
'Askhsh 1 Stìqoc thc �skhshc eÐnai na deiqjeÐ ìti to �jroisma M +N dÔo
kleist¸n upoq¸rwn M,N enìc q¸rou H, akìma kai q¸rou Hilbert, den eÐnai
kat� an�gkh kleistì: Ston q¸ro Hilbert `2 orÐzw, gia k�je n ∈ N,

xn = e2n−1 kai yn = cos
1
n

e2n−1 + sin
1
n

e2n

kai onom�zw M thn kleist  grammik  j kh tou {xn : n ∈ N} kai N thn
kleist  grammik  j kh tou {yn : n ∈ N}. (Parathr ste ìti h {gwnÐa}
metaxÔ twn xn kai yn eÐnai 1/n.) DeÐxte ìti h tom  M ∩ N isoÔtai me {0},
kai epomènwc to �jroisma M + N eÐnai (algebrik�) eujÔ.
DeÐxte ìti to di�nusma z = (0, sin(1), 0, sin(1/2), 0, ...) an kei sto M + N
all� ìqi sto M + N .

LÔsh ParathroÔme pr¸ta ìti ta xn kai yn eÐnai orjokanonik� sÔnola,1 �ra
eÐnai orjokanonikèc b�seic twn M kai N antÐstoiqa. Sunep¸c an x ∈ M ∩N
tìte up�rqoun an, bn ¸ste
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epomènwc
0 = 〈x, e2n〉 = bn sin
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�ra bn = 0 gia k�je n kai sunep¸c x = 0. DeÐxame ìti h tom  M ∩N isoÔtai
me {0}. EpÐshc èqoume M + N = `2. Pr�gmati, to �jroisma M + N perièqei
olìklhrh thn orjokanonik  b�sh {ek : k ∈ N} tou `2, giatÐ
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∈ M + N.

ParathroÔme t¸ra ìti z ∈ `2. Pr�gmati, èqoume
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sugklÐnei. Sunep¸c z ∈ M + N kai mènei na deiqjeÐ ìti z /∈ M + N .
An z = x + y ìpou x ∈ M kai y =

∑
n cnyn ∈ N tìte, gia k�je n ∈ N,
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= 〈z, e2n〉 = 〈x, e2n〉+ 〈y, e2n〉 = 0 + cn sin
1
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opìte cn = 1 gia k�je n ∈ N. 'Omwc h seir� y =
∑

n cnyn sugklÐnei, �ra∑
|cn|2 < ∞, �topo.

1an n 6= m tìte 〈yn, ym〉 = 1, kai ‖yn‖2 =
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= 1.


