
6 Basik� Jewr mata sunèqeiac

Je¸rhma 6.1 An h f : [a, b] → R eÐnai suneq c tìte eÐnai fragmènh sto
[a, b], dhl. up�rqei M ¸ste |f(x)| ≤ M gia k�je x ∈ [a, b].

Apìdeixh Onom�zw

B = {x ∈ [a, b] : f |[a,x] fragmènh }

dhlad  èna x ∈ [a, b] an kei sto B an up�rqei M(x) ∈ R+ ¸ste gia k�je
t ∈ [a, x] na isqÔei |f(t)| ≤ M(x).

Prèpei na deÐxw ìti b ∈ B.
Parathr¸ ìti

• to B den eÐnai kenì, afoÔ a ∈ B (h f eÐnai fragmènh sto di�sthma
[a, a] = {a})

• to B eÐnai �nw fragmèno, p.q. apì to b (afoÔ B ⊆ [a, b])

Kat� sunèpeia, apì thn plhrìthta (!) tou R, to B èqei el�qisto �nw fr�gma,
èstw c, kai bèbaia a ≤ c ≤ b.

Isqurismìc c = b.
Apìdeixh An c < b, tìte epeid  h f eÐnai suneq c sto c, ìpwc èqoume deÐxei
ja up�rqei èna di�sthma [c− δ, c+ δ] ⊆ [a, b] sto opoÐo h f ja eÐnai fragmènh,
dhlad  ja up�rqei M1 ¸ste

t ∈ [c− δ, c + δ] ⇒ |f(t)| ≤ M1.

Epeid  ìmwc to c − δ den eÐnai �nw fr�gma tou B, up�rqei x ∈ B ¸ste
x > c− δ. Tìte ìmwc (apì ton orismì tou B) up�rqei M(x) ¸ste

t ∈ [a, x] ⇒ |f(t)| ≤ M(x).

Epomènwc, an jèsw M = max{M(x), M1}, tìte gia kaje t ∈ [a, c + δ] ja
èqw eÐte t ∈ [a, x] opìte |f(t)| ≤ M(x) ≤ M eÐte t ∈ [c − δ, c + δ] opìte
|f(t)| ≤ M1 ≤ M .

Sumpèrasma: H f eÐnai fragmènh sto [a, c + δ], dhlad  c + δ ∈ B, �topo
(afoÔ c = sup B). 'Etsi apodeÐqthke o Isqurismìc.

MporoÔme t¸ra na deÐxoume ìti b ∈ B. Pr�gmati, epeid  h f eÐnai suneq c
sto b, up�rqei èna di�sthma [b − η, b] ⊆ [a, b] sto opoÐo h f eÐnai fragmènh,
dhlad  ja up�rqei M1 ¸ste

t ∈ [b− η, b] ⇒ |f(t)| ≤ M2.
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'Opwc prin blèpoume ìti up�rqei x > b−η sto B, dhl. tètoio ¸ste h f |[a,x] na
eÐnai fragmènh, opìte ja eÐnai fragmènh kai sthn ènwsh [a, x]∪[b−η, b] = [a, b].
2

H sunèqeia thc f den mporeÐ na paraleifjeÐ. Par�deigma:

f : [0, 1] → R ìpou f(x) =

{
1/x an x 6= 0
0 an x = 0

EpÐshc to sumpèrasma den isqÔei p�nta, an to pedÐo orismoÔ thc f den eÐnai
kleistì kai fragmèno di�sthma. ParadeÐgmata:

f : (0, 1] → R ìpou f(x) =
1

x
.

H f eÐnai suneq c, orismènh se fragmèno di�sthma, ìqi ìmwc kleistì. Den
eÐnai �nw fragmènh.

f : R+ → R ìpou f(x) = x2.

H f eÐnai suneq c, orismènh se di�sthma, ìqi ìmwc fragmèno. Den eÐnai �nw
fragmènh.

Je¸rhma 6.2 An f : [a, b] → R eÐnai suneq c tìte èqei mègisto sto [a, b],
dhl. up�rqei (toul�qiston èna) xo ∈ [a, b] ¸ste f(xo) ≥ f(x) gia k�je x ∈
[a, b].

