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Ke@dAao 1

Métpo Lebesgue

1.1 Oudda A

1. (@) ‘Ecotw A @payuévo viroctvolo tov R, Asikte 611 A*(A) < +o0.

(B) "Ectw 611 0 A C RY éyer Tovddyiorov éva ecwTepiké onuelo. Aeiste 6mi A*(A) > 0.

Ymré6etén. (o) Apov to A eivan @payuévo, vitdexel o« > 0 oote A C (—«, o)d. Amé Tov 0QLGUO
TOU EEMTEQLKOV UETQOV,
A(A) < (—o 0)?) = (200)¢ < 400.

(B) "Eotw x¢ ecwtepkd onueio tou A. Ymdyel avoktd ddotnpa I C A date xg € I. Ao n

uovotovia Tov £EwTeQkoV UETEOV,

2. (@) Av 10 A egivar pyetpricigo kar A(AAB) = 0, 1éte 0 B eivan uetpricwo kar A(B) = A(A) (ue
A A B cuufolditovue tn cuupetoikn tagpopd (A\ B)U (B\ A) tov A kat B).

B) Av ta A, B eivar petpriciuo, toTe
AMAUB)+A(ANB)=A(A)+A(B).

(y) Av ta A, B eivar uetpriciua, A C B kat A(A) = A(B) < 400, téte A(B\ A) = 0.
(6) Adote apddeyua uetpriciuwv cuvédwv A, B ue A C B kat A(A) = A(B), addd A(B\ A) > 0.

Yré6etén. () Amo v A(AAB) = 0 éyovue 6T ta A\ B, B\ A eivar uetpriowa kot A(A\B) =0
kot A(B\ A) = 0. Tpdpovtog

B=(ANB)U(B\A)=[A\(A\B)JU(B\A),
cuugtepafvoupe 61l To B elvon uetpnoipno, ko

A(B) = A(A) =A(A\B)] +A(B\A) = A(A).
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@) Tedpouvue
AA)+AB)=AANB)+A(A\B) +A(B) =A(ANB)+AAUB),

YOENGLLOTTOLOVTAS TO yeyovog 6Tt ta A \ B, B elvan £éva kan A UB = (A\ B) U B.

() A6 tnv B = AU (B \ A) mtaipvovue A(B) = A(A) + A(B\ A), 8wdtt ta A kow B\ A elvar
géva. AoV A(A) = A(B) < +o0, Suayedeovtdg ta, agtd tnv sreonyoluevn 16oTRTO TTOipvouue
A(B\A)=0.

®) Av A =[1,+00) kaw B = [0, +00), té1e A C B, A(A) = A(B) = 400 ko B\ A = [0,1), SnAadn
AB\A)=1>0.

3. (@) Av A,B C R kat A*(B) =0, Seikte 6tt A*(AUB) = A*(A).
@B) Av A,B C R rat A*(A A B) =0, Seifte 1t A*(A) = A*(B).

Ynébeién. (o) Apov A C A U B, éovue A*(A) < A*(AUB). Amé tnv vmdébeon kow ard tnv
VTTOTTEOGOHETIRATNTA TOU EEMTEQIKOV UETEOV TIQOKVTTTEL N OVTIGTEOPN AVIGOTNTOL:

A*(A UB) < A*(A) + A*(B) = A*(A),

duét A*(B) = 0.
(B) Hapatnpnote 6t A*(A\ B) < A*(AAB) = 0. Zuvemeog, A*(A\ B) = 0. Ouowa, A*(B\A) =0.
Todgpouye

A(A) < A(AUB)=A*(BU(A\B))
< A*(B) +A*(A\ B) = A*(B).

Me tov (8to Tpdo deiyvouue Gt A*(B) < A*(A).

4. (@) Ectw A C R kar t > 0. ZvuuBoAitovue ue tA 1o ovvolo tA = {tx : x € A}. Aeifte dT
A*(tA) =t A*(A).
(B) "Eotw f: B C R — R cuvdptnon Lipschitz ue otadepd C, Sniasn |f(x) — f(y)| < Clx —y| yia
Kdbe x,y € B. Aeikte ont

A*(f(A)) < CA*(A)
yia kdbe A C B.
() Eotw A C R ue A(A) = 0. Asikte 6 10 gvvoro A’ = {x? | x € A} éxel emiong ugtpo
AAY) = 0.

Yréeign. (o) Hagatnenote 6t av {1,157, elvan wo kdAvyn tov A amd avowktd Sactigata,
10T N {Jn 504, 070V 1 = tl, elvar kdAvyn Tov tA ko

D tJn) =t) {(In),
n=1

n=1 =
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ot £(tI) = te(I) yia xkdBe SrdoTnuo (egnyrncte yatt). "Estetor Tt

A*(tA) = mf{Ze(]n) tAc Y Jn} <'mf{Z€(tIn) :AC In}
n=1 n=1 n=1 n=1
= inf {ti(’,(ln) A C [j In} =tA*(A)
n=1 n=1

@) "Eoto {InJX_; wa kdlvyn tov A amd avoktd Siaotigata. Mitogovue va vitobécovue 6T
ANI, #0 yuo kédbe n € N. Av x,y € AN Iy, w618

If(x) — f(y)l < Chx —y| < C{(In).

Yuvemag, diam(f(AN1,)) < CL(I,). ‘Emeton 6Tt To govoro (A N1,) mepéyetan e Sidotnua
Jn uikoug €(Jn) < CL(In) (&nynote ywatl). H {Jn ), elvan kdAvyn tov f(A) ko

> ) <CDY Uln).
n=1 n=1

"Emtetan 6
A*(f(A) = mf{Ze(]n):f(A) =y ]n} <mf{z Cely:AC In}
n=1 n=1 n=1 n=1

= CA*(A).

() T kGPe n € N opitovue An = AN [—n,nl. Hoagatnpricte 61t A(An) = 0 kar 6t n f(x) = x?

etvar 2n-Lipschitz 610 A,. AT6 T0 (B) cuuttepaivovue 4L
A (f(An)) <2nA(An) =0

yia kdBe n € N. "Eztetan 61t

A (F(A)) =\ (U f(An)> <) N(f(An) =0,
1 n

n= =1

snAadh, A(f(A)) = 0.

5. (@) Eotw E C R ue 0 < A*(E) < 400 kat éot0 0 < o < 1. Aeifte 611 vawdpyer avoikto
Sidotnua 1 ue tnv i6idtnta
AENT) > al(D).

(B) ‘Eotw A uetpricio vmwootvodo tov R kat &6 > 0 date A(A N1) = 64(I) yta kdBe avoiktd
Sidotnua. Agifte 61 A(A€) = 0.

Ymobeign. (o) ATtéd Tov 0oQuoud Touv €€mTEQKOU UETEOV, YL KAOe ¢ > 0 wiropovue va feovue
arotovBia {In} avowktdv Stactnudtwv dote A C [y In ka

D Aln) < (14 €)A*(A)

n=1
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(€8¢ yxonowototeitanl n vItéBeon 6t 0 < A*(E) < 400, egnynate yatl). AT tnv VITOTTEOGHETL-
koTNTO TOL A* TTOlEvouue

A*(A) < i N(ANTy).
n=1

AT6 TG TTARATTAV® ovieOTRTEG £TTETOL OTL, Yoo Kdgowov m € N,

1
1+¢

A (ANTn) > U(Im).

ITaipvovtog € = é — 1> 0 éyovue T0 gnrovuevo.

Znueiwon. To ovumépacua woxvel kol oty TepiTttwon 7ov A*(E) = oo. Iagotnpnote 4Tt
vrtdexer M > 0 dote 1o Ep = EN[—M, M] va ikavoTtotel tnv 0 < A*(Epm) < oo. E@apudtovtag
To amwotéleaua tng Acknong 5 () ywa to Epm, Pelokovpe avoytd didotnpa I ue tnv wbidtnta

ANEND 2N (EmNI) > ().

®B) Apov A(ANT) < LI yia kéBe avowktd didetnua I, cuumepaivouue 611 0 < & < 1. Av md
b =1, éovue A(AN(—n,n)) = 2n yia kGOe n € N, dnAadn A(A°N(—m,n)) = 0 yia kGbe n € N,
dpa A(A€) = 0 (ggnynate Ta Prgota).

Ymo6étouue Aotmdv 611 0 < § < 1. "Eotw 61 A(A€) > 0. Amd 1o (a) vIwdEyel ovolktod

Sidotnua I ye tnv w8iétnTa
AACNT) > (1—5) (D).

Téte,
AMAND =AD) —AA NI < I)—(1—=38)¢I) =5¢(I),

T0 07tolo elvon AToIto ATtd Thy VITGOECN.

6. Eotw A,B C R ue
dist(A,B) =inf{lx —y|: x € A,y € B} > 0.

Agi€te oL
A (AUB) =A"(A) + A*(B).

Ym66etén. H avigétnta A* (A U B) < A*(A) + A*(B) woyver mtdvta, agtd v viwoTteocbetikdtnto
TOU EEMTEQLKOV UETQOV.

T v avtioTpoen avicétnto uitopovue vo viwrobécovue étt A*(A U B) < co. "Ectw € > 0
ko €0t {InJ_; wa kdAvyn tov A U B améd avowktd Swactiuata. Ta kdBe n € N umopovue
va, Beovue TETTEQUGUEVA TO TTANBOG AVOLKTA SLGTARATO Jn 1, ..., Jn k, UE UWAKOC WKEATEQO ATTO
8/2, 6mov & = dist(A,B), dote In C Ja1 U - UJnk, ka (1) < Z];;le(]n,s) + v (av
In = (an,bn), Yewpncte 1o kAewGTéd SidoTnua [an — ﬁ,bn + ﬁ] ko xweicte o 6e kyy
Sradoykd Sraotigata unikous wikedtepov ard §/2). Tote, n {Jas : n € N,1 < s < k) elvan
kGAuvyn tov A U B aird avolktd SlaoTapato WAKoug WwkeoTeQoy amé 8/2, kot

oo kn

Z UIn) < Z Z (Jns) + e

n=1 n=1s=1
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Av {UJ, elvan n owoyéveld Twv Jn s yia ta ottoia A N Jns # 0 ko {Vs}32; elvan n owoyévela
TOV Jns Vo ta omola BN Jns # 0, 16te A C Joo;Us, B € Us; Vs kaw Us N Viyy = 0
yla kKdfe s, m: yia Tov tedevtalo oxveoud mapatnoicte 6t av y € Ug N Vi, téte vmdoyxouv
aceANUs kb € BNV, wote [y —al < L(Us) < 8/2 kan [y — bl < £(Vin) < 8/2, omdte
dist(A,B) < la—b| < |a —y|+ [y — b] < b, t0 omoio eivar dromwo. Me AL Abyia, kabéva aTrd
TO AVOLKTA SlacTAROTO Jn s avikel 6e ula to TToAD amrd g {UsJe2 kaw {Vs} . Tote,

AYA) AT (B) < D L(Ug)+ D e(Vs)

-
3

N
M ¢
I

3
Il
AN
w
||
o

Haigvovtag infimum wg mog dAeg Tig kaAels {1}, Tou A U B, guumepaivouue dt
A*(A) +A*(B) < A"(AUB) + ¢,
KoL, ooV To € > 0 fitav Tuydyv, £xovue 6t A*(A) +A*(B) < A*(AUB).
7. ’Ectw A C R. Aciéte 6m1 Ta €€ig eivar icodvvaua:
(i) To A eivar yetprcyo.

(i) INa kdbe € > 0 vwdpyer kAetot6 F C R ue F C A kar A*(A\F) < .

(iit) Ymrdgxer Fo-ouvodo ' dote ' C A kar A* (A\ F) =0.
YméSeién. (1) = (il). "Eoto € > 0. To A elvon uetpnowo, dpa to A€ eivar petpriciwo. T'vwpligovue

OTL VTTAEYEL OVOLKTO GUvolo G wate A€ C G ran A*(G\ AC) = A(G\ A€) < . Bétouue F = GE.
Téte, to F eivan kAewotd, F C A, kaw A\ F =G\ A€. Zuvemac,

A (ANTF) = A (G\ AS) < e.

(ii) = (iii). YmroBétovtag To (i), yia kdbe k € N uropovue vo Beovue kAelgté Fy CR ue Fy CT A
kar A*(A\ F) < 1/k. Oplgovpe T' = (Jpg Fk. To T efvan Fg-ctvoro kon I' C A. TTagatngotue
ot

ANANT) KA (A\Fe) < %

yio k@Be k € N, dpa
A (A\T) =0.

"Exovue Aotmtév astodelter to (iii).
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(i) = (1). YwwoBétovue 611 vTdEyel Fo-cvvoro ' wate ' C A kar A* (A\ F) =0. To A\ T eivan
uetpnowo (€xer wndevikd e€mteEkd uétpo). To I' aviker otnv Borel o-dAyefo (wg apbunciun
évon KAELGTOV GUvOAwVY). Aga, to I elvan petprnowo. Tpdgovtag

A=TU(A\T)
guuttepatvovpe 6Tl To A elvan LeTENGLUO.
8. ’Eotw E €va vmocguvolo touv R. Opigovue 10 ecwtepikd uétpo Lebesgue tov E 9étovtac
A@i)(E) = sup{A(F) : F C E,F kieiod}.

(@) Aeiéte 6T A(y)(E) < A*(E).

(B) Ymobétouvue 61t A*(E) < oco. Acifte 61t t0 E elvar Lebesgue uetpricio ov kot uévo ov
Ay (E) = A*(E).

(v) Aeikte 6Tt av A*(E) = 0o TdTe n 1codvvauia ¢to (B) Sev eivar wdvta GwGTH.

Ytédeign. (o) Até tn wovotovia Tou e£mtepkoy uétpov £xovue A(F) < A*(E) yua kdbe kAeiotd

F C E. Xvvemdg,
Ai)(E) = sup{A(F) : F C E,F kAewoté} < A*(E).

B) Ymobétovue mpwTa 6t to E elvar Lebesgue petpricwo. ‘Ectw € > 0. Eépouvue 4T vItdoxel
kAewot6 F C E dote A(E) < A(F) + &. Amd tov opuoud tov A (E) émetar 6t A(E) < Ag3)(E) +e.
To & > 0 fitav Tux6v, doa A*(E) < Ag;)(E). ATé to (0) TTEOKVTITEL N LGATNTAL.

Avticteoga, ag vmobécovue 6t A*(E) = A(;)(E) < oo. Mmogovue téte va Peovue Gs-
ovvolo G kar Fg—otvodo F wote F C E C G kaw A(F) = A*(E) = A(G) < oo (egnyncte yuati).
Téte, A(G\F) =A(G) —A(F) =0 vou E\F C G\ F, omdte 1o E\ F elvon Lebesgue uetpnoo (ue
A(EN\F) =0). "Emteton 611 t0 E =FU (E\ F) elvan Lebesgue uetprioyo.

) Av A*(E) = oo 161e n wooduvauia 6to (B) Sev elvon TAVTA GOGTA, Ue Thv SR évvola: VTTAQXEL
un uetprico cuvolo E ue Agj)(E) = A*(E) = co. Iapdderyua: Yewenicte €va un uetehcwo
A C [0,1] kou Tdote cav E 1o A U [2,+00).

9. 'Ectw A C R uetpriciwo civodo ue 0 < A(A) < +o0.
() Agite 6T n ouvdptnon f: R — R ue f(x) = A(A N (—o0,x]) elvaw cuveyric.
(B) Aeikte 6Tt vardyer uetpriowo auvolo F ue F C A rkoar A(F) = A(A)/2.
Ymodeign. (o) ‘Ecto X,y € R pe x < y. Iopatnpncte ot
AN (—o0,y] C (AN (—o0,x]) U [x,yl,
dea
fly) =AA N (—o0,yl) K AA N (—o0,x]) + A([x,y]) = f(x) + (y — x).

‘Emeton 611, yia kdbe X,y € R,
[f(x) — fly)l < x —yl
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(egnynote ywati), dndadn n f elvan 1-Lipschitz.

(B) Hapatneraote T
lim f(n) = lim A(A N (—oo,n]) =A(A)

KO
lim f(—nm) = lim A(A N (—oco0,—m]) = A(0) = 0.

n—oo n—o0
XopnowoTorcayue o yeyovds 6Tt n akoAovdia A N (—oo,n] avgdver 6to A ko n axkolovdia
A N (—oo,—n] @Biver 6Tto kevd givoro (kar A(A N (—oo,—1]) < A(A) < 00). Apov n T eivan
GUVEYNG Kl
A(A
0= lim f(—n) < % < lim f(n) = A(A),

n—oo n—oo

vmdpyel x € R date

f(x) =AAN (—o0,x]) = %

Oétovtag F = A N (—oo, x], Taipvouue to gntovuevo.
10. (@) ‘Ectw (An) axolovdia vrocuvédwv tov RE. Opitovue Ta cuvola
limsupAn ={x € R:x € A,, yia darepa n}

Kl
liminf A ={x € R: vmdgyet no(x) € N @ote x € A yia kdbe n > ng(x)}

Aeiéte oT1

limsup A, = ﬂ U Ax kot liminfA, = U m Ax.

n=lk=n n=lk=n
(B) "Ectw (Ar) akolovbia uetpriciov viwrocuvolwv Tov R, Asiste om:
(i) To limsup A kat liminf Ay elvaun yetpriciua cuvola.
(i) Aliminf Ayn) < liminfA(An) kar av A(U_ An) < 400 T6TE

limsupA(An) < A(limsup An).
(iii) (Ariupa Borel-Cantelli) Av Y 37 NAn) < +o00, t6Te A(limsup Ay) = 0.

YréSeign. (o) Iagatnenote 6t x € (o Uron Ak av kot wovo av yia kdbe n € N woydel
x € Upep Ak, Sndadi av ko uévo av yua kdfe n € N vmdgyer k > n dote x € Ag. Egnynote
yiati n tedevtaio TEATACN LoYVEL v KoL WGVO av X € Ay Yo AITERES TWES Tou K.

Avddoya, tragatngnote 6t x € Un i Nren Ak av kL uévo vitdoyer n € N dote x €
Nr_p, Ak, Sndadi av kou uévo av vatdexel 1 € N gote yua kdbe k > n va woxver x € Ay, Sniadn

oV KOl WOVO OV TO X OVAKeEL G TEMKA OAa Ta Ay.
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B) () Aot kdbe A, elval ueTtENoWo GVUVOAO, ATTd TIg

o0 o0 (o0} o0
limsup A, = ﬂ U Ax kar liminfA, = U ﬂ Ax

n=lk=n n=lk=n

elvar @avepd ot ta lim sup A, kou lim inf A, efvan yetpnowa GUvoAa (XEnGLluoItolovue To YeYo-
VOGS 6Tl apLBUAGLUES TOUES KOl OQLOUNAGLUES EVAGELS LETENGUL®Y GUVOAWV elval UETENGLLA GUVOAQL).

