
Apeirostikìc Logismìc I (2009�10)

Par�gwgoc � Ask seic

Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths 
sac).

1. An h f eÐnai paragwgÐsimh sto (a, b), tìte h f eÐnai suneq c sto (a, b).

2. An h f eÐnai paragwgÐsimh sto x0 = 0 kai an f(0) = f ′(0) = 0, tìte lim
n→∞

nf(1/n) = 0.

3. An h f eÐnai paragwgÐsimh sto [a, b] kai paÐrnei th mègisth tim  thc sto x0 = a, tìte f ′(a) = 0.

4. An f ′(x) ≥ 0 gia k�je x ∈ [0,∞) kai f(0) = 0, tìte f(x) ≥ 0 gia k�je x ∈ [0,∞).

5. An h f eÐnai dÔo forèc paragwgÐsimh sto [0, 2] kai f(0) = f(1) = f(2) = 0, tìte up�rqei
x0 ∈ (0, 2) ¸ste f ′′(x0) = 0.

6. 'Estw f : (a, b) → R kai èstw x0 ∈ (a, b). An h f eÐnai suneq c sto x0, paragwgÐsimh se k�je
x ∈ (a, b) \ {x0} kai an up�rqei to lim

x→x0
f ′(x) = ` ∈ R, tìte f ′(x0) = `.

7. An h f : R → R eÐnai paragwgÐsimh sto 0, tìte up�rqei δ > 0 ¸ste h f na eÐnai suneq c sto
(−δ, δ).

8. An h f eÐnai paragwgÐsimh sto x0 ∈ R kai f ′(x0) > 0, tìte up�rqei δ > 0 ¸ste h f na eÐnai
gnhsÐwc aÔxousa sto (x0 − δ, x0 + δ).

Ask seic � Om�da A'

1. UpologÐste tic parag¸gouc (sta shmeÐa pou up�rqoun) twn parak�tw sunart sewn:

f(x) =
1− x2

1 + x2
, g(x) = 3

√
1 +

1
x

, h(x) =

√
1 + x

1− x
.

2. UpologÐste tic parag¸gouc (sta shmeÐa pou up�rqoun) twn parak�tw sunart sewn:

f(x) = sin
(
(x + 1)2(x + 2)

)
, g(x) =

sin(x2) sin2 x

1 + sin x
, h(x) = sin

(cos x

x

)
.

3. Exet�ste an oi sunart seic f, g, h eÐnai paragwgÐsimec sto 0.
(a) f(x) = x an x /∈ Q kai f(x) = 0 an x ∈ Q.

(b) g(x) = 0 an x /∈ Q kai g(x) = x2 an x ∈ Q.

(g) h(x) = sin x an x /∈ Q kai h(x) = x an x ∈ Q.

4. Exet�ste an oi sunart seic f, g, h eÐnai paragwgÐsimec sto R. An eÐnai, exet�ste an h par�g-
wgìc touc eÐnai suneq c sto R.
(a) f(x) = sin

(
1
x

)
an x 6= 0, kai f(0) = 0.

(b) g(x) = x sin
(

1
x

)
an x 6= 0, kai g(0) = 0.

(g) h(x) = x2 sin
(

1
x

)
an x 6= 0, kai h(0) = 0.

5. DeÐxte ìti h sun�rthsh f : R → R me f(x) = sin x
x an x 6= 0 kai f(0) = 1 eÐnai paragwgÐsimh

se k�je x0 ∈ R. Exet�ste an h f ′ : R → R eÐnai suneq c sun�rthsh.



6. BreÐte (an up�rqoun) ta shmeÐa sta opoÐa eÐnai paragwgÐsimh h sun�rthsh f : (0, 1) → R me

f(x) =
{

0 , x /∈ Q   x = 0
1
q , x = p

q , p, q ∈ N, MKD (p, q) = 1

7. 'Estw f : R → R me f(0) = 3 kai f ′(x) = sin2(sin(x + 1)) gia k�je x ∈ R. UpologÐste thn
(f−1)′(3).

8. 'Estw f : R → R me f(x) = x3 + 2x + 1. UpologÐste thn (f−1)′(y) sta shmeÐa f(0), f(1) kai
f(−1).

9. 'Estw f : (a, b) → R kai a < x0 < b. Upojètoume ìti up�rqei ρ > 0 ¸ste |f(x) − f(x0)| ≤
M |x− x0|ρ gia k�je x ∈ (a, b).
(a) DeÐxte ìti h f eÐnai suneq c sto x0.

(b) An ρ > 1, deÐxte ìti h f eÐnai paragwgÐsimh sto x0. Poi� eÐnai h tim  thc f ′(x0)?
(g) D¸ste par�deigma ìpou ρ = 1 all� h f den eÐnai paragwgÐsimh sto x0.

