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AkoloujÐec pragmatik¸n arijm¸n � Ask seic

Erwt seic katanìhshc

Exet�ste an oi parak�tw prot�seic eÐnai alhjeÐc   yeudeÐc (aitiolog ste pl rwc thn ap�nths 
sac).

1. K�je fragmènh akoloujÐa sugklÐnei.

2. K�je sugklÐnousa akoloujÐa eÐnai fragmènh.

3. An (an) eÐnai mia akoloujÐa akeraÐwn arijm¸n, tìte h (an) sugklÐnei an kai mìno an eÐnai
telik� stajer .

4. Up�rqei gnhsÐwc fjÐnousa akoloujÐa fusik¸n arijm¸n.

5. K�je sugklÐnousa akoloujÐa �rrhtwn arijm¸n sugklÐnei se �rrhto arijmì.

6. K�je pragmatikìc arijmìc eÐnai ìrio k�poiac akoloujÐac �rrhtwn arijm¸n.

7. An (an) eÐnai mia akoloujÐa jetik¸n pragmatik¸n arijm¸n, tìte an → 0 an kai mìno an
1

an
→ +∞.

8. An an → a tìte h (an) eÐnai monìtonh.

9. 'Estw (an) aÔxousa akoloujÐa. An h (an) den eÐnai �nw fragmènh, tìte an → +∞.

10. An h (an) eÐnai fragmènh kai h (bn) sugklÐnei tìte h (anbn) sugklÐnei.

11. An h (|an|) sugklÐnei tìte kai h (an) sugklÐnei.

12. An an > 0 kai h (an) den eÐnai �nw fragmènh, tìte an → +∞.

13. an → +∞ an kai mìno an gia k�je M > 0 up�rqoun �peiroi ìroi thc (an) pou eÐnai
megalÔteroi apì M .

14. An h (an) sugklÐnei kai an+2 = an gia k�je n ∈ N, tìte h (an) eÐnai stajer .

UpenjÔmish apì th jewrÐa

1. 'Estw (an), (bn) dÔo akoloujÐec me an → a kai bn → b.

(a) An an ≤ bn gia k�je n ∈ N, deÐxte ìti a ≤ b.

(b) An an < bn gia k�je n ∈ N, mporoÔme na sumper�noume ìti a < b?

(g) An m ≤ an ≤ M gia k�je n ∈ N, deÐxte ìti m ≤ a ≤ M .

2. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n.

(a) DeÐxte ìti an → 0 an kai mìno an |an| → 0.
(b) DeÐxte ìti an an → a 6= 0 tìte |an| → |a|. IsqÔei to antÐstrofo?

(g) 'Estw k ≥ 2. DeÐxte ìti an an → a tìte k
√
|an| → k

√
|a|.

3. (a) 'Estw µ > 1 kai an > 0 gia k�je n ∈ N. An an+1 ≥ µan gia k�je n, deÐxte ìti an → +∞.

(b) 'Estw 0 < µ < 1 kai (an) akoloujÐa me thn idiìthta |an+1| ≤ µ|an| gia k�je n. DeÐxte ìti
an → 0.
(g) 'Estw an > 0 gia k�je n, kai an+1

an
→ ` > 1. DeÐxte ìti an → +∞.



(d) 'Estw an 6= 0 gia k�je n, kai

∣∣∣∣an+1
an

∣∣∣∣→ ` < 1. DeÐxte ìti an → 0.

4. (a) 'Estw a > 0. DeÐxte ìti n
√

a → 1.
(b) 'Estw (an) akoloujÐa jetik¸n pragmatik¸n arijm¸n. An an → a > 0 tìte n

√
an → 1. Ti

mporeÐte na peÐte an an → 0?
(g) DeÐxte ìti n

√
n → 1.

Ask seic � Om�da A'

1. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n me lim
n→∞

an = 2. JewroÔme ta sÔnola

A1 = {n ∈ N : an < 2.001}
A2 = {n ∈ N : an > 2.003}
A3 = {n ∈ N : an < 1.98}
A4 = {n ∈ N : 1.99997 < an < 2.0001}
A5 = {n ∈ N : an ≤ 2}.

Gia k�je j = 1, . . . , 5 exet�ste an (a) to Aj eÐnai peperasmèno, (b) to N \Aj eÐnai peperasmèno.

2. ApodeÐxte me ton orismì ìti oi parak�tw akoloujÐec sugklÐnoun sto 0:

an =
n

n3 + n2 + 1
, bn =

√
n2 + 2−

√
n2 + 1, cn =


1
2n , an n = 1, 4, 7, 10, 13, . . .

1
n2+1 , alli¸c.

3. ApodeÐxte me ton orismì ìti

an =
n2 − n

n2 + n
→ 1.

4. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n. An lim
n→∞

an = a > 0, deÐxte ìti an > 0 telik�.

5. (a) 'Estw a ∈ R me |a| < 1. DeÐxte ìti h akoloujÐa bn = an sugklÐnei sto 0.

(b) Gia poièc timèc tou x ∈ R sugklÐnei h akoloujÐa
(

1−x2

1+x2

)n

?