(il) ®€tovue By, = ﬂ?:n Ax. H akolovbio (By) eivor adEovca kot Ule Bn =liminf Ayn. Aga,

Alliminf Ayn) = lim A(By).

n—oo

A6 v GAAn TtAevpd, By € Ay dpa A(Bn) < A(A4). Tuvemog,

lim A(Bn) < liminfA(AnR).

n—oo n—oo

YuvdudLovtag Ta ToaTtdve, gxovpe A(liminf Ay ) < liminfA(AL).
‘Ouowa, détovge Cn = Upoy Ak. H axodovbia (Cn) elvan @Bivovca ko (po;Cn =
limsup An. ATmé v vitdbeon €xovue A(Cp) < 400, doa,

AllimsupAn) = lim A(Cp).

n—oo

ATt6 tnv dAANn TAvEd, An € Cr doa A(An) < A(Ch). Zuvemdg,

limsupA(Ayn) < lim A(Cq).
n—oo

n—o0
Yuvdudtovtag Ta TaaTtdve, éxovue limsup A(An) < A(limsup Ay ).
(iii) Me Tov cuyfoMaoud Tou (ii), yio kabe n € N €youue

o0

Allimsup An) < A(Ch) < Z AAy).
k=n

AoV Y 3 A(Ax) < +oo, éxovue

lim 3 A(Ax) =0.
k=n

‘Emteton 6Tt A(limsup A,) = 0.

11. Etetdote av o mapakdtw mpotdaels eival aAinbeic i Wevdei:
(i) Av A CR kat A*(A) =0, ©61e T0 A eivar memepaouévo i ditelpo aplfunciiuo Guvoio.
@ii)) Av A CR kat 10 A Sev elvan uetpricio, téte A*(A) > 0.

(@iii) Av A,B C R, A*(A) < +o0, B C A, 10 B eivar uetpricwo kar A(B) = A*(A), téte 10 A
elvar yetpHouo.
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(iv) Eotwo A C [a,b]. Tdte, AN*(A) = 0 av ka uévo av vmdeyer kdAvyn Tov A aité wia
oo

axolovbia avoiktdv Siactnudtov (In) wote ) 77 (1) < 400 ko kdOe x € A aviikel oe

dmelpa 10 wAOo¢ amé ta Siactripata Iy.

(v) Av A C R 161 A(A) = 0 av kat uévo av éAa ta vIrocuvoia Tov A eival UeTEHGLUA.

Ynobeign. (1) Weuvdng: 1o gvvodo tou Cantor €xer undevikd uéteo aldd eivor vitepoaBuncLLo

GUVOAoO.
(it) AAnbng: kdBe givoro A C R ue A*(A) = 0 eivan uetenGluo.
(iil) AAnBrig: yia kdBe n € N vrtdpyel avowktd cvvoro G, dote A C Gy ko A(Gr) < % +A*(A).

o0
Oplzovue G = () Gp, ométe BC A C G ko

n=l1

MG\ B) = A(G) — A(B) < %

yia kG0e n € N grouv cnpaiver 6t to N = G\ B elvar givodo undevikov uétpov. Tdte, ypdgpovtog
A =B U (ANN) BAémtovue 6L To A glvon puetproyo.

(iv) AAnbng: av A*(A) = 0, téte yia kGbe € > 0 vmdpxer kGAvyn Touv A aItd avolktd Sio-

1/2m

2 UJ8) < e Bétovue Iy :=Jn~ . TOTe, N OKOYEVELQL TOV QVOLKTHOV

otipata (J§) dote ) 5

Saotnudtov I m €xel Tic gntovueveg W8LOTNTEG.
o0
n=1

(1) < +o0 kat
éotw € > 0 Téte, vitdpyer ng € N date Zfzno (1) < &. AoV kdBe x € A aviikel e darelpa
(In), émetan 6w A C Un_,,, In. ToTe,

Avticteoa, é0tw (I,) kGAvyn Tov A aItd avoktd StucTnudtov we Y

A@ov 1o £ > 0 ntav Tuydv, éovue A*(A) = 0.
(v) AAnBng: av A(A) = 0, téte TEOPOVAOS GA0. T VITOGUVOAL TOU elval UETEARGWO, KOL OV
A(A) > 0, téte éxovpe delEel GTL To A TTEQLEYEL Un UETENGLLO GUVOAO.

12. (@) ’Ectw A C [a,b] ue A(A) > 0. Aeifte 61 vatdgyovv x,y € A dote x —y € R\ Q.
B) (Ariypa touv Steinhaus) ‘Ectw A uetpricio cuvolo ue A(A) > 0. Aeifte 6Tt T0 «GUvoAO
SLopopwv»
A—-—A={x—y:xeAyeA}
ToUu A Trepiéxel SidoTnua tng poeerc (—t,t) yia kdsrowo t > 0.

(y) 'Ectw E éva Lebesgue uetpriciuo vitoovvolo tov R ue A(E) > 1. Aeiéte 6t vwdgyouvv x # y
oto E édote x —y € Z.

Yrédeign. (o) Av Sev woyvel to gntovuevo, 1ote A —A ={x—y:x,y € A} C Q. Apov A(A) >0
To A elvarl pun kevd. Xrabegomolovue xg € A Kol oTtd ThY

A—xCA-ACQ
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cuttepaivouue 0Tt To A — Xg, dpa katl To A, elvar oguunciwo civoro. Tdte, A(A) = 0, To omoio
efvar dtomo: amrd tnv vébeon éyxovue A(A) > 0.
(B) Matopovue va vitofécouue 61 0 < A(A) < oo (av A(A) = oo, dewpovue B C A ue 0 < A(B) <
00, delyvouvue 6Tt To B — B mepidyel Sidotnua tng wopeng (—t,t) yia kdwow t > 0, ko TdTE,
A—ADB—BD(-t,1t)).

"EGTo Aowtdv A petpnciwo ouvodo ue 0 < A(A) < co. T Tuxdv € > 0 purropovue va Peovue
avolkté guvodo G O A wote A(G) < (1+ €)A(A). Matogovue va ypdwpouue to G Gav agiunctun
évwon G = Uy Ik un emkadumtouevov Siuotnudtov. Oétovue Ay = A N Iy Tote,

AG) =D ) ka AA) =) AAy).
k=1 k=1

ATto v A(G) < (14 €)A(A) émeton 6t vrtdpyel k € N date
Tx) < (14 e)AANIk).

Taipvovtog € = 1/3 cuuttepaivouue 6Tt vTTdEYeL Sidotnua I wote

30(1)

A I)>
(AND)>—,

[4e9)

O¢tovue t = —~. Oa delovue 6Tl

(AN —(ANI) D (—t,1).

Av vt 8ev woyvel, vtdexel s € (—t,t) dote Ta cvvodra A NT kaw (ANI) + s va elvonr Léva.
Tavtdyeova, Tepéxovior ato 1 U (I+ s), to omoio eivar Sidotnua uikovg £(1) + |s|. “Emeton ot
3¢(1)

27\(AOI):A(Aﬂl)—i—?\((AﬂI)—l-s)<€(I)+s<T,

dnAadn A(ANI) < %(I), To omolo elvar dtomo. ‘Emetan 6t A—A D (ANI) —(ANI) D (—t,t).
() Opizovue By = EN[m, m+1), m € Z. KdBe E;, eivar Lebesgue petpricwo, ta By elvan €éva
avd &vo, kol n évocn toug givon to E.

Oétovue Fy = By —m ={x —m: x € E,}. Hapatnpncte 6Tt Fry C [0,1) yio kGO m € Z.
Oa Seffovue 6L vITdEovvy M # N 6to Z wote Fiy NFy # (0. Tpdyuatt, av to Fp, fitav £éva avd
dvo, 1o1e Ya elyape

1=A([0,1)) > A < U Fm> = > AlFm).

mezZ mezZ

Ouwg, A(Fim) = A(Em) yia kdbe m. Tuvemadg,

> AFm)= > AEm)=A(E) >1

mezZ mez

YUvBUACoVTAS TIC TTARAITAV® AVIGATNTES KATAAyouue Ge dtoto: 1 > 1.
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Ymdpyxouvv Aowwtév m # N wote (B — m) N (Eq — 1) # 0. AnAadn, vitdpyovv x € Ep kow
Yy € B dote
X—m=y—n.

Me dAAa Adya, vItdeyouvv X,y 6o E wote x —y =m —n € Z\ {0}.
13. ’Ectw f: R — R. Aei&te 671 TO GUvOAO
A ={x € R:n f elvar cuveyric 6To x}

givar ocvvoio Borel.

YméSeién. T kGBe m € N opltovue

1
Am = {x € R: vmdpyer & > 0 dote yuo kGBe y,z € (x — 8, x +0), |f(y) — f(z)| < m}'

(o0}
IMapatngovue 61t A = (| Am. ‘Eotw x € A kar é0tw m € N. Apov n f elvar cuveyic 6to
m=1

X, VTtdEyer & > 0 date, ywa kKGbe y € (x — §,x + ) wyvel [f(y) — f(x)] < ﬁ Téte, yio kGOe
Y,z € (x — 8, x + 0) éyovue
1Y) — F(2)] < 1F(y) — F)] + F(x) — F(2)] < 5 + = =
—f(z)| < — —f(z — — = —,
Y Y 2Zm 2m m

o
doa x € Ay, A@ov To m Atav tuxdv, cuvumepaivovpe 61t A C () Am. AvticTtoga, av
m=1

o0

x € [) Am umwopovue va Seifovue 6L x € A: éotw € > 0. Bpiokovpe m € N ue % < €, KL
m=1

a@ov X € Apy ustopovue vo Beovue & > 0 ue tnv €gng Widtnta: av y,z € (x — 8, x + d) tdte

Ifly) —f(z)| < ﬁ Eikdtepa, yia kdbe y € (x — §,x + ), 9étovtag z = x, mmaipvouue

fly) — )l < <.

(o)
Avté amrodewvier 6L n f eivar cuvexic 6to x, dndadn x € A. ‘Etol, [ Am C A.
m=1
Emiong, kdBe Ay, elvon avowtd givoro. 'Ectw x € Ay. Mmogovue vo feovue 6 > 0 pe tnv

egng widtnTor av y,z € (x—8,x+9) tdte |f(y) —f(z)| < % Oa Selgovue 6TL (x—08,x+08) C A,
dnAadn to x efvan ecwteEwd onuefo touv Ay, ‘Eoto u € (x — 8,x + ). Ymdoxer & > 0 dote
(Wu—258,u+81) C (x—08,x+79). Téte, av y,z € (w— 01, u+ &1) éovue y,z € (x — d,x + 8), dpa
Ifly) —f(z)| < ﬁ TUVETIOG, U € Ay

oo
AoV kGbe Ay, eivar avolktd oivodo ko A = () A, émetan 6Tt to A eivaw Gs—GUvolo.
m=1

14. Ectw fn, : R = R akodovOia cuveywv cuvagtiicewv. AgiEte 611 TO GUVOAO

B={xeR: lim f(x) =+4o0}
n—oo
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eival ocvvoio Borel.

Ymodeign. Moapatnpnote 6t lim f(x) = +o0o av kow uévo av ya kdbe s € N vrtdoyer k € N
n—oo

haTe ylo kKGOe n = k va woyder fr (x) > s. Zuvemog,

B:ﬁU () (xeR:fn(x) > s},

AoV o f elvan cuveyelg, kGBe cUvodo Tng poeeng {x : fr(x) > s} (bmwov s,n € N) eivar
avokto. Apa, to B eivar givodo Borel.

15. Ectw f : R — R cuveyic cuvdptnon. AsiEte 6T yia kdOs Borel B C R 1o f71(B) eivar
guvolo Borel.

Ynié6eign. ‘Eotw B n Borel o-dAyeBoa. Opigovue A = {A CR: f1(A) € B
(i) “Exovue f1(R) =R € B, doa R € A.

(i) Av A € A t6te F1(A) € B kat, agov n B eivan o-diyefoa, F1H(AC) =R\ f1(A) € B.
Yuvemog, A€ € A.

(iii) Av A, € A, n €N, 161e

o (o)
! <U An> =Jf'(An) B
n=1 n=1
dot n B elvar o-diyePoa. Tuverae, U An € A.

(iv) Av A C R avowtd, téte To T 1(A) elvan avokté 86T n f elvar cuvexiig, doa f1(A) € B.
AnAadn, n A gregiéxel Ta avokTd vTTocgUvola Tou R.

"Emteton 6L n A elvon 0—dAyefpo Ttou TepLéxel To avolkTd vtocuUvola Tov R, doa A D B. Avuto
Selyvel 6T yio kdBe Borel B C R 1o f1(B) eivou cuvodo Borel.

16. Ia kdbe x € [0,1) cvuPoiitovue ue (Xq1,X2,X3,...) Thv Seradikh wapdotacn Tov X (av
TO X €xel 8U0 Sla@oeTIKES SekadIkés TapaoTdoels dewpouye ekeivn Tov Tedeldvel o datelpa
undevikd). Bpeite To eEWTEQIKO UETRO KABEVOS ATT6 T GUVOAQL:

i) A= {X S [0,1) 1X1 # 5.
(i) Ag ={x€1[0,1):x1 #5 kar xg # 5}

@iii) A3 ={x€[0,1) : yia kdbe n=1,2,..., xn # 5}

Ynodeign. (o) Hagatnpnate ot
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Tuvemog, A(Aq) = %

B) Tw Tov oploud tov A; ywelicaue to [0,1) oe déka ioa ko Sadoykd NULAVOIKTA SLaGTARATO
[0,1/10),[1/10,2/10),...,[9/10,1) ko agapécaue to [5/10,6/10) To omoio eivar To GUVOAO TwV
x € [0,1) yuu ta omoia x; = 5. T va oplcovue o0 As yweitovue kabéva amd ta vITOAoLTa
Swotnpota [k/10, (k +1)/10), k # 5, oe 8éka (oo kar Sladoxkd NULOVOIKTA SLOGTALATO WAKOUS
1/10% ko apaupovue To éva artéd autd (To ékTo KAOe PoEd eival To GUVOAO TwV Gnuelmv Tou
VITOSLAGTALATOS Yol TaL oTtoia Xg = 5). Autd onuaivelr 6Tt o Ay amotelelton amwd 81 gva
nuovotktd Sractiparto wikovg 1/100. Xuvemag,

81 92
AMAg) = 100 <10> :

() Zvveyltovtag avtév Tov GuAAOYLGUO, PAETTOVUE OTL TO GUVOAO

An={x€0,1)|x1#5,...,xXn # 5}

MAL) = <190> .

Tuvemdg, vy 1o oUvoro A = {x € [0,1) : yia kibe N =1,2,..., xn # 5} éxovpe A = (n_; An

€xel UETEO

Kat, ooV n {An} elvar pBivovca akolovbia cuvélwy, TTaipvouue

MA) = lim AAy) = lim <1%>n=o.

n—oo n—oo

17. 'Ectw 6 € (0,1). EmavaiauBdvovue thv Sladikacio KATAGKEVHS Tov guvilov Tov Cantor ue

™ 81aQoEd 6Tl 6TO N-00T6 BHUA APALROUUE KEVTPIKG AVOIKTO Sid-

otnua wurikovs 0/3™ agrd kdbe SidoThua wov £yel amoueivel oto (N — 1)-0076 Priva.
KartaAryouue ce éva avvolo Cg «tUmmov Cantor». Agi&te Otu

(@) To Cq eivar TéAelo kal Sev Tepiéxel avolktd SLOGTALATA.

(B) To Cq eivar virepapLburiaiyo.

(v) To Cq eivar petpricio kat A(Cg) =1—0 > 0.

Ymrdbeign. Oewpovye 1o StdoTnuo 100) = [0,1] kau 0 yweicovue Ge tpla StacTiuata: To puecaio
€xel UnKog % Kol To GAA 8V0 €xouv To (Blo whikos. A@aipovue To avolkTo pecaio Sidotnuo

KOl ovoudgouue IV 10 cuvoro ov amouéver. To 1M eivar TEOPAVAS KAEWGTO GUVOAO, KoL

AIM) =1— %. Xweltovpe kaBéva amd ta dVo SacTAnata TTov GYnLatitouv To I ge Tola

StacTAgaTa: To uegaio €xel WAKOG 3% kol ta dAAa §vo €xouv To (Bo urikog. Katdmv, agparpoiue
10 wecaio avolkté Srdotnua. Ovoudicovue 12) o Gvvoro Twou asouéver. To 1) eivar mpopaveg

RAELGTO GUVOAO, KoL
AI®) = Ay —22 9 50
32 3 32
Yuveyltoviag ue autév Tov TEATOo, KATaokevdcovue yia kdfe n = 1,2,... éva kAelgTé Guvolo

1) ¢161 dote n axodovdio (IM)) va éxer Tic eghc WI6TNTES:
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@) I 5 1M+ yig kade n > 0.

(i) To I eivon n évwon 2™ KAEGTOV SLAGTAUATOV TTOV £XOULV TO (810 UWAKOC.
o 0 0 —10
(i) A1)y =1-9—-25 —...—on18.

TéAog, opitovue

IMopatnpovue 4t

n—l1
A(Ce) = lim A(I™) = lim_ [19(1(2) )] —1-6.

n ’ 7 7 7 7 , 7 7
Av Il(< ) elval KATTOL0 ATTO TA KAEGTA SLOGTAUOTO TTOV GYNUATICOUV TO 1), wéte o UNKog Tou

211
SovAevVovTag OTTwS GTNV TTERITTTWGN TOV KAAGIKOU Guvolou Ttou Cantor, puitopovue vo. det€ouvye

I]in) elvar (G0 ue or [1— 0 (1 — (%)nilﬂ — 0. XEnowoToldvtag avTiv Ty JTAnQo@oeio Kol

6L To Cg elvan TéAelo kow Sev TTEQLEYEL SLOGTARATAL.

18. "Eotw {qn}X_; wa apibuncn tov QN [0,1]. Ia kdbe € > 0 opiovue

0= U (i ot )

Tédog, 9érovue A = [ A(1/j).
j=1
() Acikte 61t AM(A(e)) < 2e.

B) Av ¢ < % Seikte ot o [0,1] \ A(e) elvar un kevé.

(v) Acikte 61t A C [0,1] kar A(A) = 0.

(6) Aeigte 61t QN [0,1] C A ko 6Tt T0 A elvar vItepapLOuicLo.
Yrnodeign. (o) Hagatnpnate ot

MALD < 3 A ((an — o b)) = D 5e =2
n=1

n=1

®B) Av to [0,1] \ A(e) fitav kevd, da eiyaue [0,1] C A(e), omdte 1 < A(A(g)). Ouwg, av & < %
amd to (o) saipvovue A(A(e)) < 2e < 1.
(y) ApoV 0 < qn <1, yia kGBe j € N éyouvue A C A(1/j) C [-1/j,1+1/j]. Aea,

A C (=1/5.1+ 1/ = [0,1].
j=1

Extiong, amd to (o),
AA) < MA(1/5)) <2/5
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vy kGbe j € N. Aga, A(A) =0.
o0
(6) "Exovue QN [0,1] ={qn : n € N} C A(1/j) yia kdBe j € N, dpa QN [0,1] C () A(1/j) = A.
j=1
INa kGbe j € N, 1o [0,1]\ A(1/j) elvar kAeloTé Ko TOLVOEVE TTUKRVS (BLOTL BEV TTEELEXEL ENTOVG).
Acg vmoBécouue 6L To A elvon aguBunclpo. Av A = {x, : n € N}, td1e umwogoiue va ypdpouue

(o.¢]

0.0 =AU(0.1\A) = (Uw) u | U0\ Ay5)
n=l1

j=1

AvT6 odnyel oe dtoTro: 6Aa Ta GUVOAL {Xn }, [0, 11\A(1/j) elvan kAewoTd, dpa kdTTOLO ATTS aVTd Do

£mpeTie va TreQLEyel didotnua, amd to dedpnua touv Baire. TuveTtdg, to A efval vIteQOQIOUAGLLO.

