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1. (a) Diatup¸ste thn arq  tou elaqÐstou (arq  kal c di�taxhc) sto N.

(b) 'Estw A,B mh ken�, �nw fragmèna uposÔnola tou R me supA = sup B. DeÐxte ìti: gia k�je
ε > 0 up�rqoun a ∈ A kai b ∈ B ¸ste |a− b| < ε.

(g) DeÐxte ìti to sÔnolo

K =
{

n

n + m
: m,n = 1, 2, . . .

}
eÐnai fragmèno kai breÐte ta supK kai inf K. Exet�ste an to K èqei mègisto   el�qisto stoiqeÐo.
Aitiolog ste pl rwc tic apant seic sac.

(2 mon�dec)

2. Gia kajemÐa apì tic parak�tw akoloujÐec exet�ste an sugklÐnei, kai an nai, breÐte to ìriì thc:
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n
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+
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, δn =

(
n
√

4− 1
)3n

.

(2 mon�dec)

3. (a) Gia kajemÐa apì tic parak�tw prot�seic d¸ste apìdeixh   antipar�deigma:

(i) An an > 0 kai h (an) den eÐnai �nw fragmènh, tìte an → +∞.

(ii) An h (an) eÐnai aÔxousa kai den eÐnai �nw fragmènh, tìte an → +∞.

(b) 'Estw (βn) akoloujÐa mh mhdenik¸n pragmatik¸n arijm¸n, me thn ex c idiìthta: gia k�je
k ∈ N to sÔnolo Ak = {n ∈ N : |βn| ≤ k} eÐnai peperasmèno. DeÐxte ìti

1
βn

→ 0.

(2.5 mon�dec)

4. (a) 'Estw f : (0, 1) → R suneq c sun�rthsh me thn ex c idiìthta: f(x) = x2 gia k�je rhtì

x ∈ (0, 1). Na brejeÐ to f
(√

2
2

)
. Aitiolog ste pl rwc thn ap�nths  sac.

(b) Exet�ste an up�rqei suneq c sun�rthsh g : R → R me g
(

1
n

)
= (−1)n gia k�je n ∈ N.

(g) D¸ste apìdeixh   antipar�deigma gia thn parak�tw prìtash:

'Estw h : R → R kai èstw x0 ∈ R. Tìte, to lim
x→x0

h(x) den up�rqei an kai mìno an ta

pleurik� ìria lim
x→x+

0

h(x) kai lim
x→x−0

h(x) up�rqoun all� eÐnai diaforetik�.

(2 mon�dec)

5. (a) Diatup¸ste ton orismì kai thn �rnhsh tou orismoÔ thc sunèqeiac miac sun�rthshc f :
R → R sto shmeÐo x0 ∈ R.

(b) 'Estw f : [0, 1] → [0, 3] suneq c kai epÐ sun�rthsh. DeÐxte ìti up�rqei y ∈ [0, 1] ¸ste
f(y) = 2y2 − y + 1.

(g) DeÐxte ìti h exÐswsh 3ex = 1 + x + x2

2 èqei akrib¸c mÐa pragmatik  rÐza.
(2 mon�dec)

6. (a) 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh kai èstw x0 ∈ (a, b). DeÐxte ìti: an to
lim

x→x0
f ′(x) up�rqei, tìte h f ′ eÐnai suneq c sto x0.

(b) 'Estw g : R → R h sun�rthsh pou orÐzetai wc ex c: g(x) =
{

e−1/x2
, an x 6= 0

0 , an x = 0
. Exet�ste

an h g eÐnai paragwgÐsimh sto R. An nai, exet�ste an h g′ eÐnai suneq c sto x0 = 0.
(2 mon�dec)

Kal  EpituqÐa!