10. D¸ste par�deigma sun�rthshc f : (0, 1) → R h opoÐa:

(a) eÐnai suneq c sto (0, 1) all� den eÐnai paragwgÐsimh sto shmeÐo x0 = 1
2 .

(b) eÐnai suneq c sto (0, 1) all� den eÐnai paragwgÐsimh sta shmeÐa xn = 1
n , n ≥ 2.

11. D¸ste par�deigma sun�rthshc f : R → R me tic ex c idiìthtec:

(a) f(−1) = 0, f(2) = 1 kai f ′(1) > 0.
(b) f(−1) = 0, f(2) = 1 kai f ′(1) < 0.
(g) f(0) = 0, f(3) = 1, f ′(1) = 0 kai h f eÐnai gnhsÐwc aÔxousa sto [0, 3].
(d) f(m) = 0 kai f ′(m) = (−1)m gia k�je m ∈ Z, |f(x)| ≤ 1

2 gia k�je x ∈ R.

12. 'Estw f, g : R → R kai èstw x0 ∈ R. Upojètoume ìti: f(x0) = 0, h f eÐnai paragwgÐsimh sto
x0 kai h g eÐnai suneq c sto x0. DeÐxte ìti h sun�rthsh ginìmeno f · g eÐnai paragwgÐsimh stox0.

13. Gia kajemÐa apì tic parak�tw sunart seic breÐte th mègisth kai thn el�qisth tim  thc sto
di�sthma pou upodeiknÔetai.

(a) f(x) = x3 − x2 − 8x + 1 sto [−2, 2].
(b) f(x) = x5 + x + 1 sto [−1, 1].
(g) f(x) = x3 − 3x sto [−1, 2].

14. DeÐxte ìti h exÐswsh:

(a) 4ax3 + 3bx2 + 2cx = a + b + c èqei toul�qiston mÐa rÐza sto (0, 1).
(b) 6x4 − 7x + 1 = 0 èqei to polÔ dÔo pragmatikèc rÐzec.

(g) x3 + 9x2 + 33x− 8 = 0 èqei akrib¸c mÐa pragmatik  rÐza.

15. DeÐxte ìti h exÐswsh xn + ax + b = 0 èqei to polÔ dÔo pragmatikèc rÐzec an o n eÐnai �rtioc
kai to polÔ treic pragmatikèc rÐzec an o n eÐnai perittìc.

16. 'Estw a1 < · · · < an sto R kai èstw f(x) = (x − a1) · · · (x − an). DeÐxte ìti h exÐswsh
f ′(x) = 0 èqei akrib¸c n− 1 lÔseic.

17. Sqedi�ste tic grafikèc parast�seic twn sunart sewn

f(x) = x +
1
x

, f(x) = x +
3
x2

, f(x) =
x2

x2 − 1
, f(x) =

1
1 + x2

jewr¸ntac san pedÐo orismoÔ touc to megalÔtero uposÔnolo tou R sto opoÐo mporoÔn na oristoÔn.



18. (a) DeÐxte ìti: apì ìla ta orjog¸nia parallhlìgramma me stajer  diag¸nio, to tetr�gwno
èqei to mègisto embadìn.

(b) DeÐxte ìti: apì ìla ta orjog¸nia parallhlìgramma me stajer  perÐmetro, to tetr�gwno èqei
to mègisto embadìn.

19. BreÐte ta shmeÐa thc uperbol c x2 − y2 = 1 pou èqoun el�qisth apìstash apì to shmeÐo
(0, 1).

20. P�nw se kÔklo aktÐnac 1 jewroÔme dÔo antidiametrik� shmeÐa A,B. BreÐte ta shmeÐa Γ tou
kÔklou gia ta opoÐa to trÐgwno ABΓ èqei th mègisth dunat  perÐmetro.

21. DÐnontai pragmatikoÐ arijmoÐ a1 < a2 < · · · < an. Na brejeÐ h el�qisth tim  thc sun�rthshc

f(x) =
n∑

k=1

(x− ak)2.

22. 'Estw a > 0. DeÐxte ìti h mègisth tim  thc sun�rthshc

f(x) =
1

1 + |x|
+

1
1 + |x− a|

eÐnai Ðsh me 2+a
1+a .

23. Upojètoume ìti oi sunart seic f kai g eÐnai paragwgÐsimec sto [a, b] kai ìti f(a) = g(a) kai
f(b) = g(b). DeÐxte ìti up�rqei toul�qiston èna shmeÐo x sto (a, b) gia to opoÐo oi efaptìmenec
twn grafik¸n parast�sewn twn f kai g sta (x, f(x)) kai (x, g(x)) eÐnai par�llhlec   tautÐzontai.