19. (@) Ectw {An} akodovbia Lebesgue uetpriciuwv vmwocuvéiwy tov [0,1] ue tnv iSidtnta

limsupA(Ay) =1

n—oo

Aei&te ot yia kdPe 0 < o« < 1 vrdgyer vtaxodovBia {Ay, } e {An} ue

A<ﬁAkn> -

n=1

(B) 'Ectw E éva Lebesgue uetpriciwo viwootvodo touv R ue A(E) < oo. ‘Ectw {An} akodovbia
Lebesgue uetpriciuwv vwocuvoilwv Tou E kat é6tw ¢ > 0 ue tnv 18idtnta A(An) = ¢ yia kdbe
n € N. Agifte 61t A(limsup An) > 0 kat 1t vredyel yvhoins avEovea arxolovbia {kn} @uaitkdy
ue tnv idioTnto

[o¢]
ﬂ A, #0.
n=1

Yrodeign. () AoV limsupA(A,) =1, yia kdBe € > 0 kaw yua kdBe m € N ugtopovue va feovue
n—oo

n>m oote A(An) >1—c¢.
‘Eotw 0 < o < 1. Emaywyikd, Beiokovue k; < ko < -+ < kp < kpy1 < --- daTe

11—«
?\(Akn) >1— on
Tote, av Yéoovue Ay = [0,1] \ Ax,,, éxovue
A(UAﬁ ) <Y MAR) <) o =l-a
n=1 n=1 n=1

YUVETIOC,
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o0
() T kdBe k € N éyovue |J An D Ak, doa

n=k

7\(6 An) > AAy) = c

n=k

o0
Av déoovue By = | An, tote By N\ limsup A,y ko A(Ep) < A(E) < 00. Zuvemag,
n==k

AllimsupAn) = lim A(Ex) = ¢ > 0.
k—o0

AoV AllimsupAy) > 0, érovue limsup A, # (. AnAadr, vrtdoxer x € E to omolo avikel ce
darelpa To wAMnBog A, Ieodvvaua, vTtdeyel yvncims avgovca akoAovdia {kn} @uGkGV ue Tnv
o

o
wotnta x € () Ag,. Me dAAa Aoy, () Ay, # 0.
n=1

n=1
20. Ta kdbe A € M ko yia kdbe x € R opicouue

o AMAN(x—t,x+1t))
Ax)=1 ,
p(A.x] t—L>r(r)L+ 2t

av autd 1o 6pto vrtdpyel. O p(A,Xx) elval n ueTEIKi JTUVKVETNTA TOU A GTO GnUelo X.
(@) Acikte 61t p(Q,x) =0 kot p(R\ Q,x) =1 yia kdbe x € R.

(B) ‘Eotw 0 < o < 1. Katackevdote ouvolo A C R ue tnv ibidtnta p(A,0) = «.
Ymobeign. (o) Twa kdBe x € R kow yio kdbe t > 0 éyouue

AQN(x—t,x+1)) =0 kaw A(R\Q)N(x —t,x+1)) =2t.

[Tagatnericte 6Tl Ta 5V0 Guvola eivar £éva, €xouv évwon To (x —t,x + t), kat To TEdTO ivar
aiunco wg vitoguvoro touv Q.] "Emetan 4t

AQN(x—t,x+1))

x) = i =0
P(Qx) tl>no1+ 2t
o AR\ Q) N ( ) 2
Nix—t,x+t . t
R = i = )
P(RAQx) tl—LP()1+ 2% tl—L>r(r)L+ 2t

(B) T'ia k&Be n € N oplgovue

e (1 1, [ 1
o n’ n+1 n+1'n/’

Ytn cuvéyela emtdéyovue uetpnowo A, C Cn dote A(Ayn) = aA(Cr) (to Cyy glvan agtdd cvoro
KOl n emAoyin Tov A, Oev moouctdter duokolies — Juunbeite duwg kar thv Acknon 9()).
Oplcovue
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ITapatnencte o1, av n%rl <t< % ToTE
AMAN(—t,t AMAN(—1/n,1 2 1
(An(tt) AMAN(/n/m))  2a/m  mit <all 120,
2t 2/(n+1) 2/(n+1) n
Kol

MAN(=t8) _ AMAN(=1/(n+1),1/(n+1)) _ 20/(n+1)

2t 2/n 2/n

NS x(1—2t)
n+1~ ’

"ETteton 4Tl
. AMAN (-t 1)
lim ———= =«
t—0T 2t

dnAadn p(A,0) = a.

1.2 Oudada B

21. ‘Ectw E kar F 8v0 cuumayr viroctvoda tov RY ue E C F kau A(E) < A(F). Acsikte 61 yia
Kdbs o € (A(E),?\(F)) ugropovue va Bpovue cvusayés ovvoro K dote E C K C F kar A(K) = «.

Yni66eign. Astyvouue modTa 1o €8hg av W elvar éva, guuttayés vtoatvodo tov RY ue A(W) > 0,
T61¢e, Vo kKGBe 0 < B < A(W) umopovue va Bepodue cuustayés V C W date A(V) = B.

IMpdyuatt, agov to W eivaw cuustayég, uiropovue va Beovue kAewotéd Sidotnua [a, b] C R ko
KAewo16 Srdotnua Q € R gote W C Qg := [a,b] x Q. Ogpitovue f: [a,b] — R ue

f(t) =AWnNn{x=(x1,....,xx) € Q1: a<x <t}).

H f elvan cuveyng: Selgte oL
If(t) — f(s)] < Aa—1(Q) [t —s].
Agov f(a) =0 ko f(b) = A(W), o woxverouds émeton amrd to dewpnuo eviidueong TWAG. O
‘Ectw tdea E ko F Vo cvumayr vitocvvola tov RY ue E C F ko A(E) < A(F). ‘Ectw
x € (A(E),?\(F)). Aot o — A(E) < A(F\ E), uwopovue va Beovue cuuttayés aivoro W C F\ E
ue A(W) > o — A(E). Epapudcovtas tov toxveiowd, Beiokovue cuuttayés V. C W date A(V) =
a—A(E). Av 9éoovue K = E UV, épovue 6Tt to K eivan cuustayés, E C K C F ko A(K) = .

22. Kataockevdote éva Lebesgue uetpriciuo ovvodo B C [0,1] ue tnv e&ri¢ iSidtnta: yia kdde
Sudotnua | C [0,1],
AJNE) >0 war A(J\E)>O.

Yrobeign. EAéyEte mopodta 6Tt av I elvon éva Sidotnua uikoug o, Kol v akoAovBricouue Tn
Sradikacio KATOGKEVAS Tov GUVOAoU Tou Cantor AEAEMOVTAS GTO M-0GTO PR AVOLKTA UITO-
Swwotiyata wnkovg od/3™ (Bmov 0 < & < 1), TéTE TO GUVOAO TTOU TEOKVTITEL Sev TIEQLEXEL

Srasthyata kot gyl uétpo (1 —9).
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Hafpvouue 0 < §; < 1 kou Katackevdcovue gvvoro D! gto [0,1] ue Tov TapaTtdve TEGTO.
To D! 8ev mepiéyel Stacthuato ko A(D!) =1— 6.

To B; = [0,1] \ D! efvon wa apibuncun évwcn avolktodv Sloctnudtov: By = Uj R;. e kdbe
KAeGTéd SrdaTnuo R? j € N, kdvouye tnv {8la katackevn ue kdgoto 0 < 8y < 1 (to (8o yio kdbe
j). Tpokvrrter GUVOAO D]? TOU Bev TreQLEXEL BLAGTARATO KoL €YEL UETEO ?\(D]?) =(1- 62)?\(R;).
Oplcouvue

2 1 2
D* =D'U (U2, D3) .
Tote,
AD?) = (1—81) + (1—82)8; = 1 — 8153,
To By = [0,1] \ Dy eivon stdAr wiar apibuicun €vaocn avolktdv Slactnidtov: By = Uj RJ?. Ye rdbe
KA£lGTO Srdotnua Ri]z j € N, kdvouye tnv {Sia kataokevn ue kdmolo 0 < 83 < 1 (to {Sto yio kGOe
-
Emaywyikd, opitovue wa akodovbia {D™} vitocuvéimvy tou [0,1] ue Tic €£rig widTnTES:
i) D" c B™=1[0,1]\ D™
@it) A(D™) =1—06102 - On.

(iii) To D™\ D™ eivar évoon apBuicuey 1o TAROO0G U ETUKAATITOUEV®DV KAELGTOV GUVOA®DVY
DJT‘, kaféva agtd ta oTroia dev TrEQLEXEL SLAGTALATOL.

_ 241

Mitogovue UAAGTOL VoL ETUALEOVUE GUYKEKQUULEVDL O = 33 ) WOTE
2" +1 1
6162"'611:W_> Q

Opicovue E = UX_ D™ Téte, A(E) = lim A(D™) = lim (1 —290;---0n) = 1 To E eivau
n—oo n—oo
uetenowo, ooV kdbe D™ eivar cuivodo Borel.

‘Ectw ] = [a,b] vodidotnua tov [0,1]. O woyveiouds eivar ¢t vitdeyer vITodidcTnuwo R3*
kdmolwov By, wate R)TL CJ.

Amodeign. Me eig dtomo astaywyn. ‘Eotw 61t Sev vItdoyxet R]l C By ue R} C J. Hoapatneniate
OTL VTTAQEYEL ] WaTE R} NJ # 0 (@Mog da eiyaue ] € D!, dromo). Agov To R} = (aj, bj) elvan
OVOLKTO, TO R} N ] etvan Sidotnpo. Atokeivouue TG EENC TTEQLILTMOCELG:

(@) a; < a < by < b: vdeyer R}E = (at,by) ue by < ay < b (@Mwg, [bj,b] C D! to ogroio
efvar dtogro). Tdte duwg, VITAEXEL Rls = (as,bs) C [bj, ay) My ng Katackevng tov DI Aga,
VTTAQXEL Rls C J. Avté elvan droTo.

(B) a < a; < b < bj: kataMiyovue Ge dToTwo Ue TOV (810 TEGTO.

W) J = la,b] C R; = (aj,bj): oto R? KOTAGKEVAGTNKE TO D)?. Emavaioupdvovtag to
gUAAoyLGUo, BAETToVUE OTL elTte VITAEYEL j WAGTE R)? C J n vmdeyel j wote | C R)?.

Yuveyltovtag €tal, PAETTouUE GTL elTe VITAEYXOVV M KAl j DGTE R}i C J 1 yia kGBe M vITAEYEL
wote | C R]T‘. H 8evtepn meplmtoon asrokAeietan ylatl tédte da elyoue

A(J) < infA(RF) =0
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(Tapatneiote 6T A(R]Tl) < 61'3'%). O

Ymdpyer Aowrtév kdatoio R)Tl, OvoIKTO vIodidotnua kdgtowov D™, daote R}i C J. Ouwg to1e,
GTO @ KOTAGKEVEGTNKE TO D?H, TO 0TT0(0 €)eL UETRO A(R?H) = }\(R}l)(l_én+1), uéca 6 avtd
apuunco to TARBog DJT”? UE GUVOMKG UETRO A(R?)6n+1(l — 0n) KAT. AnAadn, To GUVOMKO
uétpo Twv DI, m > n mov KATaokevdoTRKAV UEGA GTO R]T‘ etvan {Go pe

n n 1
7\(Rj J1—=8ny1dni2 ) = )\(Rj ) <1 - 251511) .

"Eqtetal oTL

1
AMENRY) =ARY) (1———]) >0 ARM\E) =A(R) —— > 0.
( )) (])< 261611_) Ko ()\ ) ())261611
Apov R}l C J, ovumepaivouue 611
AMENT) >0 wrar A(J\E)>O.
23. 'Ectw E Lebesgue uetpriowo viroctvvolo tov R ue 0 < A(E) < oo. Acikte 6T, yia kdbe

k € N, vmrdgyovv x,s € R dote

X, X+8,x+2s,...,x+ (k—1)s € E.

Ymé6etén. Agov A(E) > 0, yoncwotowdvtog tnv Acknon 5 BAémovue 6Tt vTtdoxer SidoTnuo

[a, b] dote
k —
A(EN[a,b]) > T(b —a).
Odtovue A = E N [a,bl. Xweltovue to [a,b) ce k Sraboyikd nulovolktd SLOGTAUOTO UAKOUG
b—a
s 1= 2%

L=[aa+s), h=[a+s,a+2s), ... , Ix=[a+ (k—1)s,b),

kot yia kdBe j = 1,...,k oplgovue Aj; = A NI Katém, yio kdBe j = 1,...,k 9étovue B; =
Aj; — (j — 1)s. Hogatnpricte 6t Bj C I} = [a,a +s) yia kdbe j = 1,...,k kaw By = A;. Oa
Selcovue 6TL

k
(%) ﬂ B)' # 0.
j=1

Téte, av Tdovue KATOW X € ﬂ};l B; Ba éxovue 61 x € Bj = Aj—(j—1)s Snhadn x+(j—1)s € A;
vy kdbe j =1,...,k. Apod A; C A C E yia ke j, €metan 6t

X, X+s8,x+2s,...,x+ (k—1)s € E.
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Ta tnv astddeten tng (*) yodgpouue

k k k
ALN)Bs | =2 JT\By) th\B
j=1 j=1

Apa, to 11 \ ﬂ};l B; elvauw yviigio vitogvodo tov Iy, kow €meton n ().

24. ’Eotw A,B C R ue A(A) > 0 kaw A(B) > 0. Aeiéte 61t 10 A + B mepidyer Sidotnua.

Ym6beign. Matopovue vo vmobécovpe 6Tl o A ko B €yxouv memepacuévo kar detikd uétpo.
Mmopodue va Beovue agibuicwn évoon G =y Ik Slaotnudtov, Touv oL KoQUEES Toug €Xouv
entég ouvtetayuéveg, oate A C G kat

P < M )<§ZA(AﬁIk).
k=1 k=1

"Emteton 611 vmtdeyel k € N odate
4
Ix) < g)\(A N Iy).

Epapuocovtag to (dto emuyelpnuo kol 6to B, kataliyovue Gto €€ig: vitdeyouvv diactipata Iy
kot Jo ue entd dkeo, dote

(*) A(A N IO) > 27\(10) KOl }\(B N IO) > g}\(lo)

AoV ta unkn tov Iy ko Jo elvar pntol agBuol, witopovue va Beovue m,n € N octe ta [o kan
Jo va xweltovtar ce m kar n Saboykd SracThAgaTa aviicToya, Tov A €xouv To (8lo UAKOG.
Xopnowogrotdvtag kar tThv () BAémovue T Tl vItdeyovv draotriyota I kal J; Tov érouv To
{8lo unkog, wate

AMANT) > %7\(11) kaw A(BNJp) > 27\(]1).

Me dAAa Adya, vitdpxer Sidotnua I pe kévigo to 0 kor vITdEyouvv X,y € R date

AMA=x)ND) > =A(I) rwu A((B—y)ﬁl)?%?\(l).

>~ w

"Emtetar 4T

AMA—x)N(B—y)NID) > -A(I) > 0.

N[ —
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Oétovue C = (A —x) N (B —y). A6 1o Anpua tou Steinhaus, to C — C grepiéxel didotnuo pe
kévTpo to 0. Aoy
A-B—(x+y=(A-x)-(B-y)2C-C,

ouuttepaivouye 6Tt To A — B stegiéyer Sidotnua. Avtikabiotodviag to B pue to —B gralpvouue to
ntovyevo.

25. ’Eotw E petpriciwo vrocuvolo touv R ue A(E) > 0. Ymrobétouue 6L yia kdbe x,y € E wgyvet
%(x +y) € E. Aei&te 611 To E Exer un kevo e0wTEQLKO.

E={3:x€E}. Agov 1o E éeL detrd uétpo, 10 & eivar uetorowo

2
E\  A(E)
V(E) -1

ATt6 nv Acknon 24, 1o GUVOAO % + % TeQLé el KATTolo StdaTnya.

‘Ouwg, amd tnv vitobeon grmetar dueca OTL % + % C E. Apa, 10 E mepiéyer Sidotnua.

Ymobeign. Osmpovue to
ko €xel Jetkd uétpo:

Ei8ikdtepa, €xel un Kevd eGOTEQLKO.

26. Acifte 6T 10 GUvoAo Twv X € [0,27) yia Ta omoia n axodovbia {sin(2™x)}X_, cuykdiver

Exel undeviko uétpo Lebesgue.

Yrré6eién. Aelyvouue mpdta 6Tl av sin(2™x) — a téte a = 0. Ipdyuatt, av sin(2™x) — a # 0
TGTE, o peydda n, éxovue sin(2™x) # 0, doa

cos(2™x) = M -
2sin(2™x) 2
Ouwg, toTE
sin(2M) = LS L
2 4
doa
1= cos?(2™x) + sin?(2™x) — 1 + 1 _ 1
4 4 2
T0 oTolo elvar droTro. Aga, To G¥vodo A Twv x € [0, 27) yua ta otrola n aroAovdia {sin(2™x)}Y_,

ouykrAivel elvar To
A ={x €10,2m) : sin(2™x) — 0}.

To A eivar uetpricwo: détovue fi(x) = sin(2¥x), kow Ay = {X € [0,27) : [f(x)] < ﬁ} o
kdBe k,m € N n fi elvaw cuvexng, dpa 1o Ak, elval avolktd GTo [0,271), koW uITOQEOVUE VOl

) Acm.

1k=n

dovue O6TL

A =

A
(G

In
Apa, to A elvar uetpnoylo.
YmoBétouvpe 6L A(A) > 0 kou o kataiigovue oe dtomo. ITagatnpovue GTL av X,y € A tdte

sin (2“’”2”3> = sin(2™ x) cos(2™ty) + cos(2™ x) sin (2™ y) — 0,
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OUVETIOG %H € A. Amé tnv Aoknon 25, To A, doa Kal To ﬁA C [0,1], éxouv un kevé eGOTEQELKO.
"Egteton 611 T0O #A TrEQLEXEL EVaV TELASIKO ENTO, TNG LWOQRMNG SL‘“ 6mov k € Nue 0 < k < 3™,

, , , . n+1 , . n
row 0 k dev egivar swoAagtAdoio tov 3. Téte, sin (%kﬂ) — 0, dpa ko n sin (%kﬁ) — 0.

