
3 AkoloujÐec

Orismìc 3.1 AkoloujÐa (pragmatik¸n arijm¸n) eÐnai mia anti-
stoÐqish 1 a1, 2 a2, . . . , n an, . . . twn fusik¸n arijm¸n 1, 2, . . . , n, . . .
proc touc pragmatikoÔc arijmoÔc. Gr�foume (an)   (an)n∈N   (a1, a2, . . .),  
endeqomènwc (a0, a1, . . .).

Dhlad  akoloujÐa pragmatik¸n arijm¸n eÐnai mia sun�rthsh me pedÐo orismoÔ
to sÔnolo N twn fusik¸n arijm¸n (  to N\{0}) kai timèc sto R. Shmei¸noume
th diafor� an�mesa sthn akoloujÐa (a0, a1, . . .) kai sto sÔnolo {a0, a1, . . .} =
{an : n ∈ N} twn tim¸n thc. ParadeÐgmatoc q�rin h akoloujÐa (−1)n =
(1,−1, 1,−1, . . .) èqei sÔnolo tim¸n to {−1, 1}. EpÐshc oi akoloujÐec (an)
kai (bn) ìpou

(an) = (
1

2
,
1

4
,
1

6
,
1

8
,

1

10
,

1

12
, . . . , )

(bn) = (
1

2
,
1

2
,
1

2
,
1

4
,
1

2
,
1

6
, . . . , )

dhlad  an = 1
2n

gia k�je n ∈ N, n ≥ 1 kai bn =

{
1/n : n �rtioc
1/2 : n perittìc

eÐnai

polÔ diaforetikèc, èqoun ìmwc to Ðdio sÔnolo tim¸n { 1
2m

: m = 1, 2, . . .}.

Orismìc 3.2 'Estw (an) akoloujÐa kai a ∈ R. Lème ìti h (an) sugklÐnei
sto a kai gr�foume an → a   lim

n
an = a kaj¸c n →∞   lim

n→∞
an = a an:

gia k�je ε > 0 up�rqei no ∈ N (pou exart�tai apì to ε)
¸ste gia k�je n ≥ no na isqÔei |an − a| < ε .

Sumbolik�:
∀ε > 0 ∃no ∈ N : n ≥ no ⇒ |an − a| < ε.

Lème ìti h (an) sugklÐnei an up�rqei a ∈ R ¸ste lim
n

an = a. Alli¸c lème

ìti apoklÐnei.

Dhlad  h (an) sugklÐnei sto a ∈ R an OPOIO (osod pote mikrì) ε > 0 kai na
dojeÐ, KAPOIO telikì tm ma (ano , ano+1, ano+2, . . .) brÐsketai OLOKLHRO
sthn perioq  (a− ε, a + ε).
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IsodÔnama, h (an) sugklÐnei sto a ∈ R an gia k�je ε > 0 h sqèsh |an−a| ≥ ε
den mporeÐ na isqÔei gia �peiro pl joc deikt¸n n, dhlad 

gia KAJE ε > 0 to sÔnolo twn deikt¸n {n ∈ N : |an − a| ≥ ε}
eÐnai peperasmèno.

Epomènwc, h (an) DEN sugklÐnei sto a ∈ R an

gia KAPOIO ε > 0 to sÔnolo twn deikt¸n {n ∈ N : |an − a| ≥ ε}
eÐnai APEIRO

  isodÔnama UPARQEI ε > 0 ¸ste KANENA telikì tm ma (an, an+1, an+2, . . .)
na MHN brÐsketai OLOKLHRO sthn perioq  (a− ε, a + ε), dhlad  k�poioc
ìroc thc akoloujÐac (an, an+1, an+2, . . .) na brÐsketai ektìc thc perioq c
(a− ε, a + ε). Dhlad 

Parat rhsh 3.1 H akoloujÐa den sugklÐnei sto a an up�rqei ε > 0 ¸ste
gia k�je n ∈ N na up�rqei m ≥ n ¸ste |am − a| ≥ ε.

ParadeÐgmata 3.2 H akoloujÐa (an) ìpou an = 1
n
teÐnei sto 0. To Ðdio kai

h akoloujÐa (bn) ìpou bn =


nn n ≤ 1023

−80
n

n > 1023

.

H akoloujÐa (cn) ìpou cn = (−1)n den sugklÐnei, all� h (dn) ìpou dn = (−1)n

n

teÐnei sto 0.

H akoloujÐa (fn) ìpou fn = n2 den sugklÐnei se pragmatikì arijmì. OÔte h

akoloujÐa (gn) ìpou gn =


n2 n �rtioc

1
n

n perittìc

ApodeÐxeic Efìson to sÔnolo N twn fusik¸n arijm¸n den eÐnai �nw frag-
mèno1, gia k�je ε > 0 up�rqei no ∈ N ¸ste 1

no
< ε. Den arkeÐ ìmwc autì gia

na exasfalÐsoume ìti 1
n
→ 0: prèpei ìloi oi ìroi apì ton no-ostì kai pèra na

ikanopoioÔn thn anisìthta. Autì ìmwc eÐnai al jeia (sthn perÐptws  mac):
an n ≥ no tìte 1

n
≤ 1

no
< ε.

Gia thn (bn), arkeÐ, gia k�je ε > 0, na p�rw no > max{80
ε
, 1023}. Tìte, an

n ≥ no ja èqw |bn − 0| = 80
n
≤ 80

no
< ε.

