
Apeirostikìc Logismìc I (2009�10)

Sunart seic � Ask seic

1. 'Estw a, b ∈ R me a < b. DeÐxte ìti h apeikìnish f : [0, 1] → [a, b] : x → a + (b− a)x eÐnai
1-1 kai epÐ.

2. 'Estw f, g : [0, 1] → [0, 1] me f(x) = 1−x
1+x kai g(t) = 4t(1− t).

(a) Na breÐte tic f ◦ g kai g ◦ f .
(b) Na deÐxete ìti orÐzetai h f−1 all� den orÐzetai h g−1.

3. 'Estw g : X → Y, f : Y → Z dÔo sunart seic pou eÐnai 1-1 kai epÐ. DeÐxte ìti orÐzetai h
antÐstrofh sun�rthsh (f ◦ g)−1 thc f ◦ g kai ìti (f ◦ g)−1 = g−1 ◦ f−1.

4. 'Estw g : X → Y, f : Y → Z dÔo sunart seic. DeÐxte ìti

(a) an h f ◦ g eÐnai epÐ tìte kai h f eÐnai epÐ.

(b) an h f ◦ g eÐnai 1-1 tìte kai h g eÐnai 1-1.

IsqÔoun ta antÐstrofa twn (a) kai (b)?

5. 'Estw f : X → Y mia sun�rthsh. Upojètoume ìti up�rqoun sunart seic g : Y → X kai
h : Y → X ¸ste f ◦ g = IdY kai h ◦ f = IdX . DeÐxte ìti h = g.

6. 'Estw f(x) = 1
1+x .

(a) Na brejeÐ to pedÐo orismoÔ thc f .

(b) Na brejeÐ h f ◦ f .

(g) Na brejoÔn ta f( 1
x ), f(cx), f(x + y), f(x) + f(y).

(d) Gia poi� c ∈ R up�rqei x ∈ R ¸ste f(cx) = f(x)?

(e) Gia poi� c ∈ R h sqèsh f(cx) = f(x) ikanopoieÐtai gia dÔo diaforetikèc timèc tou x ∈ R?

7. An mia sun�rthsh f eÐnai gnhsÐwc aÔxousa sta diast mata I1 kai I2, eÐnai al jeia ìti eÐnai
gnhsÐwc aÔxousa sto I1 ∪ I2?

8. 'Estw f(x) =
{

x + 1 an x ≤ 1
x2 + 1 an x ≥ 1 . 'Exet�ste an eÐnai monìtonh kai breÐte thn f−1 (an aut 

orÐzetai).

9. 'Estw f(x) = x+1. Na brejeÐ mia sun�rthsh g : R → R ¸ste g ◦f = f ◦g. EÐnai h g monadik ?

10. ApodeÐxte ìti h sun�rthsh f(x) = x
|x|+1 eÐnai gnhsÐwc aÔxousa kai fragmènh sto R. Poiì

eÐnai to sÔnolo tim¸n f(R)?

11. An A ⊆ R, sumbolÐzoume me χA : R → R thn qarakthristik  sun�rthsh tou A pou

orÐzetai apì thn χA(x) =
{

1 an x ∈ A
0 an x /∈ A

. ApodeÐxte ìti

(a) χA∩B = χA · χB (eidikìtera χA = χ2
A),

(b) χA∪B = χA + χB − χA · χB ,

(g) χR\A = 1− χA,

(d) A ⊆ B ⇐⇒ χA ≤ χB kai

(e) An f : R → R eÐnai mia sun�rthsh me f2 = f , tìte up�rqei A ⊆ R ¸ste f = χA.
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12. Mia sun�rthsh g : R → R lègetai �rtia an g(−x) = g(x) gia k�je x ∈ R kai peritt  an
g(−x) = −g(x) gia k�je x ∈ R. DeÐxte ìti k�je sun�rthsh f : R → R gr�fetai wc �jroisma
f = fa + fp ìpou fa �rtia kai fp peritt , kai ìti aut  h anapar�stash eÐnai monadik .

13. Mia sun�rthsh f : R → R lègetai periodik  (me perÐodo a) an up�rqei a 6= 0 sto R ¸ste
f(x + a) = f(x) gia k�je x ∈ R.

(a) DeÐxte ìti h sun�rthsh f : R → R pou orÐzetai apì thn f(x) = [x] den eÐnai periodik .

(b) Exet�ste an h sun�rthsh f : R → R pou orÐzetai apì thn f(x) = x− [x] eÐnai periodik .

14. 'Estw n ∈ N.
(a) DeÐxte ìti h sun�rthsh

f(x) = [x] +
[
x +

1
n

]
+ · · ·+

[
x +

n− 1
n

]
− [nx]

eÐnai periodik  me perÐodo 1/n. Dhlad , f
(
x + 1

n

)
= f(x) gia k�je x ∈ R.

(b) UpologÐste thn tim  f(x) ìtan 0 ≤ x < 1/n.

(g) DeÐxte thn tautìthta

[nx] = [x] +
[
x +

1
n

]
+ · · ·+

[
x +

n− 1
n

]
gia k�je x ∈ R kai k�je n ∈ N.

15. 'Estw f : R → R mia sun�rthsh me f(x + y) = f(x) + f(y) gia k�je x, y ∈ R. ApodeÐxte ìti

(a) f(0) = 0 kai f(−x) = −f(x) gia k�je x ∈ R.

(b) Gia k�je n ∈ N kai x1, x2, . . . , xn ∈ R isqÔei

f(x1 + x2 + · · ·+ xn) = f(x1) + f(x2) + · · ·+ f(xn).

(g) f( 1
n ) = f(1)

n gia k�je n ∈ N.

(d) Up�rqei λ ∈ R ¸ste f(q) = λq gia k�je q ∈ Q.

16. 'Estw f : R → R mia sun�rthsh me f(y)− f(x) ≤ (y − x)2 gia k�je x, y ∈ R. ApodeÐxte ìti
h f eÐnai stajer .

[Upìdeixh: An |f(b)− f(a)| = δ > 0 gia k�poia a < b sto R, diairèste to di�sthma [a, b] se n
Ðsa upodiast mata, ìpou n arket� meg�loc fusikìc arijmìc.]
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