Ewikdtepa, sin <¥k7‘t> — 0. Hapatnpovue 6t 3 | 4™ — 1, doa 6 | 22! — 2. Emouévag,

22n+172 221’l+l )

elvar dpTiog, dea s'm( 3 kTE) = sin (%7[) Emouévwg, n sin (?kﬂ) (n omola elvan

otabepn) cuykMiver oto 0. Autd Suwg elvar dtoTro, agpol o %7{ dev elvarl axkepalo TTOAATIAGGLO
TOU TT.

27. 'Ectw A C R ue A(A) > 0. Acikte dm

AR\ (A+Q)) =0.

Ym6beign. Maogovue va yenolpottotigovpe thv Acknon 24. Av elyoue ?\(R\ (A + Q)) >0
70T TO GUVOAO A — (R \ (A + Q)) Ya mepielye kdmowo didotnua 1. MMagatngovue duws 6Tl ov
X e€A— (R\ (A+Q)) 791e X ¢ Q (aAMds Da elyoue —x € Q ko x = a — Y, dmov a € A kaw
y ¢ A+ Q, 1o omoio da odnyovce gtnv a —x =y ¢ A + Q 10 omoio elvar dToTO).

Aot 1o Suidatnua 1 wepiéxer pntovg, odnyovuacte oe dToTro.

AgrevOeiag amodeign. Oo delEovue T yua kGBe n > 1 vTtdyer TeTtepacuévo Jo C Q wate

2
(+) Mooy Ja+n) <

te)n

Av 9éoovue | = (Jn_; Jn 1éTE TTEOKRVTITEL GuEc OTL

A ([O,l]\U(A+t)> =0.

te]

Téhog, av opicovue I = (J,cz(] + 1) ko yedpouue to I otn woeeri {ts : s € N} (magatnericte 6t
7o I elvar apiBuncieo) umopovue eUkoAa va eAEygovue OTL

A(R\SL_Jl(A+tS)) <Z7\ ([r,r—i—l]\ U (A+t)> =0

TEZ te]+r

kot apoV |J (J+ 1) € Q émetan o Tntovuevo.
TEZ
TN v amwédetsn tng () mogatngovue 6Tt av emAégovue k € N apretd yeyddo kor 1 =

[y - %,y + %] yio katdAAndo Yy € Q, €xovue

AMAND > (1—1> 2
n/k

3

dea
AT\ A) <

&l

1
n
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e k_l j j 7
Toea, [0,1] = ;i [L -1, 1+ 1] Aca,

8
=
—

7T

. k—1 .
a+i-yel(ma+l).
=1

Oétovtag Jn, = {% —vy:j=1,...,k—1} maigvouue

k—1 .
Ao\ A+ <Z7\<(I\A)+]J<>:(k—l)A(I\A)<2(kk_1)Tll<T21.
tefn j=1

28. Acifte 6m1 vmdyouvv uetpriciwa ovvoda A,B C R ue A(A) = A(B) = 0 kot A(A 4+ B) > 0.
Miuropei 10 A + B va mepiéyer Sidotnua;

Ymédeign. Matopovue va Seitovue 6t C + C/2 D [0,1], 6mwov C eivar to cUvoro touv Cantor
kaw C/2 = {x/2 : x € C}. Ipdyuat,, éotw x € [0,1]. Ozwpolue TO TELASIKG avaTTTULYULA
X =0.X1X2 ... Xn ... TOU X. Tt kKGOe N éyovue xn € {0,1,2}. Opitovue Yyn = xn av xn € {0,2} ko
Yn = 0 av x, = 1. Emiong, opigovue zn = Xn — Yn Yo kdBe N, dndadn z, = 0 av x,, € {0,2}
Kkt zn = 1 av x, = 1. Hoapatnpnote 6w y € C: kdbe yn, = 0 n 2. Emiong, av Jécouvue
u=2y =0.2y1)(2y2) ... (2yn) ..., oTe U € C: RABe Un = 0 N 2. Apa,

u C
x:y+z:y+§€C+§.

Téhog, A(C) = A(C/2) = 0. Oétoviag A = C kaw B = C/2 éyouvue t0o tnrovuevo.

29. Adote mapdSetyua avouktol vitocuvolov G tou [0,1] ue tnv e€ric iSidTnTa: TO GUVOEO TOU

G éxel 9eikd uétpo Lebesgue.

Ynébeign. Oswpovue éva ouvolo D tirou Cantor to ottoio €xel Jetikd uétpo (Yo moddetyua,
10 gUvodo Cg tng Acknaong 17. "Eva avowkté vitogtivolo G tov [0, 1] ue v iStédtnta A(9(G)) > 0
elval n évwon TV OVOIKT®OV SLACTNUATOV TIOU a@OEEONKOV GTO «ITEQLTTA» PARATO TNG KOTO-
OKEVNG (TO TTRMTO, TO TE(TOo, KAT). [a va to §ovue owtd, ovoudtovue U tnv £veon Twv avolKTOV
SracTnudtov TTOU apaEEdnkav oo «dTiox Phgata tng katackevng. ‘Eyouue [0,1] = GU(DUU),

KoL o TElA avTd gUvoda elvar géva. Tdea, aTtodelEte Ta €ENG:

(i) G=GUD. To GUD eivar kAewgtd, Sét to [0,1]\ (GUD) = U eivar avokté cvvoho.
Emiong, G C GUD, apkel Aowrtdv va delEete 6L kdBe x € D eivan onyeio GuGGHEEVGNS TOV
G (avT6 elvarl agtdd: wpndeite tnv arddergn Touv 6L kKABe x € D elvon onueio cucoheevong
Tov D).

(i) 3(GUD) =D.

‘Emetan 6t A(0(G)) = A(D) > 0.
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30. TI'vwgitouue 6Tt kdBe avolkTo vIToGUvolo Tou R ypdpetar ws évwon EEvov avoikTodv SiacTn-
udtwv. Agifte 6T o Sioros D = {(x,y) : x? + y? < 1} Sev uropel va ypaptel wg &vn évwon
aVvolKTWV opboywviwv.

Ynébeén. 'Ectw 611 0 8lokog umopel va ypa@tel wg €vwon avolkTt®dv Kol £évav opBoymvimv.
Téte, to (0,0) aviker oe éva omwd autd, €6Tw R. XZTEQOVTIAS TO GUGTIUO GUVTETAYUEV®Y,
ustopovue va viroBécovue 6t R = (a,b) x (¢,d). Téte a < 0 < b kaw ¢ < 0 < d. Emiong, av
d > 1, téte to (O, %) ovriker 6to R, dpa kar gtov Sicko, To oTroio eivor drotro, dpa d < 1.
Emtiong, a > —1: émwg kar yio 10 d, apyikd éxovue 6T a > —1. EmaAdov, av a = —1, 1618 5+ <

2
—\/1—az/4 —1—4/1—d2/4 —1—4/1—d2/4 d)

7 < %, doa a = —1 < ——5—— < 0 < b, ewouévog to onuelo (2,2
ovrikel 6To R, dpa kot gtov §ioko, kot ue TEdgels PAETTovpe GTL AWTS gfval dToTro.

Ozwpovue T To chueio (a,0), To omwoio awd To TOEATTGvVW avikel oTov dicko. Tdte,
vTdEyel opbBoydvio S, gévo mpog To R, ue (a,0) € S. Avutd Suwg elvor dtomo, agol VITGEXEL
e > 0 tétoo wote (a,0) € B((a,0),¢e) C S, aAld oTtoladngtote uswdAa ue kévtpo to (a,0) téuvel

10 R.

31. Acate srapddertyua guvodov Borel stov Sev eivar Gg-auvolo ovte Fq-aiivolo.

Yrédeign. Oewpovue o gUvoda B = QN (—oo,0] kaw C = (R\ Q) N (0, o). Mapatnericte GTL To
B eivar Fg-ctUvolo wg apBuncun évacn wovocuvodwv katl to C elvar Gg-cvvodo SidtL ypdpeton
otn pogon C = mQﬁ(O,oo)((o’ 00) \ {q}). Ewdwdtepa, ta B kaw C eivar Borel givora. Opigouue

A=BUC=(QN(—00,0]) U ((R\Q)N(0,00)).

To A eivanr Borel civoro wg évwon dvo Borel cuvodwv.
Twpa, TTagatngovue Ta ENG:

(i) To B 6ev etvan Gs-cuUvoro. Av ntav, téte da vinpxov avoiktd cUvoda G, € R tétola

o0 o0

oote B = [ Gn. Oétovtac Uy = Gy, N (—o0,0] da eiyaue B = [ Uy, ko kdbe Uy, da
n=1 n=1

ATOV AVOKTO KL TTUKVO GTOV TTARQEN UETEWKS X0 (—oo, 0] apov U, DO B kot to B eivan

TUKRVS G670 (—00,0]. Ozwpdvtag wa apibuncn {qn : N € N} tov B kot ta avowktd sukvd
ovvoda Vi, = (—o00,0] \ {gqn} da eiyaue

D =BN((—00.00\B)=( [\ Un|N|[]Vn]-
n=l1 n=1

7o omoto elvan dromo amd to Jecdpnua Baire.

(i) To C 8ev eivan Fg-civodo. Av ritav, 1é1e 10 R\ C = QU (—o0, 0] 9a ntav Gs-cuvolo, doa
Kol 1L Toun Tov ue to Gg-cvvoro [1,00), SnAadr to QN [1,00) Ja fitav Gs-cuvolo. Avutd
odnyel ge ATOTO GTIWG TIQLV.

(iii) To A 8ev eivar Gs-cvvoro. Av Atav, téte emedn to (—oo, 0] eivar Gg-cUivodo, da elyoue
6t to B = AN (—o00,0] elvan Gs-cvvoro.
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(iv) Ouoiwg, To A 8ev eivar Fg-covolo. Av fitav, téte emeidni to [0, 00) eival kA£GTS Guivodo,

Pa elyaue 6Tt o C = A N0, 00) eivar Fg-civolo.

32. 'Eotw A kat B kdgiotd vmwoctvoda tov R. Asgifte 61t to A+B={a+b:aec A,bec B} v
elvar agtapaltnta KAElGTO. Ael§te duws o1l givar mdvta Fg-guvolo.

Ymobeign. Aelyvouue mpota otL av 1o A elval cuuitayés ko To B kAewotd, 161e 10 A + B eivon
kAe16T6. 'Eotw (Xxnn) akolovbio oto A + B pe xn — x € R. Tdte, kdbBe X, YOA@ETAL GTH LOQEQN
Xn = Qn + bp, 67T0V an, € A ko by, € B. Apot to A elvar cuuttayég, vTtdyel vitakoAlovdio

(ak,.) g (an) dote ax, — a € A. Téte, by, = Xk, — ak,, — X — a. Apov t0 B eivan kleloTo,

n

éxovue x —a € B. Apa, x =a+ (x —a) € A+ B. "Emweton 611 To A + B eivar kAeloTo.
YwoBétovpue topa 6Tt ta A, B eivan kAewgtd. T kdbe n € N opigovpe Ay, N [—n,n]. To An

elvar guumayég, dpa 1o A, + B elvar kAewotd amd tnv srponyovuevn Ttagatignon. ‘Esetar 4tu

TO
00

A+B=|J(An+B)
n=1
etvar Fy-oUvodo wg apiiunciun £vaon KAELGTOV GUVOA®V.

To emduevo Tapddetyna delyver 6L 10 A 4+ B dev elvar astapaitnta kAeiotd. Oplgovue A =2Z
ko B = V2Z. Ta A, B eivor kAelotd (€gnyiote yiotl). Oung, 10 A +B=Z+ V2Z ={a+b2:
a,b € Z} 8ev eivan kAewoTo. Oa Selfovue 4L eivan TUKVS GTO R.

Hopatnpovue 6T n akolovbia (o) ue on = (V2 — 1™ eivar 6o A + B kar o, — 0.
‘Eotw x > 0 ko é0tw € > 0. EmAéyovue ng € N ue 0 < oy, < € raw petd m € N U {0} ue
motn, < X < (M+1)an,. Téte, 0 < x — Moy, < otn, < €. Av X < 0 SovAevovtag ue tov (dlo
1010 Pelokovue TAM M € Z dGTe [Xx — Moy, | < €. AQoV Moy, € Z + V2Z = A + B, émetan
6u A+B=R.

33. ’Ectw € > 0. ’Eotw A 10 gUvoldo Twv X € R yia Tous omroiovus vrtdpyovv dielpa avdywyo

kAdouata % JTOV LKAVOTTOLOUV TV ‘x — %‘ < ﬁ. Aeiéte 61t A(A) = 0.

Yrodeign. T kGBe n € N 9étovue A, = AN [—n,nl. Agkel va deifovue 61t A(An) = 0 yia
kdbe n € N. Tore,
o0 o0
AA) = A (U An> <) AMAn) =0,
n=l1 n=1

doa A(A) = 0. Ta kdBe q € N opltovue

— [j p__L p_ 1
ma q q**t<’q q*te)’

Toe,
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"Eyouue
nq
2 in 2
)\(Bn,q) < Z q2+e = q1+e + q2+e’
p=—nq

doa . .

3 ABug <any g Z

q=1 q= 1 q=1

Amé to Mypa Borel-Cantelli cuusteaivovue 6t A(An) < A(limsupy Br q) = 0.

34. Orovue A = QN [0,1]. Acitte Stu:

(@) Ta kdbe ¢ > 0 vardpyet axolovdia {Rj}})il avolkToVv Sactnudtov dote: A C U;-X;le Kol
Z;”;l A(Rj) < e.

B) Av {R; }}11 elval Wa JTETTEQACUEVI OIKOYEVELD AVOIKTAY StacTnidtwv dote A C U]."; 1Rj, T0TE
Z}ll A(Rj) > L

Ynodegn. (@) To A elvon datelpo aplBuncleo givoAo, dea UIToEovUE va TO YRAWOUUE GTn LoQeNn
A ={aj:j € N}L I kéPe j € N opiovue Rj = (aj — 77, 4§ + 21+2) Téte, A C U) 1 Ry ko

IRICIEDIEES
j=1 j=1

@) 'Eotw 61 Rj = (aj,bj), 1 <j <m. Bewgovue Tuxév ¢ > 0 ko opigovue T; = (a; — €, by + ),
1 <j < m. Iapatnerote 6T, apod A =QN[0,1] C R U---URyy,

[0,]] =ACRU---URp=RU-URm CTHU---UTn,.

‘Emtetan (to €xovue Sel atn dewpla) 4Tt

1])<i€( i +2£_2m£+Z7\

j=1 j= j=1

—_

To wAnBog m Twv Stacthudtwv eivar 6tabepd. Agphrvovtag 1o ¢ — 0 €xouvue To ntovuevo.

35. (@) Ectwo G @payuévo, un kevé avolkTé vitocuvodo tov RY.  Agifte om Sev virdoyel
agfuricun kdAvyn {Bj} tov G amd avouktés umddes wote: kdfe onuelo tov G aviker e
dmeipes To TwAROog By kai Z;-’;?\(Bj) < 00.

(B) Aeitre o vmrdgyer axodovbia {B;j} avoiktdv umaldv dote va kalvmter To G 67Tws GTO ()
kol yia kdbe p > 1 va oxvet Z;’il(?\(Bj))p < 00.

YroSeién. () ‘Ecto 611 viwdeyel agibwicwn kdAlvyn {Bj} touv G amd avolkTtég urdles OaTe:
kdPe onuelo touv G avrikel ce dweles To TANBog Bj ko Z;il?\(Bj) < oo. Téte, n medTN
vIrébeon yog Adel 4T

G C limsup B;.
j
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A6 Tnv SevTepn vITéBecn kat agtd To Aiuua Borel-Cantelli (Aoknon 10 (B)) éxovue 1L A (lim sup;j Bj) =

0. Apa, A(G) = 0. Avuté elvar dtoTro, a@ol To G £xel un Kevd £GOTEQKO.

®) To G eivan payuévo, doa Tepiéyetar 6e évav k¥Bo Q ue wirog akuis a. Oétovue QY = Q.
Ayxotouodue kaOe axun tov QY, ko Talgvouue 24 KkAelGTOUS KUPOUC Q{l =1,...24 Av x{

elval To KEVTEO TOU Q{ Bétouue Bli =B (x%,SaT\/E). Tote Qi C B{ yio kGfe 1 = 1,...24,
Yuveyxltovue emoywylkd, SLXOTOU®OVTAS TS OKUES KABe KUBOL TOu TTEONYOUUEVOU PBAUATOC.

avd

Y10 N-0676 Prga maipvovue 29™ umddeg, kabeulo aTé TG omoieg éxel akTiva, 3 o> 4o TO

dbpoloua TV p Suvduenv TOV LETEMV AUTHOV TOV UTTAAOV QEACGGETAL AITO

dp
[)\(Bd)]PZdn <3a2\T/La> — D\(Bd)]p(ga \/a)dend(l—p)7

o6mov By efvaw n EvukAeiSela prtdda axtivas 1. Iapatnenote 61, yio kdbe n € N, kdbe onueio
Tou Q avrikel e kdATTOLOV KUPBO TOL N-0GTOV, da KoL Ge uiol UTTdAO Tov N-0GTOY PARATOC. Av
Yewpngovpe tTnv GUAAOYR OA®V TV UTTAADY TTOU 0QILOVTAL UE AUTOV TOV TEOTIO GE OTTOLOONITOTE
Prina, €xovue wa kKdAvyn {B;j}; tov Q, dea kar Tou G, pe Ty WidTnTa OTL KABe X € G avrikel
oe dmeipes Bj. Télog, to dBgowcua tng GelRds Tov p-Suviuemy TV UETEWV OUTOV TOV UITTOAWMY
eedoceToL ATtd

o0

A(B&IP D (3avd)2d=PIn < oo,
n=1

apov 240-P) < 1,

36. E&etdote av vmdoyel apibunon {qn : 1 € N} tov Q tét0100 date
o0
1 1
R # - =, — .
U (oot y)

Ymobeign. Matopovue va opiGouye apifBuncn twv Qnidv yio thv oItoia
o0
1 1
n=1
AvTté TEOEAVAS aTTodeikviel To ntovuevo. Oswpovue wio 1-1 kot el cuvdptnon agté to M =
{k? : k € N} 6o Q\ [0, 1] ko wia 1-1 ko £7t( Guvdptnon amé to N\M coto QNI[0,1]. Tuvdudcovtdg

TG, éovue wa apiBunon {gn : N € N} tov Q e v Widtnta: N = k% av kar uévo av [qn| > 1.
Hogatneiiote 6t |J (qn —1,qn + 1) C [-1,2], doa

n¢gM
1 1
n¢m

Extiong,
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Apa,

A(le(qn—:l,anr:l)) <7\<ng/l <qn—T1'L’qn+Tll)>

+ > A((qn—i,anrTlL)) < oo.

nemMm

37. (0) Eotw f: [a,b] — R cuveyric cuvdptnon. Acilte 6t 10 gvvodo T = {(x,f(x)) : a < x < b}
€xel UETPO UnGEv.