1Parat rhse ìti ed¸ qrhsimopoieÐtai h Arqim deia idiìthta tou N, pou me th seir� thc
apodeÐqjhke qrhsimopoi¸ntac thn plhrìthta tou R.
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An h (cn) eÐqe ìrio k�poion arijmì c ∈ R, tìte ja up rqe no ∈ N ¸ste
|cn − c| < 1/2 ìtan n ≥ no (ef�rmosa ton orismì me ε = 1/2). Tìte ìmwc ja
èprepe na isqÔei |cn+1 − cn| ≤ |cn+1 − c| + |c − cn| < 1 ìtan n ≥ no, pr�gma
pou den isqÔei afoÔ |cn+1 − cn| ≥ 1 gia k�je n.

To Ðdio epiqeÐrhma deÐqnei ìti kai oi �llec dÔo akoloujÐec den sugklÐnoun,
giatÐ |fn+1 − fn| = 2n + 1 ≥ 1 kai |gn+1 − gn| ≥ 1 gia k�je n > 1. 2

Parathr seic 3.3 (i) An an → a tìte |an| → |a|. To antÐstrofo ìmwc
den isqÔei en gènei, ìtan a 6= 0 ('Askhsh!).

(ii) EÐnai �meso apì ton orismì thc sÔgklishc ìti h sqèsh an → a isodunameÐ
me thn |an − a| → 0.

(iii) H sÔgklish kai h tim  tou orÐou miac akoloujÐac (an) exart¸ntai mìnon
apì èna {telikì tm ma} (an)n≥no thc akoloujÐac: p.q. ìpwc eÐdame sta proh-
goÔmena ParadeÐgmata, h akoloujÐa (bn) èqei to Ðdio ìrio me thn

(−80
n

)
, giatÐ

oi dÔo akoloujÐec tautÐzontai gia k�je n > 1023.

EpÐshc an to ìrio limn an up�rqei, tìte up�rqei kai to ìrio limn an+1 kai eÐnai
Ðsa. Genikìtera, an k ∈ Z kai bn = an+k (n ≥ −k), h akoloujÐa (an) sugklÐnei
s�ènan arijmì a an kai mìnon an h akoloujÐa (bn)n≥−k sugklÐnei sto a. (H
apìdeixh eÐnai �mesh apì ton orismì thc sÔgklishc kai af netai ¸c �skhsh.)

An�mesa stic akoloujÐec pou apoklÐnoun, mia eidik  kl�sh axÐzei na apomo-
nwjeÐ: ekeÐnec pou, kat�apìluto tim , gÐnontai {aujaÐreta meg�lec} (ìpwc h
(fn) sto teleutaÐo par�deigma):

Orismìc 3.3 Lème ìti h akoloujÐa (an) teÐnei sto +∞ an gia k�je M ∈
R up�rqei no ∈ N (pou exart�tai apì to M) ¸ste an > M gia k�je n ≥ no.

Lème ìti h (an) teÐnei sto −∞ an gia k�je M ∈ R up�rqei no ∈ N (pou
exart�tai apì to M) ¸ste an < M gia k�je n ≥ no.

(TonÐzoume ìti oi akoloujÐec autèc apoklÐnoun!)

Prìtash 3.4 (Monadikìthta orÐou) An an → a kai an → b, tìte
a = b.

Apìdeixh 'Estw a 6= b. AfoÔ an → a, gia k�je ε > 0, �ra kai gia ε = |a−b|
2

,
up�rqei no ∈ N ¸ste
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|an − a| < ε ìtan n ≥ no. (1)

AfoÔ an → b, gia to Ðdio ε up�rqei n1 ∈ N ¸ste

|an − b| < ε ìtan n ≥ n1. (2)

Epomènwc an n ≥ no kai n ≥ n1 (p.q. n = max{no, n1}) ikanopoioÔntai
tautìqrona kai oi dÔo anisìthtec. Tìte ìmwc

|a− b| ≤ |a− an|+ |an − b| < 2ε = |a− b|

dhl. |a− b| < |a− b|, pr�gma adÔnato. 2

Orismìc 3.4 Lème ìti h akoloujÐa (an) eÐnai �nw fragmènh (k�tw
fragmènh, fragmènh) an to sÔnolo {an : n ∈ N} twn ìrwn thc eÐnai
�nw fragmèno (k�tw fragmèno, fragmèno).

Dhlad  h (an) eÐnai:
�nw fragmènh an up�rqei M > 0 ¸ste an ≤ M gia k�je n ∈ N,
k�tw fragmènh an up�rqei M ′ ∈ R ¸ste an ≥ M ′ gia k�je n ∈ N, kai
fragmènh an eÐnai �nw kai k�tw fragmènh, dhl. isodÔnama an up�rqei K > 0
¸ste |an| ≤ K gia k�je n ∈ N.

Prìtash 3.5 K�je sugklÐnousa akoloujÐa eÐnai fragmènh (to antÐstrofo
ìmwc den isqÔei en gènei).