6. Gia kajemi� apì tic parak�tw akoloujÐec exet�ste an sugklÐnei, kai an nai, breÐte to ìriì thc:

αn =
3n

n!
, βn =

2n− 1
3n + 2

, γn = n−
√

n2 − n , δn =
(

1 +
1
n2

)n

.

εn = ( n
√

10− 1)n , ζn =
n6

6n
, ηn = n2 sin

( 1
n3

)
.

θn =
sin n

n
, κn =

2n · n!
nn

, νn =
√

n +
√

n −
√

n , ρn =
(

1 +
1
2n

)n

.

σn =
n2

3n2 + n + 1
, τn =

3n · n!
nn

, ξn =
sin(n3)√

n
.

7. Gia kajemi� apì tic parak�tw akoloujÐec exet�ste an sugklÐnei, kai an nai, breÐte to ìriì thc:

αn =
5n + n

6n − n
, βn = n

√
1
2n

+
1
3n

, γn =
(

n
√

n− 1
)n

,

δn = n2

(√
1 +

1
n
−
√

1 +
1

n + 1

)
, εn =

1√
n

cos
(
n2
)

,



λn = (−1)n n2

n2 + 1
, µn =

nn

n!
, θn =

(n!)22n

(2n)!
.

8. Exet�ste wc proc th sÔgklish tic parak�tw akoloujÐec:

an =
1√

n2 + 1
+

1√
n2 + 2

+ · · ·+ 1√
n2 + n

bn =
1 + 22 + 33 + · · ·+ nn

nn

γn =
1
n!

+
1

(n + 1)!
+ · · ·+ 1

(2n)!

δn =
1

n2/3
+

1
(n + 1)2/3

+ · · ·+ 1
(2n)2/3

.

9. (a) 'Estw a1, a2, . . . , ak > 0. DeÐxte ìti

bn := n
√

an
1 + an

2 + · · ·+ an
k → max{a1, a2, . . . , ak}.

(b) UpologÐste to ìrio thc akoloujÐac

xn =
1
n

n
√

1n + 2n + · · ·+ nn.

10. 'Estw α ∈ R. Exet�ste an sugklÐnei h akoloujÐa xn =
[

nα
]

n kai, an nai, breÐte to ìrio thc.

11. 'Estw α > 0. DeÐxte ìti h akoloujÐa bn = 1+nα
(1+α)n eÐnai fjÐnousa kai prosdiorÐste to ìrio

thc.

12. 'Estw (an), (bn) akoloujÐec pragmatik¸n arijm¸n. Upojètoume ìti lim
n→∞

an = a > 0 kai

bn → +∞.
(a) DeÐxte ìti up�rqoun δ > 0 kai n0 ∈ N ¸ste: gia k�je n ≥ n0 isqÔei an > δ.
(b) DeÐxte ìti anbn → +∞.

13. 'Estw A mh kenì kai �nw fragmèno uposÔnolo tou R. An a = sup A, deÐxte ìti up�rqei
akoloujÐa (an) stoiqeÐwn tou A me lim

n→∞
an = a.

An, epiplèon, to supA den eÐnai stoiqeÐo tou A, deÐxte ìti h parap�nw akoloujÐa mporeÐ na
epilegeÐ ¸ste na eÐnai gnhsÐwc aÔxousa.

14. DeÐxte ìti k�je pragmatikìc arijmìc eÐnai ìrio gnhsÐwc aÔxousac akoloujÐac rht¸n arijm¸n,
kaj¸c epÐshc kai ìrio gnhsÐwc aÔxousac akoloujÐac �rrhtwn arijm¸n.

15. DeÐxte ìti an (an) eÐnai mia akoloujÐa jetik¸n pragmatik¸n arijm¸n me an → a > 0, tìte

inf{an : n ∈ N} > 0.

16. DeÐxte ìti an (an) eÐnai mia akoloujÐa jetik¸n pragmatik¸n arijm¸n me an → 0, tìte to
sÔnolo A = {an : n ∈ N} èqei mègisto stoiqeÐo.

17. DeÐxte ìti h akoloujÐa yn = 1
n+1 + 1

n+2 + · · ·+ 1
2n sugklÐnei se pragmatikì arijmì. Upìdeixh:

Exet�ste pr¸ta an h (yn) eÐnai monìtonh.

18. Jètoume a1 =
√

6 kai, gia k�je n = 1, 2, . . ., an+1 =
√

6 + an.
Exet�ste wc proc th sÔgklish thn akoloujÐa (an)n.



19. OrÐzoume mia akoloujÐa (an) me a1 = 1 kai

an+1 =
2an + 1
an + 1

, n ∈ N.

Exet�ste an sugklÐnei.

20. OrÐzoume mia akoloujÐa (αn) me α1 = 0 kai αn+1 = 3α2
n+1

2αn+2 , n = 1, 2, 3, . . . . DeÐxte ìti:

(a) H (αn) eÐnai aÔxousa.
(b) αn → 1.