(B) YmobBétouue tpa 6t n f éxel ouveynt Sevtepn mapdywyo. Agifte 6TL TOL

e&ri¢ eivan toodvvaga: (@) A(T+T) > 0, B) to T+ T mepiéyel kdmolo un kevé avolktd giivolo, (y)

n f Sev eivaun ypauuikri cuvdpTnon.

Ynébeign. (a) ‘Eotw € > 0. H f elvanr opoduoppo cuvexng, dpa vidoxer &6 > 0 dote: ov
X,y € [a,b] kan [x —y[ < & té7e [f(x) —f(y)| < 555. Mmwogovue Aourrév va xweicovue To [a, b] ce
k Sadoykd Swactipata Iy, ..., [ wikoug wkpdtepov n tcov amo §. Téte, yia kdbe j = 1,...,k

gxovue 6T to f(I;) TepLéyetan oe éva Sidotnua Tj wikovg = . Tapatnpodue Ot

k

k k
=l ) :xepc g x (I c g < T

j=1 j=1 j=1

YUVETIOC,

k
A < S AL xTy) = 3 T < —— 3 e =,

j=1 j=1 j=1
duoT
¢(I;) = £([a,b]) =b —a.
j=1

() Hapatnpovue TpoTa 6Tt to I + T elvan petpnowo. Mpdyuat, '+ T = g([a, b] x [a, b]), dmwoV
glx,y) = (x +y,f(x) + f(y)). H g elvaw cuvexng, doa to I + T eivaw cuugtayés (eldikdteQa,
UETEARGWO) WG GUVEXAGS EIKGVA TOU GUUTTAYOUS GUVOAOUL [a, b] X [a, b]. H cuvemayoyn B) = (o)
elvar agtdn: av to I' 4+ I repuéyel kArolo pun kevd avolkTd GUvoAo, TOTE TEQLEXEL KATIOW0 UITAACL,

dEa KAl KATOL0 Un ek@LAMGUEVO 0pBoydvio Q. TuveTtdg,
AT+T)=AQ)=£Q) >0.

Aetyvouue tda T cuveTtayoyn () = (y): éotw 6Tt A(T+T) > 0 kot 6L n f elvan yoouwikn,
dnAadn f(x) = Ax+ B yia kdsrowoug A, B € R. Téte, T+ T ={(x+y,A(x+y)+2B):a<x < bl
AnAadn, to T+T eivon éva gvBvypaupo twiga 6tov R? (Irov mepiéxeton otny evbeia z = Au+2B).
Evkola eAéyxovue 6L A(T"+T') = 0, To ogroio eivor dtodro.

TéNog, delyvouue tnv guvemaynyn (y) = (@): n vidbeon eivar 6L n f dev elvor yoouULKi.
Téte, urropovue va Beovue x # Yy oto (a,b) ue '(x) # f'(y) (av n ' fitav ctabeen oto (a,b)
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76te n f da ntav yoauukn. Ta thv guvdetnon g Tou oploaue Toamtdvem éyovue TOTE OTL n
IokwBlavi tng 6to (x,y) Sev undeviceton: eAéygte 6t elvan ton pe [f'(x) — f'(y)| > 0. Awéd
To Jewpnua avtictpoeng ameikoviong £reton 0Tl n g €lval OLOLOLOEELGUOS GE WO TTEQLOXL TOV
(x,y), dea to '+ T = g([a,b] x [a,b]) éxer un kevd ecwTEQLKO.

38. 'Egtw A C E C B. Av ta A, B eivar uetpriciua kat A(A) = A(B) < oo, Seifte 611 To E eivan
UeTERGIUO.

Ymé6eién. Apykd, mapatnpovue 6t A(A) = A*(A) < A*(E) < A*(B) = A(B). Amd tnv vmébeon
6tL A(A) = A(B) émeton 6T 1oyver Tavtoy 1edTnTa Gy ToaTtdve cyéon. Eildikdtepa, A(A) =
A*(E).

AoV Tto A elvon pueTerioo, kot agtdé thy ENA = A, €yovue
AMA)=A"(E) =A"(ENA)+A"(E\A)
=A"(A)+A(ENA) =AA) + A (ENA),

ar 6mov gmetow 6t A*(E\ A) = 0. Apa, to E\ A elvor petpicwo, kow £metor 0Tl To TO
E=AU(E\A) eivaw uetpricyo.

39. Eotw E C R ue A(E) < oo. Ymobétovue 611t E = E{UEy, E;NEy = 0 kau A(E) =
AN (E1) + A*(E2). Aeiéte 6t ta By, By elvau uetpriowa.

Ymobeign. T kdbe n € N, vmtdgyovv avolktd govora Aqn, By, G ue
Ei CAn, E2C By rat EC Gy,
TETOL0 WGTE

A(An) < A*(Eq) + l A(Bn) < A*(E2) + ! kar A(Gn) < A(E)+ —
n n n

n n
Oétovue Cp = ) (Gxk NAy) kaw Dy = [) (G N By). Téte, o (Cp), (Dy) elvon @bivovceg
k=1 k=1

akolovBieg avowtdv cuvéiwv, ue By C Cp, Eo C Dy, ko

A(Cy) < A*(Eq) + % A(Dy) < A*(Ey) + &

Opltovue twpa C = ﬂ Cn xaw D = ﬂ Dyn. Ta C,D eivaw Gg-cvvora, doa elvor puetpiciua.
n=l1

EmuatAdov, E; C C ran E2 C D, dpo END® C E;. Aga, yia va delfovue 611 To Eq elvar uetpriowo,
amwd tnv Acknon 38 apkel va Setfovue 6L A(C) = A(E N D). AoV ta C,EN DE éouv
Tremepacuévo péteo kar ENDC C C, apkel va deltovue 6t to C\ (ENDC) = (CND)U(CNE®)
€xel undevikd uétpo.

Ia to CNES, yedgpovue CNES =N (Cn NEC). Ouwe, n (Cr, NES) elvar @Bivovsa, kon

AMCn NES) K A(Gn NES) =A(Gn) —A(E) < %



30 - METPO LEBESGUE

Emouévwg, A(CNES) =0.
o0
o to CN D, ypdgovue CND = [ (Ch N Dy). Ouwg, n (Crp N Dy) elvan @bBivovca, kot

n=1

AMCnNDn) =A(Cn) +A(Dn) —A(Cr UDqn) < A*(Eq) +A"(Eg) + % —A(ChLUDqR)

2 2
SA(E) +A"(Eg) + = —A(E) = —,
n n

6mov yencwomomcape Tig E = E{UEy € CLUDy ko A(E) = A*(E1)+A*(E2). Apa, A(CND) = 0.

40. 'Ectw E Lebesgue ustoricia viwocuvoda tov R? kai éoto T : R? — R? yoau-
wiknh amwewovion. Agiste 6t 1o T(E) eivou Lebesgue uetpriciyo.

Ynié6eign. Hapatnprcte 6t av to F C R¥ givar cuustayés téte to T(F) elvar cuustayég, ko
delgte 611 av to E eivan Fg—ovvoro téte To T(E) eivan Fe—otUvoro. Katdimw, xenouoItoidvtog

To yeyovdg 6tL n T elvon Lipschitz cuveyrig, deifte 611 av A(A) = 0 té1e A(T(A)) = 0.



Kepalaro 2

OMNokAnpoua Lebesgue

2.1 Oudda A

1. Avnf:(a,b) = R eivar wapaywyicwun, téte n f' eivar ustprcun.

Yrédeikn. Oewpovue tnv akodovdio T : (a,b) — R ue fr(x) = n[f(x +1/n) — f(x)]. Epdcov, n
f elvar apayoyicwn yia kdbe x € (a,b) woyver limy oo T (x) = f/(x). Kdbe f;, elivar uetpriciun
omdte n f’ elvon uetproyn.

2. (@) Av A C RY ug A(A) = 0, Seikte 6T kdbe cuvdptnon f: A — [—oo, +00] elvou ustproun.
(B) ‘Eotw A, B uetpriciua cvvoda ue A(B) = 0 kat éotw f: AUB — [—o0, +00] uta cuvdptnon
¢ ogwoiag o geplopiouds fla oto A eivar uetpriciun cuvdptnon. Aegifte 6T n f elvar uetpriowun.
) Av 10 A C RY eivau petpriciwo cvvodo kar n f: A — R elvaw cuveyric ayedov maviov 6To A,
Sei&te ot n f elvan uetpioyn.

Ynébeign. (o) Aueco oot kdBe vTTOGUVOAO Undevikol GUVOAOL glval UETENOWO.

() 'Ectw a € R. Tdte,
[f>b]={x € AUB:f(x) >b}={x € B:f(x) >bjU{x € A:f(x) > b}.

To TTpdTO GUVOAD GTnv TrEonyovuevn €voon ival LETENGLLO WS VITOGUVOAO UNSeViKOU GUVOAOU
evid 1o Sevtepo elvan peterico Sidtt n fla elvarl yetpnoun.

) 'Eotw C = C(f) to cvvoro twv onuelwv cuvéyelog tng f. Tote, to B = A\ C givar undevikd
gVvoro apov n f elvar cuvexng axeddv avtov. Kabog, kdbe guvexnic cuvdpTnon elval uetpnaun,

To ouuTépacua £retal ad to (B).

3. (@) Adote TapdSeyua un ustericung cuvdetnong f ue tnv 18i6tnTa n 2 va sivou ustoricyn.
B) Ecto A C RY uetoricio kar éotow f : A — R. Av n f2 elvau uetpricyun kow 10 GUVoAo
{x € A:f(x) > 0} eivar uetpricwo, Seiste 6T n f eivar uetpricun.

Yrrédeign. (o) Oewpovue To un uetenowo cvvolo V tov Vitali oo [0,1]. Oswovue tn Guvdgtnon
fue f(x) =1 av x € V kaw —1 aAdMdg. Téte, n f Sev eivan uetprown, aAld n f2 eivar n otabeoni

1 k1 dea efvor yetpnown.
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(B) Hapotnencte 6Tt To Gvvodo Ay = {x € A | f(x) < 0} elvar emiong uetenowo, ool To
Ap={x € A | f(x) > 0} etvar uetorico. 'Ectw b € R. Av b < 0. Téte, [f < b] = [f2 > b?] N Ay
7o ogroio efvan yetpricyo. Av b > 0 tdte

[f <bl = (AN [ <) UA,
T0 ogroio elvol UETEAGILO, WG TTRALELS TETOLWV.

4. Eotw A C RY uetpricwo kau f : A — [—00,+00], n € N, arolovlia uetercuov cuvaQTri-
gewv. Agléte O0TL TO GUVOAO

L={x€A| nakolovbia (fn(x))X_; ovyriiver }

n=1
elval ueTENGIULO.

Yrédeign. Tvopitovue 6Tl ov cuvagtioels g(x) = liminffy(x) kaw h(x) = limsup fn(x) elvan
uetpriowes. Téte, 1o L yodopetar wg L = [g = h] = {x € A | g(x) = h(x)}, To omoio eivan
UETEAGLLO.

5. Ectw A uetoriciwo viroctvodo tov R kar éotw f: A — [—o0, +00] cuvdeTnon ue v efric
wistnta: Ia kdbe q € Q, to agvvodo {x € A : f(x) > q} eivar uetpricwo. Acilte 6m n f eivan
uetpraun.

Yrédeign. ‘Ectw a € R. Adyw tng wukvitntas tov Q videyel (gn) yvnoing avgovca akolovdia
ENTOV ®GTE qn — a. Tote,

xeAlf(x)>a}=[xe€A|f(x)> qnk
n=1

Egtedn kdbe {x € A | f(x) > qn} elvon petpnowo émetar 6t to [f > a eivan uetpriowo. Kabwg
T0 a € R Atav tuxdv, To ¢ntovuevo €TeTal.

6. 'Eotw f: RY — R petpriciun cuvdptnon. Aeiste 6T av o B C R eivau gtvodo Borel, téte 10
f71(B) = {x € RY: f(x) € B} elvau uetpriciuo.

Yni66eign. @empovue thv kKAGon A = {B C R | f71(B) uetonowo}. ®éAlovue vao, delfovue 6TL n
o-dAyepea twv Borel tou R mepiéyetanr atnv A. TV avtd delyvouue Stadoyikd ta €Enc:

(i) H A eivar o-dAyepoa: Hpdyuat f1(R) = R petpricwo, emouévag R € A. Av B € A 161
fI R\ B) =R\ f!(B) kaw epécov 1o B € A émeran 611 10 R\ f1(B) eivan uetprco.
Téhog, av {Bn} axkolovbia ctnv A, téte fHUL_ Bn) = UX_ f1(By) elvar ueteriowo
apov kdbe f1(By) elvon uetpricuo.

(i) Aeiyvouue 6T n A TregLéyel Ta avoktd: A@ov f uetornown to f1((a, b)) = [f < bIN[f > d]
elvaw petpnowo, —oo < a < b < +o00. AnAadn, (a,b) € A. Ouwg kABe avolkTé VITOGUVOLO
Tou R ypdopeton wg apfuncun (évn) évoon avolktov dtactnudtov kL epdcov n A elvon
0-AAyePEa TTEOKVTTTEL OTL TTEQLEXEL TAL OVOIKTA VITOoGUvoAd Tov R.
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A6 tov ogleud twv Borel émeton 6L B(R) C A. Autd asrodetkviel To gntoduevo.

7. 'Eotw A uetpriciuo virocguvolo tov R ue A(A) < oo kot é6tw f: A — R Lebesgue uetpriciun
ovuvdptnon. Opi¢ovue ws: R — R ue

we(t) =A{x € A: f(x) > t}).

(a) Agikte 6T n Wy elvar POBivouca kAl cuvexrc amrd de&id. Xe Toid onueia elvar AGUVEYHG;

B) Av o fy,f: A — R elvar Lebesgue uetpriciues kau fi 1 f, deiéte om wy, T wy.

Ymobeign. (o) Eivan srpogavég 6t n we elvan @Bivovoa. Ta va Sel€ovpe Tl elvan 6§14 Guveyng,
apkel va delfovue GTL yio kGOe t, | t woyver wy(tn) — we(t). Opltovpe A, ={x € A : f(x) >
tn). Tote, An C Anygr kar UX_An ={x € A: f(x) > t}. Ewouévwe, amd tnv i8iétnta tou
uéteou Tailgvouye:

We(t) =A (U An) = lim A(An) = lim we(tn),

n—oo n—oo

JT0V OTtodelkvieL Ty defid cuvéyxela tng f.
H wy eivon cuveyng av ko uévov av efvar cuvexng améd ta aguotepd. Icoduvvayo, av yio ke
(tn) ue tn Tt woyler we(tn) — we(t). Asiyvouue 6O TTEW GTL

lim we(th) = lim Alx € A:f(x) >th) =A(x € A:f(x) > t),

n—oo n—oo

6mov €8 yenowototovue tny vitoBéon A(A) < co. Emouévwe, n wy elvar aglotepd Guveyig av

KoL Wévov av

Axe A:f(x)>t)=A(x e A:f(x) > t) Mgm?\(xe/\:f(x):t)zo.

M’ A Adyla n wy elvar Guveyig 6To t av kar uévov av A(f1({t})) = 0.
@) Eivax meopavég ot ya kdbe t €xovue wr, (t) < wy, ,(t). "Eotw t € R. Opigovue By = {x €
At fi(x) >t} Téte, By C Biqg kaw UP_ By ={x € A: f(x) > t}. Apa, wwopovue va ypdpouyue:

klim we (t) = lim A(x € A:fi(x) >1t) = lim A(By)
— 00

k—o0 k—o0
= A <U Bk> =Ax € AIf(X) >t) = ws(t).
k=1

AvTd amrodelkviel To gntovuevo.

8. ’Ectw A uetpricyo vmocuvolo tov R, f : A — R uetpricun cuvvdptnon kaw g : R — R
avéovoa guvdptnon. Agi§te 6tt n gof: A — R elvar yetpricun.

Ynié6eign. 'Ecto a € R. Téte, A = g~ '((a, +o0)) eivon Srdotnua tng woeeng [b, +o0o0) 1 (b, co)
apov 1 g eivar avgovca. Emouévag, to (go f)71((a,+o00)) = f1(A) eivou uetprowo, apov n f
elvar petpnoun.
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9. Eotw f : R — [0,00] odokAnpdoun cuvdptnon. Opitovue F : [0,00) — [0,00] ue F(t) =
A{f > t}). AeiEte 6T n F eivan pBivovca, cuveyric amé Sefid, kat limy_, o F(t) = 0.

Ymé6eién. Ta kGOe t > s > 0 éyovue {f > t} C {f > s}. Tuvemwg,

F(t) = A({f > t}) < A({f > s}) = F(s).

Avt6 amodekviel 611 n F elvar @bivovca. Two va defEovue 6tL n F elvar cuveyng amd degud,
opkel va defgovue dTL: yia kABe t > 0 kar yio kGOBe yvnolog @bivovca axkoAovbia t,, — t woxvel
F(tn) — F(t) (yvowoTtd amd tov ATelpocstikd Aoyioud). ‘Oumd,

f>t)= U{f >t
n=1

Iedyuartt, eivar TEOPAVES dTL av yio kKdstolov L woxvet f(x) >ty téte f(x) > t, evd avticteopa,
av f(x) > t, amwd to yeyovég 6TL tn — t émeTton o vmdexer n wote f(x) > tn > t. ‘Eyouue
egriong vmobéoel 6L n (tn) elvan @Bivovca, doo {f > tn} C {f > thi1} yia kdBe n. AnAadn, n
({f > tn )X, elvar avgovca. ‘Emeton 6L

F(t) =A{f > t}) = lim A({f > tn}) = lim F(tn).

n—oo n—oo

TéAog, yia kdBe t > 0, amwd tnv ovicétnto Tou Markov €xouue
tF(t) = tA({f > t}) < Jf.
Apa,
1
F(t) < - | f,
W<y
kol autd Selyvel 6t lim F(t) = 0.
t—o0

10. Ymobétouvue 61t f kar fr, 1 € N, eivar un apvntikés uetpiatues cuvaptiaets, fn N\, f, kot
vrtdgxet k € N dote [ fi < co. Aeifte du

Jf: lim an.
n—oo

Yrédeikn. BOewpovue v axolovbio petencwy cuvapticewv {fi — frf_ . A@ov n {f,}
elvaw @Bivovoa, cuumepaivovue 6Tl n {fi — R} elvar avtovoa. Aot fn N\, f, éxovue
fx — fn 7 i — f. ATté 1o Yedonuo wovétovng cUykMong roipvouue

[t ta) = [r—

[Mapatnenate 6T 0 < fir — f < fy, dpa

J(fk—fn) < J(fk—f) <Jfk < oo
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yio kG0e n. Andadn, n fi — f kar 6Aeg ov fi — fiy elvanr oAokAnp@oes. A6 Tnv yRAUWKATTO

an :Jfk—J(fk—fn) —>Jfk—J(fk—f) :Jf.