Apìdeixh 'Estw ìti an → a. Tìte (gia k�je ε > 0, �ra kai gia ε = 1)
up�rqei no ∈ N ¸ste |an − a| < 1, �ra |an| < |a| + 1, ìtan n ≥ no. Dhlad 
to sÔnolo

{ano , ano+1, ano+2, . . .} = {an : n ≥ no}
eÐnai fragmèno (p.q. apì ton arijmì |a|+ 1). 'Omwc to {upìloipo} sÔnolo

{a1, a2, . . . , ano−1}

eÐnai peperasmèno, sunep¸c kai autì fragmèno (k�poioc apì touc ìrouc au-
toÔc, èstw o |ak|, ìpou k < no, ja èqei thn mègisth apìluth tim ). 'Ara kai
h ènwsh twn dÔo sunìlwn, dhlad  to {an : n ∈ N}, ja eÐnai fragmèno (p.q.
apì to max{|a|+ 1, |ak|}).
Par�deigma fragmènhc akoloujÐac pou den sugklÐnei eÐnai h ((−1)n) (dec pa-
r�deigma 3.2). 2
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Prìtash 3.6 An an → a kai bn → b, tìte:

(1) an + bn → a + b

(2) λan → λa gia k�je λ ∈ R.

(3) an.bn → a.b

(4) An b 6= 0, tìte up�rqei no ¸ste bn 6= 0 gia k�je n ≥ no kai h akoloujÐa(
an

bn

)
n≥no

sugklÐnei sto
a

b
.

Apìdeixh tou (1) 'Estw ε > 0. 'Eqoume

|(an + bn)− (a + b)| ≤ |an − a|+ |bn − b|.

Gia na petÔqoume to |(an + bn) − (a + b)| na eÐnai mikrìtero apì ε, ARKEI
na k�noume k�je prosjetèo mikrìtero apì ε/2. 'Estw n1 ¸ste |an − a| <
ε/2 gia k�je n ≥ n1 (up�rqei tètoio n1 efìson an → a). 'Estw n2 ¸ste
|bn − b| < ε/2 gia k�je n ≥ n2 (up�rqei tètoio n2 efìson bn → b). Tìte
gia k�je n megalÔtero   Ðso kai apì ta dÔo (dhl. n ≥ max{n1, n2}) èqoume
|(an + bn)− (a + b)| < ε.

Apìdeixh tou (2) An λ = 0 den up�rqei tÐpote na apodeiqjeÐ. An λ 6= 0
kai dojeÐ ε > 0, up�rqei no ∈ N ¸ste gia k�je n ≥ no na isqÔei |an−a| < ε

|λ| ,

opìte |λan − λa| < ε.

Apìdeixh tou (3) ParathroÔme ìti h (an) eÐnai fragmènh, afoÔ sugklÐnei.
Up�rqei loipìn M > 0 ¸ste |an| ≤ M gia k�je n. 'Estw ε > 0. 'Eqoume

|anbn − ab| = |anbn − anb + anb− ab| ≤ |anbn − anb|+ |anb− ab|
= |an|.|bn − b|+ |an − a|.|b| ≤ M.|bn − b|+ |an − a|.|b|

AfoÔ |an − a| → 0 kai |bn − b| → 0, apì to (2) èqoume ìti |an − a|.|b| → 0
kai M.|bn − b| → 0, �ra M.|bn − b| + |an − a|.|b| → 0 apì to (1). Sunep¸c
up�rqei no ∈ N ¸ste gia k�je n ≥ n0 na isqÔei |M.|bn − b|+ |an − a|.|b|| < ε
kai kat� sunèpeia

|an.bn − a.b| ≤ M.|bn − b|+ |an − a|.|b| < ε .

Apìdeixh tou (4) Parat rhse pr¸ta ìti an x>0 kai |y−x|< x
2
tìte |y|> x

2
.

Efìson bn → b, up�rqei no ¸ste gia k�je n ≥ no na isqÔei |bn − b| < |b|
2
.
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Tìte

||bn| − |b|| ≤ |bn − b| < |b|
2

�ra |bn| >
|b|
2

(opìte bn 6= 0 gia k�je n ≥ no) kai∣∣∣∣ 1

bn

− 1

b

∣∣∣∣ =

∣∣∣∣b− bn

bbn

∣∣∣∣ < |b− bn|
|b| |b|

2

= 2
|b− bn|

b2
.

'Estw t¸ra ε > 0. Epilègontac n1 ¸ste n1 ≥ no kai 2 |b−bn|
b2

< ε gia k�je

n ≥ n1 (up�rqei tètoio n1 efìson bn → b) èqoume
∣∣∣ 1
bn
− 1

b

∣∣∣ < ε gia k�je

n ≥ n1.

DeÐxame loipìn ìti h akoloujÐa ( 1
bn

)n≥no sugklÐnei sto 1
b
. Epomènwc, apì to

(3), h akoloujÐa (an

bn
)n≥no sugklÐnei sto a

b
. 2

ShmeÐwsh To antÐstrofo thc Prìtashc den isqÔei. AntiparadeÐgmata: an =
(−1)n, bn = (−1)n+1.

Parat rhsh 3.7 An an → a, bn → b kai an ≤ bn gia k�je n tìte a ≤ b.
An ìmwc an < bn gia k�je n den èpetai ìti a < b all� mìnon ìti a ≤ b.

Prìtash 3.8 'Estw ìti up�rqei no ¸ste an ≤ bn ≤ cn gia k�je n ≥ no.
An limn an = a kai limn cn = a, tìte to ìrio limn bn up�rqei kai limn bn = a.