24. DÐnontai dÔo paragwgÐsimec sunart seic f, g : (a, b) → R ¸ste f(x)g′(x)− f ′(x)g(x) 6= 0 gia
k�je x ∈ (a, b). DeÐxte ìti an�mesa se dÔo rÐzec thc f(x) = 0 brÐsketai mia rÐza thc g(x) = 0,
kai antÐstrofa.

25. 'Estw f : [a, b] → R, suneq c sto [a, b], paragwgÐsimh sto (a, b), me f(a) = f(b). DeÐxte ìti
up�rqoun x1 6= x2 ∈ (a, b) ¸ste f ′(x1) + f ′(x2) = 0.

26. 'Estw f : (0,+∞) → R paragwgÐsimh, me lim
x→+∞

f ′(x) = 0. DeÐxte ìti

lim
x→+∞

(f(x + 1)− f(x)) = 0.

27. 'Estw f : (1,+∞) → R paragwgÐsimh sun�rthsh me thn idiìthta: |f ′(x)| ≤ 1
x gia k�je x > 1.

DeÐxte ìti lim
x→+∞

[f(x +
√

x)− f(x)] = 0.

28. 'Estw f, g dÔo sunart seic suneqeÐc sto [0, a] kai paragwgÐsimec sto (0, a). Upojètoume ìti
f(0) = g(0) = 0 kai f ′(x) > 0, g′(x) > 0 sto (0, a).

(a) An h f ′ eÐnai aÔxousa sto (0, a), deÐxte ìti h f(x)
x eÐnai aÔxousa sto (0, a).

(b) An h f ′

g′ eÐnai aÔxousa sto (0, a), deÐxte ìti h f
g eÐnai aÔxousa sto (0, a).

Ask seic: ekjetik  kai logarijmik  sun�rthsh � trigwnometrikèc sunart seic �
Om�da A'

29. (a) An 0 < a < 1   a > 1, deÐxte ìti

(loga)′(x) =
1

x ln a
.

(b) DeÐxte ìti, gia k�je a > 0,
(ax)′ = ax ln a.



EpÐshc, h ax eÐnai kurt  sto R kai h loga x eÐnai koÐlh sto (0,+∞).

30. (a) DeÐxte ìti gia k�je x ∈ R isqÔei ex ≥ 1 + x.

(b) DeÐxte ìti gia k�je x > 0 isqÔei

1− 1
x
≤ log x ≤ x− 1.

31. DeÐxte ìti gia k�je x > 0 kai gia k�je n ∈ N isqÔei

lnx ≤ n
(

n
√

x− 1
)
≤ n
√

x lnx.

Sumper�nate ìti limn→∞ n ( n
√

x− 1) = lnx gia x > 0.

32. (a) DeÐxte ìti gia k�je x ∈ R isqÔei

lim
n→∞

n ln
(
1 +

x

n

)
= x.

(b) DeÐxte ìti gia k�je x ∈ R isqÔei

lim
n→∞

(
1 +

x

n

)n

= ex.

33. Melet ste th sun�rthsh

f(x) =
lnx

x

sto (0,+∞) kai sqedi�ste th grafik  thc par�stash. Poiìc eÐnai megalÔteroc, o eπ   o πe?

34. DeÐxte ìti oi sunart seic ln kai exp ikanopoioÔn ta ex c: (a) gia k�je s > 0,

lim
x→+∞

ex

xs
= +∞

kai (b)

lim
x→+∞

lnx

xs
= 0.

Dhlad , h exp aux�nei sto +∞ taqÔtera apì opoiad pote (meg�lh) dÔnamh tou x, en¸ h ln
aux�nei sto +∞ bradÔtera apì opoiad pote (mikr ) dÔnamh tou x.

35. 'Estw f : R → R paragwgÐsimh sun�rthsh me thn idiìthta f ′(x) = cf(x) gia k�je x ∈ R,
ìpou c mia stajer�. DeÐxte ìti up�rqei a ∈ R ¸ste f(x) = aecx gia k�je x ∈ R.

36. 'Estw f : [a, b] → R suneq c, paragwgÐsimh sto (a, b), ¸ste f(a) = f(b) = 0. DeÐxte ìti: gia
k�je λ ∈ R, h sun�rthsh gλ : [a, b] → R me

gλ(x) := f ′(x) + λf(x)

èqei mia rÐza sto di�sthma (a, b).

37. 'Estw a, b ∈ R me a < b kai èstw f : (a, b) → R paragwgÐsimh sun�rthsh ¸ste limx→b− f(x) =
+∞. DeÐxte ìti up�rqei ξ ∈ (a, b) ¸ste f ′(ξ) > f(ξ). [Upìdeixh: Jewr ste thn e−xf(x).]