11. ’Ectw f uetpriciun cuvdptnon. YmoOétovue 6t f > 0 0.7 Av IE f = 0 yla kdsolo uetpraiyo
ouvodo E, Seifte 6Tt A(E) = 0.

TOU OAOKANQ®UATOG,

Yrr66etén. YmoBétovue mpodta 6tL f > 0 sravtov oto E, dnAadn f(x) > 0 yio kdbe x € E. T
kdBe n € N 9étouvue B, = {x € E: f(x) > 1/n}. Hopatnpricte étt

ot f(x) > 0 av ko wévo av virdeyer n € N date f(x) > 1/n. Amd v avicétnto, tov Markov,
1
—A(En) < f<| f=0,
n n E

doa A(Ey) = 0 yia kG6e n € N. "Emteton 611

AE) = A (G En> < i)\(En) = 0.

n=1 n=1

AvTé To eTyeipnua KOAVTITEL KoL T TeRiTtTwon émov f > 0 o av Z = {x € E: f(x) = 0}
161e A(Z) = 0 RO fE\ 2 T = 0. Mwogotue Aowtév va SovAéypovue ue to E\ Z: av Sel€ovue 611
A(EN\ Z) =0, Da épovue kow A(E) = 0.

12. ’Eotw f un agvntiki yetprioyn cvvdptnon. Asi§te o1t
(o¢] n
J f:limJ f:limJ f.
— 00 n—oo n n—o0 {f>1/n}

Yr6deign. Oglgovue gn(x) = f(X)X[—nni(x). Hagatnericte 61t n {gn} elvar avgovoa Kkat, yio
KGBe x € R éyovue teMkd x € [-n,n] dpa gn(x) = f(x) — f(x). Amd to Vedonua wovétovng

n
J f:JfX[—n,n] :Jgnﬁjf.
-n

lNa to devtepo epdtnua, opitovue hin(x) = f(X)X(s1/n)(x). Tagatnericte 6T n {hn} etvou
avgovoa St {f = 1/n} C{f > 1/(n+ 1)} yia kG6e n € N. Emiong, yia kdbe x € R ue f(x) > 0
éyovue teMkd f(x) = 1/n dpa ha(x) = f(x) — f(x), evéd av f(x) = 0 €yovue hn(x) = 0 yio kGOe

oUykAiong Jraipvouue

n, omdte TAM hy (x) — 0 = f(x) (CuuTTAnE®aoTe Tic AcTrToudpeleg). Ao To dewpnua wovétovng

J f:JfX{le/n}:JhR_}J'f
{f>1/n}

cUykMong Ttaigvouue
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13. ’Eotw f un apvntiki odlokAnpwoiun cuvdptnon. Aei§te 6T
o
J f= lim J f.
—oo N—=00 Jrfgn}

YroSeién. Opigovue gn(x) = f(x)x(r<n)(x). Iogatnercte 6Tl n {gn} elvar avgovoa St {f <
n} C{f < n+1} yia kdBe n € N. Egiong, yio kdbe x € R pe f(x) < oo éyovue tehkd f(x) < n
doa gn(x) = f(x) — f(x). Andadn, av E = {f < oo}, éyovue gnxe  fxe. A6 to dedonua

uovétovng GUyKMGnGg Traipvouue

J f:JfX{fsn}:Jgn:JQnXE —>JfXE-
{f<n}

AoV n T glvar odorkAnpdown, yvaopeitovue 6tt A(E€) = 0 kat ffXEc = 0. ’EmeTtan 611

Jf:JfXE+foEc:JfXE: lim J f.
n—oo {fS‘I’L}

14. ’Eotw f un apvntikii odokAnpdown cuvdptnon. Eival 6wotd 6Tt limy 4o f(x) = 0;

Ymobeign. Oyt H guvdptnon f: R — R ue

f(x) =xa(x)

elvar oxeddév mavtov ion ye tnv undevikin guvdptnon. Aa, n f elvar oAokAnpoon Kot ff =0.

‘Ouwg, T0 (x) dev vTdpyxel: €xovue

lim f
x—+oo

f(n) — 1xou f(—m) — 1.

13. ’Ectw f un apvntiki yetpriciun cuvdptnon. Aeifte 6t n f eivar odokAnpdoyn av kat Lévo

av
00

Z 2XA({f > 25)) < oo

k=—00

Ymébeign. Matogovue vo yedapouue:

00 S 2k
Jf,d?\:J Af>tdt= ) J A(f > t) dt.
0 ke oo 9k—1
Emeldn n oguvdptnon t — A(f > t) elvan @Bivovca n tedevtalio celpd elvar wwodvvoun ye Tnv

Y o 2RA(f > 2K) kaw To GuuTtépacua émeTal.

16. ’Eotw f un apvntiki oAokAnpdown cuvvdptnon. Aeifte 6t yia kdbBe ¢ > 0 vidpyel

uetpriowo cuvolo E ue A(E) < oo, dote

e
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EmgtAéov, Seikte 61 To B ugropel va emideyel €tor wdate n f va eivar ppayuévn gto E.

Yrédeign. Ogitovue gn(x) = f(X)X1/n<r<n}(x). Iagatnenote 6T n {gn} elvar avgovca diot
{I/m<f<n}C{l/(n+1) < f <n+1} yia kdbe n € N. Emiong, yia kdbe x € R ue 0 < f(x) < oo
épovue teMkd f(x) > 1/n ko f(x) < n, dea gn(x) = f(x) — f(x), evd av f(x) = 0 €xouvue
gn(x) = 0 yia kGbe n, ommdTe WAM gn (X) — 0 = f(X) (CLUTANEGGTE TIG AeTTTOUEQELES). ATG TO
Jewpnua povdotovng GUYKALGNG Ttalpvoupe

J f= JfX{l/nsfsn} = Jgn — Jf-
{1/n<f<m}

Yuvemaog, vrtdexel n € N @ote, av 9écovue E = {1/n < f < n} 1d1¢

e

TTapatnpnate 6t n f eivan @eayuévn (amd n) oto E. Téhog, agté tnv avicdétnto Touv Markov,

AE) < A > 1/n}) < an < o0,

17. ’Eotw f un apvntikii odokAnpoown cuvdptnon. Aei§te 6t n cuvdgptnon F(x) = f’i o T elvau
GUVEYNG.

Ymodeign. ‘'Eotw X,y € R pe x < y. Evkola BAémovue 61 F(x) < F(y), Sndadn n F elvon avgovoa.
Omdte, apkel va Selfovue oL yio kGBe wovotovn akoAovdia (xq) ue xn — x wyvel F(xq) — F(x)
(egnynate ywatl). YmoBétouye 6Tl Xy | X (Guola avtwetoicetar ki dAAn TtepiTtioon). Oewpolue
TG GUVAQTAGEIS gn = TX(—coxn] KW § = FX(_oox]s 0TOTE F(xn) = [ fn dX kaw F(x) = [ gdA.
EmimwtAéov, gn — g katd onueio kot [gn| < f. ATté 10 dedpnuo kueLapynuévng GOYKRMGONGS €xouue:
Xn

Flxn) =j

—00

f:JgndAﬁJgdA:F(x).

Avté amodewkviel 6t n F elvan §eE1d cuveyric.
18. ’Eotw f un apvntikii olokAngoowun cuvdptnon. Aegi§te 611 yio kdbe € > 0 vadgyer & =
§(e) > 0 pe v e&rig 1Bi6TnTA: av A(E) < b téte [¢ f < e.

Yr66eién. Tw kGbe n € N Jewpovpe v cuvvdgtnon i (x) = min{f(x),n}. Mapatnpncte 6Tt
fn <M. Amé to Jedpnua povétovng GUykMcong €xovue

lim an = Jf
n—oo

(egnynote ywoti n {fy} eivon avsovoa kar f, — f). ‘Ectw € > 0. Mitopotue va feovue n € N

J(f—fn) :Jf—an < %

WoTE
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EmAéyovue & = =, ‘Eotw E C R ue A(E) < . Tpdgpouue

2n*
£

J f:J fn+J (f—fn)<J fn+J(f—fn)<n7\(E)+£<n—i—E:e.
STk . . 2 ~"on T3

19. Ozwewvtag T cuvaETicels Tn = Xmn41) 6€léte 6T 610 Argua tov Fatou n avigétnta

usopel va eivar yviaia.

Yrodeign. Av fry = Xnnt1), T01€ fr(x) = 0 yua kdBe x € R: mwaatneiate 6t vitdxet no € N
®GTE Mo > X Kol TOTE, Yo Kdbe N > ng €xovue x ¢ M, + 1), doa fr(x) = Xmni1)(x) = 0.
‘Egteton 6Tl
Jlim'mffn = J lim f, =0,
n—oo n—o00
eved [ fn =1y kéBe n € N, doa
lim inf J fn=1

n—oo

20. ’Eotw (fn) wia akodovBia un apvntik@dv UeTERoU®Y cuvapTicewy. Elival 6weTd 0T

lim supjfn < J (lim sup fn) ;
n—oo n—oo
Av mpocBécovue tnv vitébeon 6Tt n (fy) elvar opotduoppa geayuévn;

Ymébeién. Oyl Av f, = %X[O,n}, tote fr(x) — 0 yio kdBe x € R. Emiong, n {f,} elvaw

ouotduoppa geayuévn (0 < f < 1). Iapatnencte ot

Jlimsupfn —J lim f, =0,
n—oo

n—o0

aAG ffn =LA (0,n]) =1 ylo kG0e n € N, doa

n

lim sup J fan=1

n—oo

21. ’Eotw f kot fr, 1 € N, un apvntikéc uetpriciues ouvaptroels ue fn < f yia kdbe n € N kot

Jf: lim an.
n—oo

YréSeisn. Aot fn < T yia kdbe n € N, éxovue [ fn < [f yia kGBe n € N. Zuvertdg,

fn — f. Agi&te o1

lim supan < Jf.

n—o0

ATt6 1o Anupa touv Fatou saigvouue

Jf < l'Lm’Lanfn.

n—o0
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‘Emteton 0T
lim sup J fan =lim ian fn= J f.

n—oo n—oo

s

22. ’Ectw f kot fr, n € N, un apvntikéc uetpriciues guvagptricels ue fn — f kot

Apa,

lim an :Jf< 0.

n—oo

Aeiéte 0Tl

lim | fo=| f
yia kdOe yetpriowo auvodo E. Adote mapddertyua wov va Seiyver 6Tt autd Sev 1o UeL av ff = 0.

Ymobeign. "Ectw E yetpnowo vitoguvolo tov R. Amtd to Anyua touv Fatou maipvouue

J f< l'Lm'me fn
E n—o00 E

Ko
J f< l'Lm'me i
c n—oo c
Sniadn
JfJ f <liminf <an J fn> .
E n—oo E
Apov

Jrom (] ).

TteocféTovTag Kotd uéAn malpvouue

—J f <liminf <—J fn) = —limsupJ fn.
AnAadn,

n—oo n—oo

J fn—>J f.
E E

23. ’Ectw (fn) axodovbia Lebesgue olokAnpdoiiwv cuvapticewv oto [a,bl. Av f, — f

limsupj fn<J f<liminfj fn.
E E E

YUVETIOC,

ouotduopea, Sciéte 0Tl n f eivar oAokAnpdaoiun Kai Ot fz [fn — f] — 0.

Ynodeign. H f elvan yetonown didt f,, — f katd onuelo. ‘Eotw € > 0. Apot f,; — f ouolduoppa
o710 [a, b, vitdexer Ny € N ddote: yia kdbe n > ng kaw yuo ke x € [a, b] woyver [ (x)—f(x)| < .
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H otabepn cuvdptnon € eivar olokAnpoaown ato [a, bl, omdte, amd nv |f| < [f, |+ € émeTan 6L
n |f| Gea ko n f) eivar odorkAnpdcn. Tédog, yia kGBe n = ng éyovue

b b
Ll
a a

AoV 10 € > 0 fitav TUXOV, cuumepaivouue AT

b b
J fn—>J f.
a a

Joo e “dx = lim Jn <l—i)ndx:1.

0 n—o0 0

b
<J Ifn — fl < e(b—a).

a

24. Acgi&te omi

Ymédeign. Oewpovue v akolovdia fr(x) = (1 —x/n)™X[on](X) TV uetENGiuny GUVAQTAGE®V

yia Ty omota woyvel [fr (x)| < e7X[0,00)(X). Hagatngodue 611 n x — e~ *X[0.00)(X) elvar olo-

X

kAnpaacwn kon fr(x) — e X[ (X) KaTd onueio. AT o Yewenuo KugLaEynuévng coykAong

£€TETOL TO GUUITEQAGUAL.

25. Ymodoyiote 10 limn o0 [ (T)L (1— (x/n))"e*/2dx (umodoyricTe TAPwS TV aIrdvTncn cag).
YroSeign. Oewpovue v akodovbia fn(x) = (1 —x/n)" e/ 2X(0.n]> M OTOtaL aTroTEAElTEL TS
aTt6 UETENOES GUVAQTAGELS Ue [fn (X)] < e/ *X[0.00)- H ovvdgtnon g(x) = e %/ X [0.00) ElVORL
OAOKNQEAOGUN, OTTETE AT TO edENUA KLELIEXNUEVIS GUYKAIGNG érteton 0T limy [ i = [ limy fry.
AMNG, limg, oy (x) = 0 yua kdBe x < 0 eved av x = 0 exouue
xX\n
lim i (x) = lim [ (1 2) " e¥/2] = e7xer/2 = ev/2
n n n

YUVETIOG, €XOVUE

mn n o0
lth (1 — E) e X/2dx = J e X/ 2dx =2,
n Jo n 0

JTOV VTTOAOYIZEL TO TnTovuevo OQLo.

26. ‘Eotw 6m ot f,fy eivar odokAnpdoiues kar T, 7 f. Mitogodue va cuusepdvouue 6T
ffn — ff;

Ynodeign. Oswpovye TG OAOKANQWGUWES GUVAQTNGELS gn = f — fr. Ilapatneriicte 6t gn, > 0,
gn = gn+1 KU gn \, 0. Epdcov, ov f,f;, elvar oAokAnpoouyleg kou fgl < 400 uIropovue va
yedwouue (agtd to Suikd Tov dewpnuatog wovotovng cuykMong — Acoknon 10):

Jf—limjfn = lim (Jf—an) = lim <Jf—fn> :limJgn :Jlimgn =0,
n n n n n

JTOU ATTOSEIKVUEL TO TNTOVUEVO.



2.1 OMarA A - 41

27. ‘Eoto f,fn odokAngéowes. Av [|fn —fl — 0, Selgte on [ fn — [ ko [ [fn] — [If].

H|fn| ~ |

Ymobergn. Todgpouye

<ﬁHM—HH<JHn—ﬂ%O.

Apa,

Me avdAoyo tedTo,

fr — )

[l = [
o -l

< JlfTL —fl — 0.
Apa,

=

28. Eotw f,fn odokAnpwaciues. Av flfn —f| — 0, 8eikte 611 IE fn — IE f yia kdbe uetpricio
avvodo E, kar [ — [fT.

Ymobeign. "Eotw E yetpriowo guvoro. Tpdgouue

Jo =l =l
L fn — L f.

To to 8evtepo gpwTnua yoncwotowovye tnv Acknon 27. Me tnv vtébeon 4t f [fn —f] — O,
deltaue 6T ffn — ff KOl f|fn| — f\fl. TUVETIWOG,

fan+Ifnl 1 1 1 1
+ n - i'nt_ - - - -
an = J 5 Zan—i—ZJIfnﬁzJ'f—i—zJIfl

I i
[ ge

29. ‘Eotw f uetpriown cuvdptnon. AeiEte 6w n f elvar odokAngdoun av kat uévo av y .
251 < oo.

<J Ifn—f|<‘[|fn—f|—>0.
E

Apa,

3
oo ZFA({I1 >
Ymrdbeign. Matogovue va ypdapouue To oAokAiQuua tng f ue tov akéAovbo tedTo:

(%] 2k

J|f|d)\J:o7\(|f|>t)dt > J A(fl > t) dt.

k—1
k=—o0 2

Iopatnercte 6t n t — A(|f] > t) elvan @Oivovca cuvdpinon tov t > 0, omdte

2k

2IN(|f] > 2¥) < J A(fl > t) dt < 2XIA(|f] > 2k 1),

9k—1
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yoo kdBe k € Z. Emouévmg, To OAOKANQ®UO flﬂ dA elvon gremepacuévo av kol puévov av
S J2RA(] > 2K) < +oo.

30. Eotw (fn), (gn) ko g odokAnpdaciues cuvapticels. YmwoOétovue 61 |fn| < gn, fn — f,
gn — g (BAa autd oxe86v mavtov) kar 6u [ gn — [ g. Aelfte du n f elvar odokAngdoyn kat
on [fn — [T

Ymodeign. Ov vobBéaels egacpaiitovv 6Tl ov f,g ko ov f, gn Taigvouv TemepacUéves TUES
oYed6v Tavtov. AT v [fr| < gn €xovue —gn < fr < gn Yo kdBe N € N, ndadn

fan+gn=>0 ko gn—~Fn>0.
AoV fn +gn = f+ g kol gn — frn = g — f, To Anupa Tov Fatou pag diven
Jf—i—Jg = J(f—l— g) < l%nhiorgfj(fn +gn) = lmigfjfn +J9
(xoncwomomcaue v [ gn — [ g). Aea,

Jf < l'Lm'mefn.

n—oo

ITIdA agtdé to Anupa tov Fatou,

Jg—Jf—J(g—f) <ltmtnfj(gn—fn) —Jg—limsupjfn,

n—oo n—oo

SnAadn,
lim sup J fn < J f.

n—o00

‘Emteton 0T
lim sup J fn = liminf J fn= J f.
n—oo n—oo

Apa,

=

31. Eoto (fn), f odokAnpdowes kai é0tw on fr, — T axedov mavtov. Aeigte 6w [ |fn —f| — 0
av kai uévo av [ [fn| — [Ifl.

U fal = | 11

Ymébeign. (=) "Exouvue

<J\|fn|—|f||<J|fn—f|—>o.

[l = [

Apa,
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(<=) "Exovue ‘ [fro — f| — [Tnl } < [fl. H [f] elvar ohorAnpadcun ko [f, — fl —[fr| = —|f|. Awté to

Jewpnuo kKuELaEXNUEVNG GUYKALGNG,

jufn A lfnl) J(—m).

[l > [

Jlfn—f|—>0.

"Exovue vItobécer dtL

ITpoaBétovtag katd uéin, maipvouue

32. "Eotw (fn) akodovdia odokAnpdaciuwv cuvapticewy. Ymobgétovue 6Tt vIrdpyel 0AOKARQPOGL-
un cvvdeptnon g wote |fn| < g oxedév tavtov yia kdbe n € N. Aeifte 6T

J (lim inf fn> < liminf J fn < limsup J fn < J (li,m sup fn> .
n n n n

Ynddeign. Oftouvue hy, = g — fn, n omoio elvor akoAovbio oAoknEWGlLwV GUVAQTAGE®V Ue
hn > 0. Awé to Muua tov Fatou staipvouye:

J[g + liminf(—fy )] dA = Jlim inf hy dA < lim 'mehn dA = liminf (J gdA — J fn d?\) )
Xonowototdvtag to yeyovog 6t lim inf(—f, ) — lim sup fr, ko 41t f g dA < 400 TEOKUTITEL OTL
— J lim sup f;; dA < —lim sup J fn dA,

To omoio asrodewviel To de€ld teuydpl avigotntwv. T Tnv dAAn un TeTEuuévn avicdtnto
epyacouacte avdloya dempavtag tny akoAovbia GuvaQTieE®Y Uy = g + fy.