Apìdeixh 'Estw ε > 0. Brec n1 ∈ N ¸ste

gia k�je n ≥ n1 na isqÔei a− ε < an < a + ε. (3)

Brec n2 ∈ N ¸ste

gia k�je n ≥ n2 na isqÔei a− ε < cn < a + ε. (4)

Tìte gia k�je n ≥ max{no, n1, n2} isqÔoun oi dÔo teleutaÐec anisìthtec
kaj¸c kai h an ≤ bn ≤ cn kai sunep¸c

a− ε
(3)
< an ≤ bn ≤ cn

(4)
< a + ε

�ra |bn − a| < ε gia k�je n ≥ max{no, n1, n2}, pr�gma pou deÐqnei ìti h
akoloujÐa (bn) sugklÐnei, kai m�lista sto a. 2

Gia par�deigma, an |bn| ≤ cn gia k�je n ∈ N kai cn → 0, tìte (|bn| → 0 �ra)
bn → 0. 'Etsi apodeiknÔetai p.q. ìti 100

n3 → 0, efìson 1
n
→ 0 kai 100

n3 ≤ 1
n
ìtan

n ≥ 10.
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'Askhsh 3.9 lim 1√
n

= 0.

Apìdeixh 'Estw ε > 0. Ja brw no ¸ste
1√
no

< ε, isodÔnama (afoÔ no > 0)
1
no

< ε2, dhlad  no > 1
ε2 . Up�rqei tètoio no efìson to N den eÐnai �nw

fragmèno2. Gia k�je n ≥ no èqw

1√
n
≤ 1
√

no

< ε . 2

Prìtash 3.10 (1) An a > 0, lim
n

a1/n = 1, (2) lim
n

n1/n = 1.

Apìdeixh (1) 'Estw pr¸ta a ≥ 1. Tìte a1/n ≥ 1 gia k�je n ∈ N, opìte o
arijmìc bn = a1/n − 1 eÐnai mh arnhtikìc. 'Eqw a = (1 + bn)n ≥ 1 + nbn apì
to diwnumikì an�ptugma   thn anisìthta Bernoulli, �ra, gia k�je n ≥ 1,

0 ≤ bn ≤
a− 1

n
,

all� a−1
n
→ 0, �ra bn → 0 apì thn Prìtash 3.8.

An a < 1 tìte 1
a

> 1 kai �ra 1
a1/n = ( 1

a
)1/n → 1.

(2) Gia n > 2 èqw n1/n > 1, opìte dn ≡ n1/n − 1 > 0. Apì to diwnumikì
an�ptugma èqw

n = (1 + dn)n = 1 + ndn +
n(n− 1)

2
d2

n + . . . + dn
n ≥

n(n− 1)

2
d2

n

�ra 1 ≥ n− 1

2
d2

n kai sunep¸c

0 < dn ≤
√

2

n− 1
.

All�
√

2
n−1

→ 0 apì thn 'Askhsh 3.9, �ra dn → 0. 2

Ac jumhjoÔme ìti mia sun�rthsh f : X → R me pedÐo orismoÔ X ⊆ R lègetai
aÔxousa an gia k�je x, y ∈ X me x < y isqÔei f(x) ≤ f(y). AfoÔ mia
akoloujÐa eÐnai mia sun�rthsh me pedÐo orismoÔ to N, h akoloujÐa (an) ja

2M�lista to el�qisto kat�llhlo no eÐnai to [ 1
ε2 ] + 1, all� den èqei shmasÐa.
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eÐnai aÔxousa an an ≤ am gia k�je n, m ∈ N me n < m. Autì bebaÐwc
sunep�getai ìti an ≤ an+1 gia k�je n ∈ N. All� kai antÐstrofa, an isqÔei
h sqèsh an ≤ an+1 gia k�je n ∈ N, tìte h (an) eÐnai aÔxousa. Pr�gmati, gia
k�je n ∈ N kai k ∈ N èqoume3 an ≤ an+k. Epomènwc an n, m ∈ N kai n < m,
jètontac k = m− n, èqoume an ≤ an+k = am. SunoyÐzoume:

Parat rhsh 3.11 Mia akoloujÐa (an) pragmatik¸n arijm¸n eÐnai:

• aÔxousa an an ≤ an+1 gia k�je n ∈ N.

• gnhsÐwc aÔxousa an an < an+1 gia k�je n ∈ N.

• fjÐnousa an an ≥ an+1 gia k�je n ∈ N.

• gnhsÐwc fjÐnousa an an > an+1 gia k�je n ∈ N.

• monìtonh an eÐnai aÔxousa   fjÐnousa.

• gnhsÐwc monìtonh an eÐnai gnhsÐwc aÔxousa   gnhsÐwc fjÐnousa.

Parat rhse ìti mia stajer  akoloujÐa eÐnai aÔxousa kai fjÐnousa.

Je¸rhma 3.12
K�je monìtonh kai fragmènh akoloujÐa pragmatik¸n arijm¸n sugklÐnei.

An h (an) eÐnai aÔxousa kai �nw fragmènh tìte limn an = sup{an : n ∈ N},
en¸ an eÐnai fjÐnousa kai k�tw fragmènh tìte limn an = inf{an : n ∈ N}.

