∣g(x)−
m∑

i=1

fi(x)

∣∣∣∣∣ =

∣∣∣∣∣
∞∑

i=m+1

fi(x)

∣∣∣∣∣ ≤
∞∑

i=m+1

ai.

All�
∑∞

i=1 ai =
∑

i

∑
k |xik| < +∞, �ra limm→∞

∑∞
i=m+1 ai = 0. Epomènwc

an dojeÐ ε > 0 kai epilèxw m ∈ N tètoio ¸ste
∑∞

i=m+1 ai < ε, tìte∣∣∣∣∣g(x)−
m∑

i=1

fi(x)

∣∣∣∣∣ < ε

gia k�je x ∈ E. 'Ara∣∣∣∣g(0)− g(
1

n
)

∣∣∣∣ ≤
∣∣∣∣∣g(0)−

m∑
i=1

fi(0)

∣∣∣∣∣ +

∣∣∣∣∣
m∑

i=1

fi(0)−
m∑

i=1

fi(
1

n
)

∣∣∣∣∣ +

∣∣∣∣∣
m∑

i=1

fi(
1

n
)− g(

1

n
)

∣∣∣∣∣
< 2ε +

m∑
i=1

∣∣∣∣fi(0)− fi(
1

n
)

∣∣∣∣
gia k�je n ∈ N. Dialègontac t¸ra no ∈ N ¸ste

∣∣fi(0)− fi(
1
n
)
∣∣ < ε

m
gia

k�je n ≥ no, èqoume
∣∣g(0)− g( 1

n
)
∣∣ < 3ε gia k�je n ≥ no. 'Ara telik�

∞∑
i=1

∞∑
k=1

xik =
∞∑
i=1

fi(0) = g(0) = lim
m

g(
1

m
)

= lim
m

∞∑
i=1

fi(
1

m
) = lim

m

∞∑
i=1

m∑
k=1

xik

= lim
m

m∑
k=1

∞∑
i=1

xik =
∞∑

k=1

∞∑
i=1

xik.
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