33. ‘Eotw f uetpriciun kar xedov mavtov memepacudvn ato [0, 1].
@) Av [ f =0 yia kdBe uetoriowo E C [0,1] ue A(E) =1/2, SeiEre 6w f = 0 oxeS6v mwavtov oo
[0, 1].

B) Av f > 0 gxedov sravtov, deilte oL
1
'mf{J f:A(E) = } > 0.
E 2

Yrnodeign. (o) Iopatnpncte 6Tt n f elval oAokAngwaciun ko I[o,ﬂ f =0 Gt o [0,1] eivan n
évaon 8U0 cuvélwv uétpov 1/2. 'Ectw A,B C [0,1] ue A(A) = A(B) = i. Téte, A([0,1]\ (AUB)) =
1/2. Xvvemaog, vitdeyer C C [0,1] ue A(C) = 1/4 kow CNA = CNB = ) (egnynote ywatt). Tpdgpovue

R T R A T S
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XONGLOTIOLWVTAS TO YEYOVOS OTL f Aucf=0= IBU c T to omoio wyver agd v vitdbeon apov
AMAUC) =A(BUC) =1/2. Tdea, uwopoivue va Setfovue 6tL av A(A) = 1/4 téte fAf = 0.
Ipdyuatt, vitdexer B C [0,1] ue A(B) =1/4 kow A N B = (), cuvenag,

OZJ f:J f+J szJ f.
AUB A B A
1

Yvveyitovtag ue tov 8o TpdTo delyvouue ot yia kdBe k > 1, av A C [0,1] kan A(A) = ¢ td1e

9k
| r=o
A

"Emteton Toa 0T, yia Kdbe «duadikd entd» x = zmk 6mov k € N kan 0 < m < 2K, Loy VEL

J =0
[0,m /2¥]
Ozwpovue Thv cuvdptnon F(x) = fg f. 'Onwg otnv Acknon 12, wiropovue va detEouvue 6Tt n F
elvaw cuvexng. A@ov F(x) = 0 yia kdbe Svadikd entd x € [0, 1], ovumepaivovue étL F(x) = 0 ya
kdBe x € [0,1]. Ewdwkdtepa, fI f =0 yw kdBe Sdotnpa I C [0,1]. "Emeton tdhpa 6T fE f =0y
kdOe avowktd E C [0,1] (ggnyncte ywotl). Agon f[o,l] f =0, émeTton OTL fF f =0 yia kdBe kAEWGTO
F C [0,1].

Ymo6étouue T 6T A({f # 0}) > 0. Xwelg Teplopiond Tng yevikdTntag, wiropovue téte vo
vmoBécovue 6L A({f > 0}) > 0. 'Esteton 611 viedeyer k € N dote A(D) > 0, diwov D ={f > 1/k}
(egnynote ywoti). Matogovue va Bpovue kAewotd F C D ue A(F) > 0 (egnynote yatl). Tdte,

RE
'F

B) Agov f > 0 oxedév Ttavtony vrtdeyer € > 0 wote A({x : f(x) > €}) > 2/3. [lpdyuat ov

KOTAAMyouue Ge dToTo, SioTl

A(F) > 0.

&l

Pewpncovue v akodovBio cuvodwv Eyx = {x : f(x) > 1/k} t61e Ey 7 [0,1], doa A(Ex) — 1]
Av 9éoovue Aowtév F = {x : [f(x)| > e} > 2/3 té1e umopovue va ypdwouue: av E yetprnowo ue
A(E) > 1/2 t6te

J fdA>J fdA > eA(ENT),
E ENF

8oL n f elvon etk oxedév wavtov. EmumrAdov, eivar A(ENF) = A(E)+A(F)—1 > 1/6. Emouévacg,
fE fdA > ¢/6 yio kdBe této10 Gvvoro E, Ttou agrodetkviel To gntovuevo.

34. Eotw fn : E = R arkodovbia odokAnpdoywv cuvapticewv ue Y oy [ Ifn| < +oo. Aeitte
ot
(@ H oepd Y fn(x) ovykdiver ayeS6v yia kdbe x € E.

(B) H ouvdptnon ) 3, fn elvar odokAngdoun kat
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Ymobeign. (o) Amé to dedonua Beppo-Levi éxovpe 6t [¢ 3 po Ifnl = X o[£ Ifnl < 400,
SnAadn n ouvdgtnon F = Y 7 [fn| elvan odorkAnpdoun, doa memepacuévn oxeddv mavto. M’
Mo Aoy n oed Yo fn(x) cuykAiver (@méivuta) oxedsv yia kdbe x € E.

@) Eotw f(x) := Y o ;fn(x), n omola oplteton 6xed6v yia kébe x € E. Tote, 6xed6v yio kdbe
x € E woyvet

[f(x)] =

D falx)
n=1

H F eivan oAokAnpoacn, asté vmébeon, doa n |f| efvor odokAnpdcyn. Oswpovue tnv okoAoubio

<Y Ifn(x) = Flx).
n=1

OAOKANQEWG{L®V GUVAQTAGE®V Sn (X) = Y 1 Ti(X) ko TTapatneovue 6t oxed6v yia kdbe x € E

LGYVEL
n

sn(¥)l < 3 [fic(x)] < F(x).

k=1
ATé o Jedpnuo kvplaynuévng GiyrMong €xouvue:

o0 o0
f :J lims :lisz = Jf.

35. (@) Av f = 0 oxebdv sravtov 6to E kat av f,, = min{f,n}, deifte ot JE fn — fE f.

B) Av n f eivar odoxkAnpdéown oto E ko fr = max{min{n, f}, —n}, 8eikte on [ fr, — [¢ T
Ymodeign. (o) Hapatngovue 61t 0 < i < g ko fry — f katd onuelo, oxedév mavtoy ato E.
To cuumépacua émeton amd to dedpnua povdtovng GUYKMGNG.

() Magatneovue 6Tt [fn| < [f] ko 6L fry, — f kaTd onuelo, oxedbv TTavtov oo E. To cuumépaoua
€metan amd To Jedenuo Kuelaexnuévng GykAiong.

36. Eotw k,n € N ue k < n kat By, ..., E uetpriciwa vwocivvoda tov [0,1] ue tnv e&ric iSidtnta:
kdBe x € [0,1] aviiker og TovAdyiotov k amd ta Eq, Eo,...,En. Acifre 611 vatdpxer 1 < N dote
A(Ei) > k/n.

YréSeién. Oewovue v f =Y I Xg,. Aoy kdbe x € [0,1] aviikel oe TovAdyGTOV K AIT6 TOL
Eq,...,En, éovue

f(x) =) xe0) >k
i=1

vy kGBe x € [0, 1]. Zvvemag,

D AE) = ZJ X, (x) dA(x) = J fdA >k
i=1 i=1 [0.1] [0.1]
‘Emetal 6T K
max A(Ey) = —.
I<ism n
AnAadni, vrtdoyet ip € {1,...,n} ue v Wiotnta A(Ey,) > %
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2.2 Oudda B’

37. (o) Aeikte 61t av n g: R — R eivaw cuveyric kaw n h: R — R eivau Borel uetpriciun, 1ote n
hog:R — R eivar Borel uetpriciun.

(B) Xonocwomowwvtags tnv cuvdptnon Cantor-Lebesgue fpeite yia cuveynn cuvdptnon ¢ : R — R
kai wa Lebesgue uetpriciun cuvdptnon h: R — R dote n ho g : R — R va unv eivau Lebesgue
uetpnaun.

Yn6Seign. (o) ‘Eotw a € R. Téte, (ho g) ((a,+o00)) = g ' (h!(a, +o0)). Ouwg, n h eivan
uetenown, doa to B = h™1(a, +oo) eivon Borel. "Emetan, 61 1o g~ }(B) eivon emiong Borel agot
g cuveyne.

®) ‘Ectw ¢ : [0,1] — [0,1] n cuvdptnon Cantor-Lebesgue kor avaléue ¢ tnv eméktacn ng
e OAOKANQO 0 R ue d(x) =1 av x > 1 evd d(x) = 0 av x < 0. Opitovue f : R — R ue
f(x) = x + $(x). "Exovue dev 6t A(f(C)) = 1, doa vitdexer V C f(C) un uetpriciwo. Emiong,
10 A = f1(V) eivan uetpriowo. Iapatnpncte 6T opigeton n g = 1, n omoia eivor Guveyig
kot h = xa n omoia efvaw petpricwun. Tote, n hog : R — R 8ev elvaw uetprown agpov
{x[(hog)(x)>0}=V.

38. ‘Eotw f: [a,b] — R cvveyric cuvdptnon.
(a) Agigte ot n f agteikovigel Fg-cguvoda oe Fs-cuvola.

(B) Acikte 6L n f aswelkovitel ueTprigua GUvVoAa Ge UETPHGIUA GUVOAQ AV KOl UOVO av yia kdbOe
A C [a,b] ue A(A) = 0 woxver A(f(A)) = 0.

Yrodeikn. () Ipdta Seixvouue 6L n f asteikovigel kAelGTd VITOGUVOAQ Tov [a, b] 6e kAELGTA.
Ipdyuoaty av F kAeloto oto [a, b], emtedn to [a, b] elvan cuugtayés émetan 6t to F eivan guuataydc.
Aot n f elvaw cuvexng staigvovue 6t to f(F) elvon cvuttayés, dpa kAewotd. Av thea E =
UX_,En elvan Fg abvolo, téte kdBe Er elvar kAewgtd, omdte to f(E) = U f(En) elvan Fo.

(B) YmwoBétouue 6t av A(A) = 0 té1e A(f(A)) = 0. Ba deiEovue 6T n f agtetkovitel ueTERGLL GE
uetpiowa. ITpdyuatt av A uetpicwo, Tote yvweitovue 6Tt vatdeyxouvv N kot E undevikd givoio
kot Fg-cUvodo avitictoya, dote A = EUN. Tdte, f(A) = f(E) UF(N). AALG, agté to (o) To f(E)
elvaw Fg, eved agd tnv vitéBeon to f(N) elvar undevikd. Zuvertiog, to f(A) elvar uetprouo.
Avtictpopa €6tw 6Tl n f agtewovigel uetpnoa ce uetpnoa. Oa del€ovue O6TL aetkovigel
undevikd ovvola oe undevikd. ‘Eotw A C [a,b] ue A(A) = 0. Téte, to f(A) elvon uetprowo. Av
gtvan A(f(A)) > 0 téte vIvdoxer V C f(A) un petornowo. ‘Eotw E = f~1(V) N A, 1o omoio eivan
TEOPAVOS ueTtenao. Tote, to f(E) =V dev elvan puetpriowo ki éyovue avtigocn.

39. (@) Ectw fn : R = R Lebesgue uetpriciues cuvaptricels kol €6tw o € R. Aegi&te oti: av
> o A{x: fr(x) > a) < oo, TéTE VTdEXEr Z C R ue A(Z) = 0 dote limsup T (x) < & yia kdbe
xX¢Z e

(B) Ectw f, : R — R Lebesgue uetpriciues ouvaptices kal éotw €, — 01, Asifte 61 av
Y AM{x  fn(x) > en}) < oo, TéTE VITdEer Z C R pe AN(Z) = 0 wote fo(x) — 0 yia kdbe
x¢Z
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YnéSeign. (o) @étovue Ap = {x: fr (x) > af. Téte, I o A(An) < 00, da aTtd TO TEATO AMuua
Borel-Cantelli émeton 6t A(limsup A,) = 0. Oétovue Z = limsup Ay, €Tmoudveg, av x ¢ Z 1éte
vrtdeyer Nx € N dote av n > Ny t6te X ¢ A,y dndadn fn (x) < o, dea limsup,, o fn(x) < o

(B) 'Omtwe TEonyouuévwg, vrtdexer Z ue A(Z) = 0 dote av x ¢ Z, téte vTtdpxer Ny € N date av
n > Ny 1618 1 (x) < en. Kobddg, en — 07 T0 Tnrovuevo émetou.

40. ‘Eotw fy : [0,1] — R Lebesgue uetpriciues cuvaptricels. Agifte 61t vatdpyel axolovbia (o)
detikdv spayuatikdv aplfudv ko vitdgxet Z C R ue A(Z) = 0 dote lim W) yio kdOe

n—oo %n
x¢ L

Ymé6etén. Two kdBe n viwdeyel Bn > 0 wote A({x : [fn(x)| > Bn}) < 1/2™. TIpog ToUTO OEKEl VOl
agrodeiEovue Tov akdAovbo teyveLeus:

Ioxveiouds. Av g: [0,1] — R eivan Lebesgue uetprioun téte yio kdbe € > 0 vtdoxel B > 0 dote
Alx:[gix)l > B) <e.

‘Eotw En = {x : [g(x)| < n}. Téte, Up—1En = [0,1] xaw n {En} elvar avfovoa. Aga, eivar
limn oo A(An) = A([0,1]) = 1. Emouévag, vitdexer k € N odote A(Ax) > 1—¢e. Tdte, A(x :
Ig(x)| > k) < &. Autd ammodekviel Tov 1GXLVELGUS.

Egapuozovtag autd yia g = fr, kaw € = 27 Bolokouvue By > 0 dote A(x @ [fn(Xx)| > Bn) < 1/2™.
O¢tovue By = {x : [f(X)] > PBn} t6TE >_0

ne1 MEn) < 4+00. Av 9écovue Z = limsup Ey,, 118

agtd to wEoTo AMpua Borel-Cantelli swaipvouue A(Z) = 0. Av x ¢ Z téte virdyer Ny € N date
1

B T61E érouue OTL ylo kGBe x ¢ Z
n

av n > Ny wyvet [f (x)] < Bn. Av Jewpricovue thv oy =

Loy VEL f”T(X) — 0 kabBdc N — oo.
n

41. ’Ectw f : R — R uetpricwun cuvdptnon. Av n f elvar t-megiobikii kai s-1welodikii yio

kdgrotoug t,s > 0 ue t/s ¢ Q, Seikte 6L n f eivar oyedov wavTov aTabepn.

Yrodeign.  YmoBétovue Tpdta 6Tt n f elvan un apvntiki kar @eayuévn.  Ogitouvue F(x) =
fg f(t) dA(t). T kGBe y Tng wopeng y = kt + ms, k, m € Z éyovue:

xX+y

F(x) = Jo f(t) dA(t) = Jo f(t+y) dA(t) = J f(t) dA(t) = F(x +y) — Fy),
Yy

yio kéBe x € R. A6 to dedonuo tov Kronecker yvwpigovue 61t 10 gvvoro D = {kt + ms :
k,m € Z} eivan 7wukvSé oto R. E@doov, n F eivar cuveyns (egnyncte ywti) ko kavostolel tn
ocuvvagtnolaki esiocwon F(x +y) = F(x) + F(y) yio kdbe x € R kow yw kdBe y oe éva mTUKvE
vITtoGYvolo Tou R, értetan 4T vItdEyel « € R date F(x) = ax. ‘Etol,

X X

f(t) dA(t) — ax = J (f(t) — o) dA(t) = 0,
0

F(x) —cxx:J

0

vy kKG0e x € R. A1té €8 émetan evkola éTu n h(t) = f(t) — o éxer oAokApwua undév ce kdbe
Sidotnua kL dpa elvarl undév axedoév TAVTOU.
7 ’ ’ 7 _ 2 ,
lo tn yeviki mepimtocn Hemeovue tn cuvdetnon fi(t) = 1+ = arctan f(t) yio tnv omoia

TEETTEL TTEAOTA VO TTARATNERGOVUE OTL elvon uetenoun kot 6tL 0 < f; < 2.
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42. ’Eotw E C R uetpriowo. Aeifte 6t kdbe uetpriown cvvdptnon f: E — R eivar katd onueio
opto utag axkodovbiag cuvexwv guvaptiicewv fn : E— R,

Ymobeién. Ta kdBe n € N opitouvue

gn(x) = f(xX)Xen[—nn (%)

XonowoTtowdvtag To dedpnpa Lusin, yio kd0e n Peickovue éva kAewgté gvvoro Fr, € EN[—n,n]
®GTE N gn |F, va elvan cvveyrig kaw A(E N [—n,n] \ Fn) < # Katdmw, emekteivouue Ty gn
oe wa ovveyn ouvvdptnon hy @ R — R Bedpnpa Tietze, otnv wepitttoon wag elvor o amio,
apov to R\ Fi, elvar wa €évn évaon avolktdv diactnudtov). Tote, ov Ty := hy |[g: E — R eivon
GuveXels GUVAQRTAGELG.
Oftouue
D={x€eE:fp(x) A f(x)}

ko o Seifovue 61t A(D) = 0. "Eotw x € D. Ywdoexer ng € N oote |x| < np xat, dea
x € EN[—m, n] yia k4Be n > ng. Apa, yia kGbe n > ng €xovue gn (x) = f(x). Apdv fn(x) A f(x),
Pa Teémrer va vITdEXoVY GITEROL PUGIKOL M Yo TOUS 0TolovS fr (X) # gn(X), SnAAdR ditelpor
@uakol Nyl Toug omotoug x € B, ;= EN[—n,n]\ F. AnAadn,

D C limsup(Eqn).

n—oo

‘Ouwg,

ATt6 to Mupa Borel-Cantelli éxovue A(limsup, (Ex)) = 0, doa A(D) = 0.

43. Ecto f : R? = R ywpiotd cuveyric cuvdptnon: yia kdbe x € R n fy(y) = f(x,y) eivar
ovveyric kai yia kdbe y € R n fY(x) = f(x,y) elvaw cuveyris. Acite 6t n f elvar uetpriciun.

Ynébeign. Opitovue fn : R? — R wg fic. Av z = (x,y) € R? 161e vmdpyel wovadkog

m=my €Z dote x € [, ™) @érovue

My
fnlxy) = (T2,y).
n(x.y) Y
Aelyvouue 611 n i elvan yetenown: TapaTnERoTe OTL, yia kKdfe « € R,

m m+1

En(a) = {(x,y) eR?: fr(x,y) > oc} = U [(n’n> x{y e R: f(m/n,y) > «}.

la kdBe m € Z, agov n fy, p elval cuveyig cuvdginon, to givolo {y € R: f(m/n,y) > o}
elvar avowtd, dpo To GUVOAO
{m m—+1

n’n) x{y e R: f(m/n,y) > «}
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elvan petpriowo. ‘Emetar 611 1o B (o) elvar petpricwo yia kdbe o € R, ko autd Selyvel 6L n
fn elvanl petpnouyn.