Parat rhsh To antÐstrofo den isqÔei en gènei: mia sugklÐnousa ako-
loujÐa (eÐnai bebaÐwc fragmènh (Prìtash 3.5) all�) den eÐnai anagkastik�

monìtonh: par�deigma h

(
(−1)n

n

)
.

Apìdeixh Jewr matoc Ac upojèsoume ìti h (an) eÐnai fjÐnousa kai k�tw
fragmènh (h �llh perÐptwsh apodeiknÔetai ìmoia). To sÔnolo A = {an :
n ∈ N} eÐnai mh kenì kai k�tw fragmèno. Epomènwc apì thn idiìthta thc
plhrìthtac4 to A èqei mègisto k�tw fr�gma (infimum), èstw a.

3Autì apodeiknÔetai me epagwg  sto k: Gia k = 1 h anisìthta isqÔei ex upojèsewc, kai
an an ≤ an+j tìte, efarmìzontac p�li thn upìjesh gia ton fusikì arijmì n + j èqoume
an+j ≤ an+j+1 kai sunep¸c an ≤ an+j ≤ an+j+1.

4gia thn akrÐbeia, apì èna �meso pìrism� thc
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'Estw ε > 0. AfoÔ o arijmìc a + ε den eÐnai k�tw fr�gma tou A, up�rqei
k�poio ano ∈ A ¸ste ano < a + ε. All� h (an) eÐnai fjÐnousa, epomènwc gia
k�je n ≥ no èqoume an ≤ ano , �ra an < a + ε. Apì thn �llh meri�, to a eÐnai
k�tw fr�gma tou A, �ra an ≥ a > a− ε gia k�je n.

DeÐxame ìti gia k�je ε > 0 up�rqei no ¸ste gia k�je n ≥ no na isqÔei
a− ε < an < a + ε. Sunep¸c an → a. 2

'Askhsh 3.13 'Estw A ⊆ R mh kenì kai fragmèno. Up�rqei tìte mia aÔ-
xousa akoloujÐa (an) me an ∈ A gia k�je n ¸ste an → sup A kai mia fjÐnousa
akoloujÐa (bn) me bn ∈ A gia k�je n ¸ste bn → inf A.

'Askhsh 3.14 K�je x ∈ R eÐnai ìrio miac akoloujÐac rht¸n (kai miac ako-
loujÐac arr twn). M�lista, up�rqei mia gnhsÐwc aÔxousa kai mia gnhsÐwc
fjÐnousa akoloujÐa rht¸n pou na sugklÐnei sto x.

Par�deigma 3.15 'Estw a1 = 1 kai an+1 =
√

1 + an. H (an) sugklÐnei

ston arijmì τ =
1 +

√
5

2
(th qrus  tom ).

Apìdeixh Ja deÐxoume, qrhsimopoi¸ntac epagwg , ìti h (an) eÐnai kal�
orismènh (dhl. ìti gia k�je n isqÔei 1 + an ≥ 0), aÔxousa kai fragmènh.
DeÐqnoume pr¸ta ìti gia k�je n isqÔei an ≥ 1 (�ra 1+an ≥ 0) kai an+1 ≥ an.
ParathroÔme ìti a2 =

√
1 + 1 > 1 = a1. 'Estw t¸ra m ∈ N. An am+1 ≥ am

kai am ≥ 1, èqoume am+1 ≥ 1 kai

am+2 =
√

1 + am+1 ≥
√

1 + am = am+1

kai to epagwgikì b ma apodeÐqjhke.

Ja deÐxoume t¸ra ìti an ≤ 2 gia k�je n. H anisìthta isqÔei gia n = 1, afoÔ
a1 = 1. All�, gia k�je m ∈ N,

am ≤ 2 ⇒ am+1 =
√

1 + am ≤
√

1 + 2 ≤ 2

�ra h anisìthta isqÔei gia k�je n.

Apì to Je¸rhma 3.12 èpetai t¸ra ìti h (an) sugklÐnei se k�poion arijmì
a. Efìson 1 ≤ an ≤ 2 gia k�je n ja èqoume 1 ≤ a ≤ 2. P¸c ìmwc
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ja prosdiorÐsoume thn tim  tou a? QrhsimopoioÔme thn anadromik  sqèsh
an+1 =

√
1 + an : epeid  limn an+1 = a (Parat rhsh 3.3 (iii)), èpetai ìti

a2 = lim
n

a2
n+1 = lim

n
(1 + an) = 1 + a

kai sunep¸c a2 − a − 1 = 0, pr�gma pou sunep�getai ìti a = 1+
√

5
2

, giatÐ h

�llh rÐza 1−
√

5
2

thc exÐswshc den ikanopoieÐ thn anisìthta a ≥ 1.

Prìtash 3.16 An 0 < a < 1, tìte lim
n

an = 0.

Pr¸th apìdeixh H akoloujÐa (an) eÐnai (gnhsÐwc) fjÐnousa kai k�tw
fragmènh apì to 0. Apì to Je¸rhma 3.12, up�rqei to ìrio b = lim

n
an. Efìson

an > 0 gia k�je n, èqoume b ≥ 0. Parat rhse ìti oi akoloujÐec (an) kai (an+1)
èqoun to Ðdio ìrio (Parat rhsh 3.3 (iii)). Sunep¸c

ba = (lim
n

an)a = lim
n

an+1 = lim
n

an = b ⇒ b(1− a) = 0.