Apìdeixh Apì to Je¸rhma 6.1, h f eÐnai �nw fragmènh sto [a, b], opìte
up�rqei to M = sup{f(t) : t ∈ [a, b]} ∈ R. An h f den èqei mègisto sto [a, b],
tìte ja isqÔei f(x) < M gia k�je x ∈ [a, b]. Tìte ìmwc h sun�rthsh

g : [a, b] → R me g(x) =
1

M − f(x)

orÐzetai (efìson f(x) 6= M gia k�je x ∈ [a, b]) kai eÐnai suneq c sto [a, b],
all� den eÐnai fragmènh, giatÐ efìson M = sup f([a, b]) gia k�je n ∈ N
up�rqei tn ∈ [a, b] ¸ste f(tn) > M − 1

n
, opìte g(tn) > n. Autì antibaÐnei sto

Je¸rhma 6.1. 2

H sunèqeia thc f den mporeÐ na paraleifjeÐ. Par�deigma: H sun�rthsh

f : [0, 1] → R ìpou f(x) =

{
x2 an x < 1
0 an x = 1

2



den lamb�nei mègisth tim 1 sto [0, 1].

Pìrisma 6.3 An h f : [a, b] → R eÐnai suneq c tìte h f lamb�nei el�qisth
tim  sto [a, b], dhl. up�rqei (toul�qiston èna) xo ∈ [a, b] ¸ste f(xo) ≤ f(x)
gia k�je x ∈ [a, b].

Apìdeixh Ef�rmose to Je¸rhma 6.2 sthn −f .

Je¸rhma 6.4 'Estw f : [a, b] → R suneq c sun�rthsh.
An f(a) < 0 < f(b), tìte up�rqei xo ∈ (a, b) ¸ste f(xo) = 0.

Apìdeixh AnazhtoÔme mia rÐza xo thc f metaxÔ twn a kai b. An h rÐza
aut  tÔqei na brÐsketai sth mèsh, dhl. an f(a+b

2
) = 0, jètoume xo = a+b

2
kai

èqoume telei¸sei. Alli¸c, èqoume dÔo peript¸seic: An f(a+b
2

) > 0, jètoume
a1 = a, b1 = a+b

2
. An f(a+b

2
) < 0, jètoume a1 = a+b

2
, b1 = b. ParathroÔme ìti

se k�je perÐptwsh a ≤ a1 < b1 ≤ b, ìti f(a1) < 0 < f(b1) kai ìti to m koc
tou [a1, b1] eÐnai to misì tou prohgoumènou.

Epanalamb�noume thn diadikasÐa sto di�sthma [a1, b1]. An f(a1+b1
2

) = 0,
jètoume xo = a1+b1

2
= 0 kai èqoume telei¸sei. Alli¸c, suneqÐzoume epagwgi-

k�: Upojètoume ìti èqoume kataskeu�sei

a ≤ a1 ≤ a2 ≤ . . . ≤ an < bn ≤ . . . ≤ b2 ≤ b1 ≤ b

me f(ak) < 0 < f(bk) gia k�je k = 1, . . . , n kai ìti to m koc tou [an, bn]
eÐnai to misì tou prohgoumènou. Epanalamb�noume touc sullogismoÔc thc
prohgoÔmenhc paragr�fou sto di�sthma [an, bn]: An f(an+bn

2
) = 0, jètou-

me xo = an+bn

2
kai èqoume telei¸sei. Alli¸c, èqoume dÔo peript¸seic: An

f(an+bn

2
) > 0, jètoume an+1 = an, bn+1 = an+bn

2
. An f(an+bn

2
) < 0, jètou-

me an+1 = an+bn

2
, bn+1 = bn. ParathroÔme ìti an ≤ an+1 < bn+1 ≤ bn, ìti

f(an+1) < 0 < f(bn+1) kai ìti to m koc tou [an+1, bn+1] eÐnai to misì tou
prohgoumènou.

SqhmatÐzoume tic akoloujÐec (an) kai (bn). H (an) eÐnai aÔxousa kai �nw
fragmènh kai h (bn) eÐnai fjÐnousa kai k�tw fragmènh. 'Ara, ìpwc èqoume
apodeÐxei, kai oi dÔo sugklÐnoun. All�, ìpwc eÐpame, isqÔei ìti

b1 − a1 =
b− a

2
, b2 − a2 =

b1 − a1

2
=

b− a

22
, . . . , bn − an =

b− a

2n

1Parat rhse ìti h sun�rthsh aut  eÐnai fragmènh sto [0, 1], molonìti eÐnai asuneq c
(sto 1).
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gia k�je n. Efìson loipìn bn − an → 0, èqoume lim an = lim bn. An onom�-
soume xo autì to koinì ìrio, apì th sunèqeia thc f kai thn arq  thc metafor�c
ja èqoume

lim
n

f(an) = f(xo) = lim
n

f(bn).