38. DeÐxte ìti gia k�je x ∈
(
0, π

2

)
isqÔei

sinx ≥ 2x

π
.



39. (a) 'Estw f : R → R dÔo forèc paragwgÐsimh sun�rthsh. Upojètoume ìti f(0) = f ′(0) = 0
kai f ′′(x) + f(x) = 0 gia k�je x ∈ R. DeÐxte ìti f(x) = 0 gia k�je x ∈ R. [Upìdeixh: Jewr ste
thn g = f2 + (f ′)2.]
(b) 'Estw f : R → R dÔo forèc paragwgÐsimh sun�rthsh. Upojètoume ìti f(0) = 1, f ′(0) = 0
kai f ′′(x) + f(x) = 0 gia k�je x ∈ R. DeÐxte ìti f(x) = cos x gia k�je x ∈ R.

40. 'Estw f : R → R h sun�rthsh

f(x) = sin x− x +
x3

6
.

(a) DeÐxte ìti: gia k�je x ≥ 0, f ′′′(x) ≥ 0, f ′′(x) ≥ 0, f ′(x) ≥ 0.

(b) DeÐxte ìti, gia k�je x ∈ R, 1− x2

2 ≤ cos x ≤ 1 kai, gia k�je x ≥ 0,

x− x3

6
≤ sinx ≤ x.

41. (a) DeÐxte ìti h exÐswsh tanx = x èqei akrib¸c mÐa lÔsh se k�je di�sthma thc morf c
Ik =

(
kπ − π

2 , kπ + π
2

)
.

(b) 'Estw ak h lÔsh thc parap�nw exÐswshc sto di�sthma Ik, k ∈ N. BreÐte, an up�rqei, to ìrio
limk→∞(ak+1 − ak) kai d¸ste gewmetrik  ermhneÐa.

Ask seic � Om�da B'

42. DÐnontai pragmatikoÐ arijmoÐ a1 < a2 < · · · < an. Na brejeÐ h el�qisth tim  thc sun�rthshc

g(x) =
n∑

k=1

|x− ak|.

43. 'Estw n ∈ N kai èstw f(x) = (x2 − 1)n. DeÐxte ìti h exÐswsh f (n)(x) = 0 èqei akrib¸c n
diaforetikèc lÔseic, ìlec sto di�sthma (−1, 1).

44. Na brejoÔn ìloi oi a > 1 gia touc opoÐouc h anisìthta xa ≤ ax isqÔei gia k�je x > 1.

45. 'Estw f : [0, 1] → R suneq c sun�rthsh me f(0) = 0. Upojètoume ìti h f eÐnai paragwgÐsimh
sto (0, 1) kai 0 ≤ f ′(x) ≤ 2f(x) gia k�je x ∈ (0, 1). DeÐxte ìti h f eÐnai stajer  kai Ðsh me 0
sto [0, 1].

46. 'Estw f : R → R paragwgÐsimh sun�rthsh. Upojètoume ìti f ′(x) > f(x) gia k�je x ∈ R kai
f(0) = 0. DeÐxte ìti f(x) > 0 gia k�je x > 0.

47. 'Estw α > 0. DeÐxte ìti h exÐswsh αex = 1 + x + x2/2 èqei akrib¸c mÐa pragmatik  rÐza.

48. 'Estw f : (0,+∞) → R paragwgÐsimh sun�rthsh. Upojètoume ìti h f ′ eÐnai fragmènh.
DeÐxte ìti: gia k�je α > 1,

lim
x→+∞

f(x)
xα

= 0.

49. 'Estw a > 0. DeÐxte ìti den up�rqei paragwgÐsimh sun�rthsh f : [0, 1] → R me f ′(0) = 0 kai
f ′(x) ≥ a gia k�je x ∈ (0, 1].

50. 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh. An h f ′ eÐnai asuneq c se k�poio shmeÐo
x0 ∈ (a, b), deÐxte oti h asunèqeia thc f ′ sto x0 eÐnai ousi¸dhc (den up�rqei to ìrio lim

x→x0
f ′(x)).

51. 'Estw f : (a, b) → R paragwgÐsimh sun�rthsh me lim
x→b−

f(x) = +∞. DeÐxte ìti an up�rqei to

lim
x→b−

f ′(x) tìte eÐnai Ðso me +∞.

52. 'Estw f : (0,+∞) → R paragwgÐsimh sun�rthsh me lim
x→+∞

f(x) = L ∈ R. DeÐxte ìti an

up�rqei to lim
x→+∞

f ′(x) tìte eÐnai Ðso me 0.