All� a 6= 1, �ra b = 0.

DeÔterh apìdeixh Efìson 1
a

> 1, èqoume 1
a
− 1 ≡ d > 0. Apì thn

anisìthta Bernoulli   to diwnumikì an�ptugma èqoume ìti (1 + d)n ≥ 1 + nd
opìte

0 ≤ an =
1

(1 + d)n
≤ 1

1 + nd
→ 0

kai �ra an → 0 apì thn Prìtash 3.8.

'Askhsh 3.17 'Estw an ≥ 0 gia k�je n. An up�rqei ρ ∈ (0, 1) ¸ste
n
√

an ≤ ρ gia k�je5 n ∈ N, tìte to ìrio lim
n

an up�rqei kai eÐnai 0.

Apìdeixh Efìson 0 < ρ < 1, to ìrio lim
n

ρn up�rqei kai eÐnai 0. All�

0 ≤ an ≤ ρn gia k�je n ∈ N,

�ra, efìson ρn → 0, to ìrio lim
n

an up�rqei kai eÐnai 0.

5'Opwc faÐnetai apì thn apìdeixh, arkeÐ h anisìthta na ikanopoieÐtai {telik�}, na up�rqei
dhlad  k�poio no ∈ N ¸ste n

√
an ≤ ρ gia k�je n ≥ no.

10



Parat rhsh 3.18 Den arkeÐ na isqÔei h anisìthta n
√

an < 1 gia k�je
n. EÐnai krÐsimo na mporeÐ na brejeÐ fr�gma ρ gn sia mikrìtero apì 1. Para-
deÐgmatoc q�rin an an = 1

n1/n , tìte n
√

an < 1 gia k�je n ∈ N, all� h (an) den
sugklÐnei sto 0 (Prìtash 3.10).

L mma 3.19 (i) 'Estw akoloujÐa (an) kai µ ∈ [0, 1). Upojètoume ìti up�r-
qei k ∈ N ¸ste |an+1| ≤ µ|an| gia k�je n ≥ k. Tìte to ìrio lim

n
an up�rqei

kai eÐnai 0.

(ii) An an 6= 0 gia k�je n ∈ N kai h akoloujÐa
(
|an+1|
|an|

)
sugklÐnei s�ènan

arijmì λ < 1, tìte to ìrio limn an up�rqei kai eÐnai 0.

Apìdeixh Jètw bn = |an|.
(i) Prèpei na deÐxw ìti to lim

n
bn up�rqei kai eÐnai 0. 'Eqoume

bk+1 ≤ bkµ, bk+2 ≤ bk+1µ ≤ bkµ
2 kai epagwgik�

0 ≤ bk+n ≤ bkµ
n gia k�je n ∈ N.

All� efìson 0 < µ < 1 èqoume µn → 0 kai �ra lim
n

bn = lim
n

bn+k = 0.

'Allh apìdeixh: AfoÔ bn+1 ≤ bnµ ≤ bn gia k�je n ≥ k, h (bn) eÐnai telik�
fjÐnousa epomènwc sugklÐnei, èstw sto b ≥ 0. 'Omwc, afoÔ bn+1 ≤ bnµ gia
k�je n ≥ k èqoume

0 ≤ b = lim
n

bn+1 ≤ lim
n

bnµ = bµ

�ra b(1− µ) ≤ 0. Efìson b ≥ 0 kai 1− µ > 0, èpetai ìti b = 0.

(ii) 'Estw ìti h akoloujÐa
(
|an+1|
|an|

)
sugklÐnei s�ènan arijmì λ < 1. Epilègw

µ ¸ste λ < µ < 1 (up�rqei tètoio µ giatÐ λ < 1). AfoÔ bn+1

bn
→ λ up�rqei k

¸ste bn+1

bn
< µ gia k�je n ≥ k. 'Epetai apì to (i) ìti to ìrio limn bn up�rqei

kai eÐnai 0. 2

Parat rhsh 3.20 Kai ed¸ oi upojèseic 0 ≤ µ < 1, 0 ≤ λ < 1 den mpo-
roÔn en gènei na paraleifjoÔn. Gia par�deigma an an = 1+ 1

n
tìte |an+1| < |an|

gia k�je n all� h (an) den sugklÐnei sto 0.

Prìtash 3.21 An 0 < a < 1 kai k ∈ Z tìte limn nkan = 0.
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Apìdeixh Jètontac xn = nkan èqoume

|xn+1|
|xn|

=
(n + 1)kan+1

nkan
=

(
1 +

1

n

)k

a → a .

Efìson a < 1, to apotèlesma èpetai apì to L mma. 2

Prìtash 3.22 H akoloujÐa (an) ìpou an = (1+ 1
n
)n sugklÐnei s�ènan arijmì

e me 2 < e < 3.

Pr¸th apìdeixh. Isqurismìc 1 H (an) eÐnai aÔxousa, dhl. an+1 ≥ an

gia k�je n:

Qrhsimopoi¸ thn anisìthta arijmhtikoÔ mèsou - gewmetrikoÔ mèsou

x1 + x2 + . . . + xn+1

n + 1
≥ n+1

√
x1x2 . . . xn+1

gia touc jetikoÔc arijmoÔc

x1 = x2 = . . . = xn = 1 +
1

n
kai xn+1 = 1

opìte èqw

n(1 + 1
n
) + 1

n + 1
≥ n+1

√(
1 +

1

n

)n

.1

dhlad 

1 +
1

n + 1
≥ n+1

√(
1 +

1

n

)n

.