All� f(an) < 0 < f(bn) gia k�je n, kai sunep¸c

f(xo) = lim
n

f(an) ≤ 0 ≤ lim
n

f(bn) = f(xo),

�ra f(xo) = 0. 2

DeÔterh apìdeixh Efìson h f eÐnai suneq c sto a kai f(a) < 0, ìpwc
èqoume apodeÐxei up�rqei mia perioq  tou a ìpou h f paÐrnei mìno gnhsÐwc
arnhtikèc timèc. Up�rqei loipìn k�poio x1 ∈ (a, b] ¸ste f(t) < 0 gia k�je
t ∈ [a, x1]. Efìson h f eÐnai suneq c sto b kai f(b) > 0, up�rqei y ∈ [a, b)
¸ste f(s) > 0 gia k�je s ∈ [y, b]. To x1 dhlad  an kei sto sÔnolo

A = {x ∈ [a, b] : f |[a,x] < 0} = {x ∈ [a, b] : f(t) < 0 gia k�je t ∈ [a, x]}

en¸ to y den an kei sto sÔnolo autì. To A eÐnai mh kenì kai �nw fragmèno
(apì to y). Epomènwc, apì thn plhrìthta tou R, èqei el�qisto �nw fr�gma,
èstw xo ∈ [x1, y] ⊆ (a, b). Ja deÐxoume ìti f(xo) = 0, apokleÐontac tic �llec
dÔo peript¸seic.

Pr�gmati, an upojèsoume ìti f(xo) < 0, tìte apì thn sunèqeia thc f sto
xo ja up�rqei mia perioq  (xo − δ, xo + δ) ⊆ [a, b] tou xo ìpou h f paÐrnei
mìnon arnhtikèc timèc. Efìson xo = sup A, up�rqei x ∈ A me xo − δ < x.
H f loipìn paÐrnei arnhtikèc mìnon timèc sto di�sthma [a, x] kaj¸c kai sto
di�sthma (xo− δ, xo + δ

2
], �ra paÐrnei arnhtikèc mìnon timèc sthn ènws  touc,

dhl. sto di�sthma [a, xo + δ
2
]. Ma tìte xo + δ

2
∈ A, pr�gma pou antibaÐnei sto

gegonìc ìti to xo eÐnai �nw fr�gma tou A. ApokleÐsjhke loipìn h perÐptwsh
f(xo) < 0.

An p�li upojèsoume ìti f(xo) > 0, tìte apì thn sunèqeia thc f sto xo

ja up�rqei mia perioq  (xo − η, xo + η) ⊆ [a, b] tou xo ìpou h f paÐrnei mìno
jetikèc timèc. All� afoÔ xo = sup A, up�rqei u ∈ A me xo − η < u. Apì th
mi� meri� èqoume u ∈ A, �ra f(u) < 0, kai apì thn �llh u ∈ (xo − η, xo + η),
�ra f(u) > 0. H antÐfash aut  apokleÐei kai thn perÐptwsh f(xo) > 0. 2

H sunèqeia thc f den mporeÐ na paraleifjeÐ. Par�deigma: h sun�rthsh

f : [0, 2] → R ìpou f(x) =

{
−1 an 0 ≤ x <

√
2

1 an
√

2 ≤ x ≤ 2
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Den mporeÐ epÐshc na paraleifjeÐ h upìjesh ìti h f orÐzetai se kleistì kai
fragmèno di�sthma. Gia par�deigma h f : [−1, 0) ∪ (0, 1] → R me f(x) = 1

x

eÐnai suneq c, ikanopoieÐ f(−1) < 0 < f(1) all� den mhdenÐzetai poujen�.

Pìrisma 6.5 An h f : [a, b] → R eÐnai suneq c kai f(a) < w < f(b),
up�rqei x ∈ [a, b] ¸ste f(x) = w.

Apìdeixh Ef�rmose to Je¸rhma 6.4 sthn g = f − w. 2

Pìrisma 6.6 An h f : [a, b] → R eÐnai suneq c kai f(a) > w > f(b),
up�rqei x ∈ [a, b] ¸ste f(x) = w.

Apìdeixh Ef�rmose to Je¸rhma 6.4 sthn g = w − f . 2

Ac jumÐsoume ìti èna uposÔnolo I ⊆ R lègetai di�sthma an perièqei k�je
shmeÐo pou eÐnai metaxÔ dÔo shmeÐwn tou, dhlad  an ikanopoieÐ:

x, y ∈ I, x ≤ z ≤ y =⇒ z ∈ I.