21. JewroÔme thn akoloujÐa (αn) pou orÐzetai apì tic α1 = 3 kai αn+1 = 2αn+3
5 , n = 1, 2, . . ..

DeÐxte ìti h (αn) sugklÐnei kai upologÐste to ìrio thc.

22. 'Estw a > 0. JewroÔme tuqìn x1 > 0 kai gia k�je n ∈ N orÐzoume

xn+1 =
1
2

(
xn +

a

xn

)
.

DeÐxte ìti h (xn), toul�qiston apì ton deÔtero ìro thc kai pèra, eÐnai fjÐnousa kai k�tw fragmènh
apì ton

√
a. BreÐte to lim

n→∞
xn.

Ask seic � Om�da B'

23. 'Estw (an) akoloujÐa me an → a. OrÐzoume mia deÔterh akoloujÐa (bn) jètontac

bn =
a1 + · · ·+ an

n
.

DeÐxte ìti bn → a.

24. 'Estw (an) akoloujÐa jetik¸n ìrwn me an → a > 0. DeÐxte ìti

bn :=
n

1
a1

+ · · ·+ 1
an

→ a kai γn := n
√

a1 · · · an → a.

25. 'Estw (an) akoloujÐa me lim
n→∞

(an+1 − an) = a. DeÐxte ìti

an

n
→ a.

26. 'Estw (an) aÔxousa akoloujÐa me thn idiìthta

bn :=
a1 + · · ·+ an

n
→ a.

DeÐxte ìti an → a.

27. DeÐxte ìti: an an > 0 kai lim
n→∞

an+1
an

= a, tìte lim
n→∞

n
√

an = a.

28. ProsdiorÐste ta ìria twn akolouji¸n:

αn =
[
(2n)!
(n!)2

]1/n

βn =
1
n

[(n + 1)(n + 2) · · · (n + n)]1/n

γn =

[
2
1

(
3
2

)2(4
3

)3

· · ·
(

n + 1
n

)n
]1/n



29. 'Estw (an) akoloujÐa pragmatik¸n arijm¸n me thn idiìthta: gia k�je k ∈ N to sÔnolo
Ak = {n ∈ N : |an| ≤ k} eÐnai peperasmèno. DeÐxte ìti lim

n→∞
1

an
= 0.

30. UpologÐste ta ìria twn parak�tw akolouji¸n:

an =
(

1 +
1

n− 1

)n−1

, bn =
(

1 +
2
n

)n

, cn =
(

1− 1
n

)n

kai

dn =
(

1− 1
n2

)n

, en =
(

1 +
2
3n

)n

.

31. JewroÔme gnwstì ìti lim
n→∞

(1 + 1
n )n = e. DeÐxte ìti, gia k�je rhtì arijmì q, isqÔei:

lim
n→∞

(
1 +

q

n

)n

= eq .

32. 'Estw 0 < a1 < b1. OrÐzoume anadromik� dÔo akoloujÐec jètontac

an+1 =
√

anbn kai bn+1 =
an + bn

2
.

(a) DeÐxte ìti h (an) eÐnai aÔxousa kai h (bn) fjÐnousa.
(b) DeÐxte ìti oi (an), (bn) sugklÐnoun kai èqoun to Ðdio ìrio.

33. Epilègoume x1 = a, x2 = b kai jètoume

xn+2 =
xn

3
+

2xn+1

3
.

DeÐxte ìti h (xn) sugklÐnei kai breÐte to ìriì thc. [Upìdeixh: Jewr ste thn yn = xn+1 − xn kai
breÐte anadromikì tÔpo gia thn (yn).]

34. D¸ste par�deigma dÔo akolouji¸n (xn), (yn) me jetikoÔc ìrouc, oi opoÐec ikanopoioÔn ta
ex c:

(a) xn → +∞ kai yn → +∞.
(b) H akoloujÐa xn

yn
eÐnai fragmènh all� den sugklÐnei se k�poion pragmatikì arijmì.

35. 'Estw (an), (bn) dÔo akoloujÐec pragmatik¸n arijm¸n me bn 6= 0 gia k�je n ∈ N kai
lim

n→∞
an

bn
= 1.

(a) An, epiplèon, h (bn) eÐnai fragmènh, deÐxte ìti lim
n→∞

(an − bn) = 0.

(b) D¸ste par�deigma akolouji¸n gia tic opoÐec lim
n→∞

an

bn
= 1 all� den isqÔei lim

n→∞
(an− bn) = 0.

36. (L mma tou Stoltz) 'Estw (an) akoloujÐa pragmatik¸n arijm¸n kai èstw (bn) gnhsÐwc aÔx-
ousa akoloujÐa pragmatik¸n arijm¸n me lim

n→∞
bn = +∞. DeÐxte ìti an

lim
n→∞

an+1 − an

bn+1 − bn
= λ,

ìpou λ ∈ R   λ = +∞, tìte

lim
n→∞

an

bn
= λ.

37. OrÐzoume akoloujÐa (an) me 0 < a1 < 1 kai an+1 = an(1 − an), n = 1, 2, . . .. DeÐxte ìti
lim

n→∞
nan = 1.