Uy¸nontac kai ta dÔo mèlh thc anisìthtac aut c (pou eÐnai jetik�) sthn n+1,
prokÔptei h epijumht  anisìthta(

1 +
1

n + 1

)n+1

≥
(

1 +
1

n

)n

.

Isqurismìc 2 H (an) eÐnai fragmènh, kai m�lista 2 < an < 3 gia k�je
n ≥ 2:
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'Eqoume a1 = 2, a2 =
(

3
2

)2
= 9

4
> 2 kai gia k�je n ≥ 2, apì to diwnumikì

an�ptugma

an = 1 +
n∑

k=1

n(n− 1)(n− 2) . . . (n− k + 1)

k!

1

nk

= 1 +
n∑

k=1

1

k!

n

n
(1− 1

n
)(1− 2

n
) . . . (1− k − 1

n
) < 1 +

n∑
k=1

1

k!
.

All� k! = 1.2.3 . . . k, �ra, ìtan k ≥ 2, tìte k! ≥ 1.2.2 . . . 2 = 2k−1 opìte

an < 1 +
n∑

k=1

1

k!
≤ 1 +

n∑
k=1

1

2k−1
.

'Omwc ìpwc eÐnai gnwstì to �jroisma twn ìrwn gewmetrik c proìdou eÐnai

n∑
k=1

1

2k−1
= 1 +

1

2
+

1

22
+ . . . +

1

2n−1
=

1− 1
2n

1− 1
2

= 2− 1

2n−1
< 2

kai sunep¸c an < 3 gia k�je n.

'Epetai t¸ra apì to Je¸rhma 3.12 ìti h (an) sugklÐnei, kai an jèsoume e =
lim an tìte efìson 9

4
≤ an < 3 gia k�je n ≥ 2 èqoume 2 < 9

4
≤ e ≤ 3, all�

den mporoÔme amèswc na sumper�noume ìti e < 3.

MporoÔme ìmwc na belti¸soume thn prosèggish wc ex c: an n ≥ 4,

an < 1 +
n∑

k=1

1

k!
= 1 +

(
1 +

1

2
+

1

2.3
+

n∑
k=4

1

k!

)
≤ 2 +

1

2
+

1

6
+

n∑
k=4

1

2k−1

≤ 2 +
1

2
+

1

6
+

1
23 − 1

2n

1− 1
2

< 2 +
1

2
+

1

6
+

1

4
= 2 +

11

12

�ra e ≤ 2 + 11
12

< 3.

DeÔterh apìdeixh 'Estw bn = (1 + 1
n
)n+1.

Isqurismìc H (an) eÐnai aÔxousa kai h (bn) eÐnai fjÐnousa.
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Apìdeixh IsqurismoÔ: Gia n ≥ 2, èqoume an = (1 + 1
n
)n =

(
n+1

n

)n
, bn−1 =

(1 + 1
n−1

)n =
(

n
n−1

)n
, opìte

an

bn−1

=
(1 + 1

n
)n

(1 + 1
n−1

)n
=

(
n + 1

n

)n(
n− 1

n

)n

=

(
n2 − 1

n2

)n

=

(
1− 1

n2

)n
Ber
> 1− n

1

n2
= 1− 1

n
=

n− 1

n

ìpou qrhsimopoÐhsa thn anisìthta Bernoulli. Epomènwc

an > bn−1

(
n− 1

n

)
=

(
n

n− 1

)n(
n− 1

n

)
=

(
n

n− 1

)n−1

=

(
1 +

1

n− 1

)n−1

= an−1.

�ra h (an) eÐnai aÔxousa. EpÐshc

bn−1

an

=

(
n2

n2 − 1

)n

=

(
1 +

1

n2 − 1

)n

>

(
1 +

1

n2

)n
Ber
> 1+n

1

n2
= 1+

1

n
=

n + 1

n

opìte

bn−1 > an

(
n + 1

n

)
=

(
n + 1

n

)n(
n + 1

n

)
=

(
n + 1

n

)n+1

= bn

�ra h (bn) eÐnai fjÐnousa. Endeiktik�, oi pr¸toi ìroi eÐnai:

a1 = (1 + 1
1
)1 = 2 b1 = (1 + 1

1
)2 = 4

a2 = (1 + 1
2
)2 = 9

4
= 2.25 b2 = (1 + 1

2
)3 = 27

8
= 3.375

a3 = (1 + 1
3
)3 = 64

27
' 2.3704 b3 = (1 + 1

3
)4 = 256

81
' 3.1605

a4 = (1 + 1
4
)4 = 625

256
' 2.4414 b4 = (1 + 1

4
)5 = 3125

1024
' 3.0518

a5 = (1 + 1
5
)5 = 7776

3125
' 2.4883 b5 = (1 + 1

5
)6 = 46656

15625
' 2.986

'Epetai t¸ra apì to Je¸rhma 3.12 ìti kai oi dÔo akoloujÐec sugklÐnoun.
M�lista epeid  to phlÐko bn

an
= 1 + 1

n
sugklÐnei sto 1, oi dÔo akoloujÐec ja

èqoun to Ðdio ìrio, e.
Tèloc, gia n > 5,

9

4
= a2 < an < bn < b5 =

(
6

5

)6

=
46656

15625
< 3

�ra 2 < an ≤ e ≤ bn < 3 . 2
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Parat rhsh 3.23 Oi anisìthtec(
1 +

1

n

)n

< e <

(
1 +

1

n

)n+1

pou apodeÐxame epitrèpoun thn prosèggish tou arijmoÔ e tou Euler me opoia-
d pote epijumht  akrÐbeia, arkeÐ na p�roume arket� meg�lo n.