Je¸rhma 6.7 (Je¸rhma endiamèswn tim¸n) An I ⊆ R eÐnai di�-
sthma kai h f orÐzetai kai eÐnai suneq c sto I, tìte h eikìna f(I) eÐnai epÐshc
di�sthma.

Apìdeixh Prèpei na deiqjeÐ ìti an c, d ∈ f(I) me c 6= d, tìte k�je y metaxÔ
twn c kai d an kei epÐshc sto f(I). Up�rqoun a, b ∈ I ¸ste f(a) = c kai
f(b) = d. Upojètoume ìti a < b (alli¸c jewroÔme to di�sthma [b, a] antÐ
tou [a, b]). Tìte h f eÐnai orismènh kai suneq c sto [a, b]. An c = f(a) <
f(b) = d, tìte gia k�je y ∈ (c, d), apì to Pìrisma 6.5 brÐskoume x ∈ [a, b]
(opìte x ∈ I efìson to I eÐnai di�sthma) ¸ste f(x) = y, �ra y ∈ f(I). An
c = f(a) > f(b) = d, to Pìrisma 6.6 odhgeÐ sto Ðdio sumpèrasma. 2

Parat rhsh 6.8 To Je¸rhma den lèei ìti to f(I) eÐnai kleistì   fragmèno
di�sthma.2 (Par�deigma: an I = (0, 1] kai f : I → R : x → 1/x, tìte
f(I) = [1, +∞)). EpÐshc, an to I èqei �kra a, b, ta f(a), f(b) den eÐnai p�nta
�kra tou f(I). (Par�deigma: an I = [0, 2π] kai f : I → R : x → sin x, tìte
f(I) = [−1, 1]).

Pìrisma 6.9 An h f : [a, b] → R eÐnai suneq c tìte to f([a, b]) eÐnai kleistì
(kai fragmèno) di�sthma. M�lista f([a, b]) = [m, M ], ìpou m = min{f(x) :
x ∈ [a, b]} kai M = max{f(x) : x ∈ [a, b]}.

2dec ìmwc to Pìrisma 6.9
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Apìdeixh Apì to Je¸rhma 6.2 kai to Pìrisma 6.3, h f lamb�nei mègisth
kai el�qisth tim , m kai M , sto [a, b], opìte m, M ∈ f([a, b]) kai f([a, b]) ⊆
[m, M ]. Apì to Je¸rhma Endiamèswn tim¸n, to f([a, b]) eÐnai di�sthma, kai
afoÔ perièqei ta m kai M ja eÐnai anagkastik� Ðso me [m, M ]. 2

Efarmogèc

Prìtash 6.10 K�je jetikìc arijmìc a èqei mia n-ost  rÐza, up�rqei dhlad 
x ∈ R ¸ste xn = a. M�lista an o n eÐnai perittìc, k�je pragmatikìc arijmìc
a èqei mia n-ost  rÐza.

Apìdeixh (i) 'Estw f : R+ → R : f(x) = xn. 'Estw a > 0. Prèpei na
deiqjeÐ ìti up�rqei x > 0 ¸ste f(x) = a. Efìson h f eÐnai suneq c kai to R+

eÐnai di�sthma, apì to Je¸rhma 6.7 to f(R+) ja eÐnai di�sthma, kai bebaÐwc
perièqei to 0. Gia na deÐxoume loipìn ìti perièqei to a, arkeÐ na deÐxoume ìti
perièqei k�poio c > a. Up�rqei ìmwc b > 0 ¸ste f(b) > a (pr�gmati an a > 1
p�re p.q. b = a kai an a < 1 p�re p.q. b = 1).

(ii) An o n eÐnai perittìc kai a < 0, apì to (i) up�rqei x ¸ste xn = −a.
All� tìte (−x)n = −xn = a.

Prìtash 6.11 'Estw f : [0, 1] → [0, 1] suneq c sun�rthsh. Tìte up�rqei
xo ∈ [0, 1] ¸ste f(xo) = xo.

Apìdeixh JewroÔme th suneq  sun�rthsh g : [0, 1] → R me g(x) = f(x)−x.
Efìson 0 ≤ f(x) ≤ 1 gia k�je x ∈ [0, 1], èqoume g(0) ≥ 0 kai g(1) ≤ 0. An
g(0) = 0   g(1) = 0, telei¸same. An ìqi, opìte g(1) < 0 < g(0), apì to
Je¸rhma 6.4 up�rqei xo ∈ (0, 1) ¸ste g(xo) = 0. 2

Je¸rhma 6.12 'Estw I ⊆ R èna di�sthma kai f : I → R suneq c kai 1-1.
Tìte

1. H sun�rthsh f eÐnai gnhsÐwc monìtonh.

2. H antÐstrofh sun�rthsh f−1 eÐnai suneq c.

H gn sia monotonÐa thc f eÐnai eÔkolh sunèpeia twn dÔo lhmm�twn pou ako-
loujoÔn:

L mma 6.13 'Estw I ⊆ R èna di�sthma kai f : I → R suneq c kai 1-1. An
a, b, c ∈ I me a < b < c, tìte   f(a) < f(b) < f(c)   f(a) > f(b) > f(c).
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Apìdeixh Efìson f(a) 6= f(b), mporoÔme na upojèsoume ìti f(a) < f(b)
(alli¸c, jewroÔme thn −f). Ja deÐxoume ìti f(a) < f(b) < f(c). Apì to
Je¸rhma 6.7, to sÔnolo f([a, b]) eÐnai di�sthma kai afoÔ perièqei ta a kai b,
ja perièqei kai ìla ta endi�mesa shmeÐa. An loipìn f(a) < f(c) < f(b), tìte
ja up�rqei x ∈ [a, b] ¸ste f(x) = f(c). Autì ìmwc apokleÐetai afoÔ h f eÐnai
1-1, en¸ x 6= c.

An p�li f(c) < f(a) < f(b) tìte apì to Je¸rhma 6.7 ja up�rqei y ∈ [b, c]
me f(y) = f(a), pr�gma pou epÐshc apokleÐetai.

L mma 6.14 'Estw I ⊆ R èna di�sthma kai f : I → R suneq c kai 1-1.
An a, b, c, d ∈ I me a < b < c < d, tìte   f(a) < f(b) < f(c) < f(d)  
f(a) > f(b) > f(c) > f(d).

Apìdeixh Ef�rmose to prohgoÔmeno L mma stic tri�dec (a, b, c) kai (b, c, d).
Apì thn pr¸th tri�da, ja èqoume f(a) < f(b) < f(c)   f(a) > f(b) > f(c).
An f(a) < f(b) < f(c), tìte f(b) < f(c) �ra apì thn deÔterh tri�da brÐskoume
f(b) < f(c) < f(d). An p�li f(a) > f(b) > f(c), tìte f(b) > f(c) �ra
f(b) > f(c) > f(d).

Apìdeixh tou Jewr matoc 6.12 (i) MonotonÐa
StajeropoioÔme dÔo shmeÐa a < b sto I. Efìson f(a) 6= f(b), mporoÔme

na upojèsoume ìti f(a) < f(b) (alli¸c, jewroÔme thn −f).
Prèpei t¸ra na deÐxoume ìti h f eÐnai gnhsÐwc aÔxousa, dhlad  ìti h Ðdia

di�taxh diathreÐtai se ìla ta zeÔgh (x, y) shmeÐwn tou I me x < y:

DeÐqnoume ìti x, y ∈ I, x < y ⇒ f(x) < f(y).

Pr¸th Apìdeixh An x = a kai y = b den èqw tÐpote na apodeÐxw. Alli¸c,
ìpoia jèsh di�taxhc ki an èqoun ta x, y sto sÔnolo {a, b, x, y}, h Ðdia jèsh
ja diathreÐtai stic eikìnec {f(a), f(b), f(x), f(y)} (apì to L mma 6.14,   to
L mma 6.13, an k�poio apì ta x, y an kei sto {a, b}). Gia par�deigma an
x < a < y < b tìte f(x) < f(a) < f(y) < f(b) �ra f(x) < f(y). An
a < x = b < y tìte f(a) < f(x) = f(b) < f(y) �ra p�li f(x) < f(y), kai
oÔtw kajex c.

DeÔterh Apìdeixh (qwrÐc qr sh twn 6.13   6.14) Jètw

x(t) = (1− t)a + tx kai y(t) = (1− t)b + ty, t ∈ [0, 1].
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Parathr¸ ìti x(t), y(t) ∈ I gia k�je t ∈ [0, 1] (giatÐ?) kai ìti, afoÔ x < y kai
a < b,

x(t) = (1− t)a + tx < (1− t)b + ty = y(t) (t ∈ [0, 1]).