'Askhsh 3.24 An h akoloujÐa (an) sugklÐnei sto a tìte kai h akoloujÐa
(bn) twn mèswn ìrwn

bn =
a1 + a2 + . . . + an

n

sugklÐnei epÐshc sto a. IsqÔei to antÐstrofo?

LÔsh Ac upojèsoume pr¸ta ìti an → 0. 'Estw ε > 0. Up�rqei no ∈ N
¸ste |an| < ε

2
ìtan n ≥ no. 'Estw n > no. 'Eqoume

|bn| =
∣∣∣∣a1 + a2 + . . . + ano

n
+

ano+1 + ano+2 + . . . + an

n

∣∣∣∣
≤|a1|+ |a2|+ . . . + |ano |

n
+
|ano+1|+ |ano+2|+ . . . + |an|

n

<
|a1|+ |a2|+ . . . + |ano |

n
+

n ε
2

n
.

All� o arijmht c tou pr¸tou kl�smatoc den exart�tai apì to n, �ra to
kl�sma autì teÐnei sto 0 kaj¸c n →∞. Sunep¸c up�rqei n1 > no ¸ste gia
k�je n ≥ n1 na èqoume

|a1|+ |a2|+ . . . + |ano |
n

<
ε

2
,

kai tìte
|bn| <

ε

2
+

ε

2
.

DeÐxame loipìn ìti bn → 0 = limn an.

Gia thn genik  perÐptwsh ìpou an → a arkeÐ na exet�soume thn mhdenik 
akoloujÐa a′n ≡ an − a kai na parathr soume ìti

a′1 + a′2 + . . . + a′n
n

=
a1 + a2 + . . . + an

n
− a
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opìte, afoÔ oi mèsoi ìroi thc (a′n) teÐnoun sto 0 apì ta prohgoÔmena, oi mèsoi
ìroi thc (an) ja teÐnoun sto a.

To antÐstrofo den isqÔei en gènei. An gia par�deigma jewr soume thn ako-
loujÐa (an) me an = −1 ìtan n perittìc kai an = 1 ìtan n �rtioc, eÐnai fanerì
ìti h (an) den sugklÐnei, en¸ oi mèsoi ìroi thc moi�zoun na teÐnoun {sth mèsh}.
Kai pragmatik�,

a1 + a2 + . . . + a2n−1 = −1 kai a1 + a2 + . . . + a2n = 0

�ra ∣∣∣∣a1 + a2 + . . . + am

m

∣∣∣∣ ≤ 1

m

gia k�je m, epomènwc h akoloujÐa twn mèswn ìriwn sugklÐnei, kai m�lista
sto 0.

Prìtash 3.25 (Arq  twn kibwtismènwn diasthm�twn) an I1 ⊇
I2 ⊇ . . . ⊇ In ⊇ . . . eÐnai mia fjÐnousa akoloujÐa kleist¸n kai fragmènwn
diasthm�twn, tìte up�rqei èna shmeÐo pou an kei se ìla ta In (dhlad  h tom ⋂

n∈N In den eÐnai ken ). An m�lista ta m kh touc teÐnoun sto 0, tìte up�rqei
èna kai monadikì shmeÐo pou an kei se ìla ta In.

Apìdeixh An In = [xn, yn] tìte, efìson In+1 ⊆ In, èqoume xn ≤ xn+1 ≤
yn+1 ≤ yn, opìte h (xn) eÐnai aÔxousa kai h (yn) eÐnai fjÐnousa. EpÐshc h (xn)
eÐnai �nw fragmènh (apì k�je ìro thc (yn)) kai h (yn) eÐnai k�tw fragmènh
(apì k�je ìro thc (xn)). An x = sup{xm : m ∈ N} kai y = inf{ym : m ∈ N}
apì to Je¸rhma 3.12 èpetai ìti kai oi dÔo akoloujÐec ja sugklÐnoun, kai
m�lista lim

n
xn = x kai lim

n
yn = y. AfoÔ xn ≤ yn gia k�je n èqoume x ≤ y.

K�je a ∈ [x, y] ikanopoieÐ a ≥ x ≥ xn gia k�je n, kai omoÐwc a ≤ yn gia k�je
n, dhlad  a ∈ [xn, yn] gia k�je n. DeÐxame loipìn ìti h tom 

⋂
n∈N In den eÐnai

ken . M�lista k�je b ∈ R pou an kei se ìla ta In ikanopoieÐ xn ≤ b ≤ yn gia
k�je n kai sunep¸c x ≤ b ≤ y, dhlad  b ∈ [x, y]. Epomènwc

⋂
n∈N In = [x, y].

An epiplèon èqoume yn − xn → 0, tìte x = y kai kat� sunèpeia h tom ⋂
n∈N In = [x, y] eÐnai monosÔnolo. 2
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