Kat� sunèpeia an jèsw h(t) = f(x(t)) − f(y(t)), tìte h(t) 6= 0 gia k�je
t ∈ [0, 1] giatÐ h f eÐnai 1-1. H sun�rthsh h : [0, 1] → R eÐnai suneq c kai
h(0) = f(a)− f(b) < 0. 'Eqoume h(t) < 0 gia k�je t ∈ [0, 1], giatÐ an up rqe
t ∈ [0, 1] me h(t) > 0, tìte apì to Je¸rhma 6.4 ja up rqe t0 ∈ (0, t) ¸ste
h(t0) = 0. 'Ara eidikìtera h(1) < 0. Ma autì shmaÐnei ìti f(x) − f(y) < 0,
kai autì jèlame na deÐxoume.

(ii) Sunèqeia thc f−1. 'Eqoume deÐxei t¸ra ìti h f eÐnai gnhsÐwc
monìtonh. Upojètoume ìti eÐnai aÔxousa (alli¸c jewroÔme thn −f). Jètoume
J ≡ f(I). 'Estw yo ∈ J kai xo = f−1(yo). An dojeÐ ε > 0 prèpei na brejeÐ
δ > 0 ¸ste to sÔnolo (yo − δ, yo + δ) ∩ J na apeikonÐzetai apì thn f−1 mèsa
sto (xo − ε, xo + ε).

Ac upojèsoume pr¸ta ìti to xo den eÐnai �kro tou I. Up�rqei tìte
0 < ε′ ≤ ε ¸ste (xo−ε′, xo+ε′) ⊂ I. An a = f(xo−ε′) kai b = f(xo+ε′) tìte
a, b ∈ J kai a < yo < b (efìson xo − ε′ < xo < xo + ε′ kai h f eÐnai gnhsÐwc
aÔxousa). AfoÔ yo ∈ (a, b), up�rqei δ > 0 ¸ste (yo − δ, yo + δ) ⊆ (a, b) (p.q.
δ = min{yo − a, b− yo}). Tìte gia k�je y ∈ (yo − δ, yo + δ) ∩ J èqoume

a = f(xo − ε′) < y < f(xo + ε′) = b

kai �ra, efìson h f−1 eÐnai gnhsÐwc aÔxousa3

xo − ε′ < f−1(y) < xo + ε′

dhlad  |f−1(y)− f−1(yo)| = |f−1(y)− xo| < ε′ ≤ ε.
An p�li to xo eÐnai to k�tw �kro tou I (opìte to yo eÐnai to k�tw �kro

tou J), tìte up�rqei 0 < ε′ ≤ ε ¸ste [xo, xo + ε′) ⊂ I opìte jètontac
δ = f(xo + ε′)− yo èqoume gia k�je y ∈ (yo − δ, yo + δ) ∩ J ìti

yo ≤ y < yo + δ = f(xo + ε′)

�ra
xo − ε′ < xo ≤ f−1(y) < xo + ε′

kai �ra |f−1(y) − f−1(yo)| = |f−1(y) − xo| < ε′ ≤ ε. 'Omoia antimetwpÐzetai
kai h perÐptwsh pou to xo eÐnai to �nw �kro tou I.

3an u < v tìte f−1(u) < f−1(v), giatÐ an f−1(u) ≥ f−1(v) ja eÐqame u ≥ v
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Parathr seic 6.15 (i) H upìjesh ìti h f orÐzetai se di�sthma den mporeÐ
en gènei na paraleifjeÐ. Gia par�deigma h sun�rthsh

f : [0, 1) ∪ [2, 3] → [0, 2] me f(x) =

{
x, 0 ≤ x < 1

x− 1, 2 ≤ x ≤ 3

eÐnai suneq c, 1-1 kai epÐ, ìmwc h antÐstrof  thc

f−1 : [0, 2] → R me f−1(y) =

{
y, 0 ≤ x < 1

y + 1, 1 ≤ y ≤ 2

eÐnai asuneq c sto shmeÐo y = 1.
(ii) ParathroÔme ìti sthn apìdeixh thc sunèqeiac thc f−1 den qrhsimopoi jhke

h sunèqeia thc f , all� mìnon h gn sia monotonÐa thc kai to gegonìc ìti orÐzetai se

di�sthma. DeÐxame loipìn ìti, an f : I → R eÐnai mia gnhsÐwc monìtonh sun�rthsh

orismènh se di�sthma, h antÐstrofh sun�rthsh f−1 eÐnai suneq c.
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