Mx 5 x

Ytn cuvéxela Seiyvouue 6t (%, y) — f(x,y) yia kdbe (x,y) € R% ITpdyuartt, apoy =

KOO®OG To N — oo (egnynote yatt) kot apov n fY elvar guveyng, éxovue
fn(x.y) = f(myx/n,y) = f¥(my/n) — Y (x) = f(x,y).

A6 ta mapattdve £metar 0TL n f elval ueternown cuvdeTnon wg KAtd onuelo 6QLo Wag oKo-
Aovbilog UETENGULWY GUVOQTAGE®V.

44. Aeigte 6T vatdgyer petpriown cvvdetnon f: [0,1] — R ue tnv e&rig ibiétnta: avn g :[0,1] —
R eivar axedév mwavtov ion ue thv f 16Te n g eivaw acvveyric o kdbe x € [0,1].

Ymébeign. Amd tnv Acknon 22 touv Kegpalaiov 1 yvaopicovue 6Tl vitdoyetl €va Lebesgue uetpnaoiuwo
ovvolo E C [0,1] ue tnv egng widtnta: yia kdbe Sidotnua | C [0,1],

AMJNE) >0 wrar A(J\E)>O.

Oezweovue tnv f =xg : [0,1] — R. Oa deigovue 6T av g : [0,1] — R elvan wa cuvdptnon cxedév
Javtov {on ue v f téte n g elvan acvvexng oe kdbe x € [0, 1].

"Ectw Xxo € (0,1) kow & > 0 date (xg—0,%0+6) C (0,1). Tao cvvoda As = EN(xg— 0, %0+ )
rkaw Bs = (xo — 8,%0 + 0) \ E é€youv detkd uétpo. Apov f(x) = g(x) oxedbv mavtov, umtopovue
va fpovue x5 € As kKl Ys € B yia Ta omoia emimtAéov €xouvue

glxs) =f(xs) =1 war glys) = f(ys) = 0.

Boilokouvue ng € N dbate (XO — %,xo + ﬁ) C (0,1) yu kGBe N > Mg, KO YENGLOTIOLOVTAS TRV

1

Teonyotuevn maationon BEIGKOVUE Xn,Yn Ue [Xn — Xol < 17, [Yn — X0l < % g(xn) =1 rat

g(yn) = 0. AoV X — X0, Yn — Xo KO

lim g(xn) =1#0= lim g(yn),
n—oo

n—o0

n g elvar acuveyng Gto Xo.
ITaduoto emmixeipnua epaguoceTtal yia ta X9 = 0 ko xg = 1 Pewpncte SiacTRpaTa TG
woeonc [0,8) n (1 —5,1] avtictoya).

45. ’Ectw (fn) akodovbia uetpriciuwv cvvapticewv fn : (0,11 — R ue tnv e&ric iSidtnta: ya
kdfe x € [0,1] woyver supy, [fn(x)|dA < oo. Aeifte 6110 yia kdbe € > 0 vmdgyovv A C [0,1]
uetpricwo kar M > 0 date A([0,1] \ A) < € kat, yia kdBe x € A, sup,, [fn(x)] < M.

Yrédeikn. H cuvdptnon f(x) = sup,, [fn(x)| elvar yetpriown, Sidt ov f,, eivon petpricwes. T
kdbe n € N oplgouue
En ={x €[0,1]: f(x) > n}k

Aot sup,, [fn(x)] < oo ya kGbe x € [0,1], pAérovue 6L n (Ey) elvon @Bivovca axkodovbio
LeTEROWOV VTToGUVOA®Y Tov [0,1] ue n_; En = 0. Amé tn cuvéyewa tov uéteov Lebesgue
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épovue A(En) — 0. Aga, vmdpxel nyg € N dote A(En,) < &. Oétoviac A = [0,1] \ En, kot
M = ny, éyovue
A[0,1J\A) =A(En,) <€

KA, Yo KGBe x € A,
sup [fn(x)] = f(x) <y = M.
n

46. 'Ectw {1} akodovbia kAeiotdv Sractnudtov I, C [0,1]. XvufoAitovue ue f tnv yapaxtn-
Lotk guvdpTtnon Tou Iy.

(@) Av A(I) < % yia kdfe n € N, Seifte 611 T (x) — 0 6xeddv sravtod.

(B) Etetdote av woxvel to (610 ue tnyv viwébeon 6Tt A(I) < % yia kdbe n € N,

Ymodeign. (o) Av ywo kdgtowo x € [0,1] n akodovBio (f(x)) 8ev cuykAiver gto 0, TéTE TO X
avrikel ge datelpa aTtd ta I, AnAadn,

{x € 10,1 : f.(x) 4 0} C limsup I.

n—oo
Apov
o o 1
n=1 n=1
ard to AMppa Borel-Cantelli ocvumepaivovue 6tv A (limsup, o In) = 0, doa A({x € [0,1] :

fn(x) 4 0}) = 0. 'Emetan 61 T (x) — 0 oyeddév mavtov cto [0, 1].
B) Oyr. XEnowoTtoldvTas To YEYOVOS GTL N ORUOVIKIL GELRE OTTOKALVEL, LITOQOUUE VO KOTAGKEVG-
covue akoAovdia kAewgtdv doctnudtov I, C [0,1] ue A(In) < % Tétowa n T (x) vo agrorAiver
Jravtov. Agxwd, détovue Iy = [O, %] I, = [% % + %] I3 = [% + % 1], kol détovpe ny = 3.
Tuveyltovue emaywywd: n cewd Y o, %
ny 1

n=4 n

, 1 ’ ’ 7
AJTOKRALVEL, KO 1 < 1, dpa vITdE)El 0 eAd)LGTOG

> 1. KaMimrtovue tdte to [0,1] pue Siadoykd kAeiotd Socthuoto

7 7 e 1
I4,15,....In, yia Ta omola €xovue 61 A(I) < +.

Ng > 4 710106 OOTE )_

Me autdv Tov TEOTIO, KOTOokevdiouvye akolovBia kAewgtdv Swactnudtov [ kot yvnoelong
avgovco aroAovdio @uowk®dv Ny Tétotn dcTe A(ln) < %, otroladnatote 6vo Sadoykd ATG TO

7 ’ oz 7 , Mk+1 _ 7 7 ’ 7
I €youv to TOAY €va kowd onyelo, ko Ui:nk qh= [0,1] yu kGBe k € N. Avté Selyver 6T
kdBe onueio x € [0,1] avrikel oe dgtelpa amwd ta I, aAAd G e 6Aa teMkd ta I, emouévag n

frn(x) 8ev cuykAivel.

47. Xrabepomoloviue 0 < a < b kau opiovue fn(x) = ae ™ —ne "X, Agikte 6m

X oo

ZJ frn] dA = 00

n=1 0
KOl

J:o <i fn> dA # ni J:o fn dA.

n=1
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Ymé6eién. @étovue Oy = %. Téte, yia kGbe n > a wyvel dn > 0 kv fr(x) < 0 ya

0 < x < dn. Emouévmg,

00 o

n 1 1 1 a
J [fo| dA = J [ne ™Mb — qe M| dA = — — — + (1 - E) av—a,
0 0 b n

am’ mov érmetan 6T Y n g [o [fnl dA = 4o0.

T kGBe x > 0 woyxveL

o0 —ax —bx

e e
Z fn(X) = al — e—ax o (1 _ efbx)Z'
n=1

‘Eretar 6 o0 Y s i fn dA = +o0. Téog, elvan

o0 1
0 n

[oal =

GUVETDS éxovue Y wy [ fn dA = —oo.

48. Ocwpovue ™ cuvdptnon f: R — R ue f(x) =x Y2 av 0 < x < 1 kar f(x) = 0 alldc.
oo f(x—qn)
n=1 on :

Ocwpovue wa apibuncn {qn : n € N} twv pntdv, kar 9étovue g(x) = Y_
() Aei€te 6T n g eivaw odokAnpdaun. Eibikdtepa, |gl < oo axeddv sravtou.
(B) Aci&te 6Tl n g elval acvveylic oe kdbe anuelo kKai Sev gival peayuévn ge Kavéva SidaTnia.
Ta srapagtdve oxvouvv akdua ki av uetafdAlovye TIC TIUEC TG § GE OTTOLOSHITOTE GUVOAO
undevikov uétpov Lebesgue.

(y) AsiEte 61 g2 < 00 GYESOV TTAVTOU, aAld n g? Sev eivau oAokAnEWGn Ge Kavéva SidaTnua.

Yméberén. () Amtd to Jewonua Beppo Levi €govue

| 2 o = Y o e anlane
n=1

—=2" I
00 .
1 qn+1 1
= — ———— dA(x)
TLZ—I 2™ qn VX —(n

Apov f = 0 €xovue
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7

dea

J lg(x)| dA(x) < oo,
R

dnAadn n g eivar odokAnpoown. Ewdikdtepa, |g(x)| < oo oxeddv gtavtov.

() 'Eoto (a,b) éva dotnpa ka éotw M > 0. Oswpovue éva entd qm € (a,b) ko Beiorouue
€ > 0 dote (qm,qm + €) C (a,b). IHaeatnpnote 4Tt

fx—qm) 1
om - me

vy KAOe X € (qm, qm + 8), 670V & = min {ﬁ e}. AoV 10 (qm, gm + ) elvaw vroddoTnua

>M

g(x) >

Tou (a,b), émetan dTL
A{x € (a,b) : g(x) >M}) >0

kot To (8o Ja woyvel yio kdBe cuvdetnon h sov eivor {on ue tnv g oxedév mavtov. Avto
agtodekviel 6T kABe Tétowa h Sev eivan @ayuévn oto (a,b).

"Emeton emtiong 6t n g dev elvan cuveyng oe kavéva x € R. Av g(x) = +oo dev éyovue
timwota va delgouue, evd av g(x) < oo maatngovue 4Tl av n g ATav cuvexic 6to X ToTE Yau
VTAEYXE KATIO0 Sidotnua (x —1,% + 1) oTo oroio n g Ja ntav @eayuévn, kAT TOL £ibaue ATl
Sev umopel va guupel.

(Y) Ozwpovue Tuxdv didotnua (a,b) C R. Ymdoyelr entos qm TETOOC OGTE qm < b < qm + 1.
Apov
f(x — qm)
g(x) > Tom >0,
€youue

fz(X*qm)
2 A > WA mJ
La’b) ¢2(x) dA(x) > La’b) ) g x)

lr’ L)

= 22m

qm X7 qm
= J - dA(t) = co.
0 t

Aga, n 92 dev efvar olokAnpwown 6to (a,b), TaEdéro Tov, apov |g(x)| < oo oxeddv TTavtov,

éxovue g%(x) < 0o GedSV TAVTOV.

49. ’Eoctw A Lebesgue uetpriowo viwocivodo tov R ue 0 < A(A) < oo. Av f: A — R eivar wa
yvnoiwg Jetikni uetpriown guvdptnon, Sei&te ot yia kdbe t > 0 vardpyet & > 0 date, av E eivan
Lebesgue uetprioio vwoouvvodo tov A pe A(E) >t w6Te [¢ fdA > 6.

Ymé6eién. Tw kdBe 1 € N opfcovye A, = {X €A f(x)< %} H (Ay) eivan @bivovca axo-
AovBia petErnowwy vVIToGUVOAWY Tov A, kat [, An = 0 86Tt n f elvar yvnolwg detikn. Agpov
A(A) < oo, ovumtepaivoupe 6t imnA(Ayn) = 0.
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‘Ectw t > 0. Emmdéyovue n(t) dote A(An(r)) < % Téte, yia kGOe petpriowo E C A ue

A(E) > t, éyovue
AMENAL () 2 AE) =A(An)) 2

N+

YUVETIOC,

n(t)

1
fd7\>J FAN> — AE\ A, ) > .
JE E\An () ™77 on(t)

AuTé agrodekviel To gntoduevo, ue & = 8(t) = 5 o

50. ‘Ecto f:[0,1] — R cuveyric 610 0. Av n f eivar odokAnpdown, Seifte 611, yia kdfe n € N
n cuvdptnon fn(x) = f(x™) eivar oAlokAnpdaoiun.

Ymé6eién. Agov n f eivan cuveyng oto 0, ustopovue va Peovue & € (0,1) kow M > 0 dcte
[f(t)] < M yia kG0e t € [0, 8]. Tpdpovue

1 1 1 1
J [ ()] dA(x) = j £(8) £+ A (L)
0 nJo

S 1
:” ()] 1 d)\(t)+1j ()£~ dA(t)
0 njs

3
< MJ A f [£(t)] dA(t)

sw (1
<Mbw + nJ IF(4)] dA(t) < oo.
Apa, fn € L;[0,1].

51. Eotw f un agvntiki odorkAnpdaowun cuvdptnon oto [0,1]. Agifte 61

lim Jl VE(x) dA(x) = A({x: f(x) > 0}).
n—oo 0

Yrodeign. Mopatngovue 6t /f(x) < f(x) + 1 yia kdBe x € [0,1]. pdyuatt, av 0 < f(x) <1
éxovue V/f(x) <1< f(x)+1, evd av f(x) = 1 épovue V/f(x) < f(x) < f(x) + 1. Av opicouue

éyovue Aoty 0 < gn < f+ 1, kow n guvdptnon f + 1 eivar oAokAngadcn oto [0, 1].
[Tapatnpovue twea 6t av f(x) = 0 téte gn(x) = ’(/f(T) =0—0,evd av 0 < f(x) < oo
0T gn(x) = W — 1. Apov n f elvaw odorkAnpoown, éxovue 0 < f(x) < co oyeddév TTAVTOV.
Apa,
V(%) = gn (%) = Xt (x)=0)

oxed6v Tavtov. AT To Jewpnuo Kuelaexnuévng GUykALGnG,

1

1 1
L V) dA(x) = L gn(x) dA(x) = JO Xt (=01 (6) dA(X) = Alfx : F(x) > 0)).
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52. ’Ectw f : [0,1] — R Lebesgue uetpriciun cuvdptnon, n omolo eivar yvicia etk axed0v
wavtov. ‘Eotw (An) axkolovbia uetpriciiwv vitocuvéiwy tovu [0,1] ue tnv iSidtnta

n—oo

lim J f(x) dA(x) = 0.

Acilste 6T limp 00 A(An) = 0.

Ynébeikn. ‘Eotw € > 0. Oétovue B = {f < 0} kou By = {f < %}, k € N. Téte, n (By) eivan
eBivouca arkolovbia petEnowwy vitocuvodwy tov [0,1], ko (3 Bx = B, doa

lim A(Bx) =A(B) =0.

k—o00

Erouévag, vitdexel ko tétologs dote A(By,) < 5. Amd tnv viwébecn vmdoyel N TETOOG OGTE,

ylo kdBe n = ny,

€
fdA < —.
Jn Zko

Téte, yia kABe N = g, agov f > %0 ato [0,1] \ By,, éxovue

1
A(An) = A(An N Bi,) +A(An 1 (0,1 \ Bi,)) < A(Bi,) + koj L
AnN(01\By,) Ko

<§+kOJ FdN <.

n

‘Emteton 61t A(An) — 0.

Znueiwon. To yeyovis 6t to [0,1] éxer memeaouévo WéTeo XENGLLOTTOONKE OVGLAGTIKA. Av
Pewoncovue v f(x) = é 670 [1, 00), Td1e n T eivar yvAcla detikit ko av 9écovue A = [n, n+1]

€youue

1
n

Suwg A(An) =154 0.

53. ‘Eotw f : [0,00) — R odokAnpdciun cuvdptnon. T'ax > 0 opitovue g(x) = fgo f(t)e Xt dA(t).

Aeikte 6T n g elval ouveXHS KAl T limy s 1o g(x) = 0.

YnéSeign. ‘Eotw t > 0. @étouue gi(x) = e *'. H mapdywyos tng g¢ eivar fon ue gi(x) =
—te ™', TrabepoTrorovue xo > 0. T kGBe x € R ue |[x — xq| < %, ato to Jewdpnuo uéong Twwng
€xyouue

—tx ftxo| —

le e lgs (2)Ix — xo| = te™ *x — xo|

YloL KATIO0 Z UETAED TV X, Xo. AQOV z > Xo — A2 = X, éyovue e 2 < e ™0/2 Aga,

le™ ¢ — e 0| L te X0/ 2 — x|,



2.2 OMAaA B' - 55

—txo/2

Oewpovue tnv hy (t) = te Ao limy o+ hy, (t) = 0 ko lime— 4o hy, (t) = 0, vITdoyer

My, > 0 té10106 BaTE [hy, ()| < My, Via kdBe t > 0. Aga, av [x — x| < 3, éxovue ot

[9(x) — g(x0)l = U:O f(t) (e —e ) dA(1)| < J:O [F(t)[te ™0 2 — xol dA(t)

(o0}
< My, Ix — X0|J |f|dA.
0

[Taigvovtag To 6o KAB®S To X — Xo PAETTovue 6TL g(x) — g(x0), doa n g eivar Guvexnc.
T va del€ovue 6TL limy s 100 g(X) = 0, ewpovue Tuxdv 0 < ¢ < 1. Apov n f eivar oAoxkAn-
eaown, vTtdeyel & > 0 Tétolo DdaTe

)
J [fldA < €.
Emouévag, av x > loge ko t > 9, téte —xt < loge. Apa, av x > loge,
00 > 00
1900) <J [F(E)]e ™ dA(Y) =j F(E)]e < dA(Y) +J [F(E)]e ™ dA(Y)
0 0 )

o]

5 00
< J [f(t)] dA(t) +J If(t)[e'°2€ dA(t) < € + sj If| dA.
0 5 0
Aot 10 € € (0,1) ATav Tuxdv Ko fgo [f] dA < oo, cuuTtepaivovue 4Tt limy—s 400 g(x) = 0.

54. Eotw E C R ue A(E) < 0o kau é6tw f, g : E — R 0A0KANQ@dGIUeS GUVAQTHGELS Ue

J fd?\:J g dA.
E E

Aeigte 6 eite () T = g oxedov mavtov oo E eite (B) vmdpyer uetpricwo A C E 1éT010 ddote
J fdA < J g dA.
A A

Yméberén. YmoBétouue OTL

J gd7\<J f dA
A A

yio kdBe petpnowo A C E. Tdte, yia kdbe uetpnowo F C E, détovtac A = E \ F otnv stponyov-
uevn avigoTnto Jraipvovue

JgdA—J gd?\—J gdA
F E\F
J fdA — J g dA
E E\F
J fdA — J fdA
E E\F

J f dA,
F
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dea teMkd éxouue

J gd?\<J f dA
F F

vy kGPe petpriowo F C E. @ewpovue tuxdév € > 0 kaw opitovue B = {f — g > ¢} vaw C, =
{g—f > ¢} Téte, 1o Be ko Ce efvon petpnowa, ko

O:J fd?\—J gdA:J (f —g) dA > eA(B,),
dpa A(B¢) = 0. "Ouora Seiyvouue 6L A(Ce) = 0. "Emetan 611
A{If—gl>1/n}) =A(By/nUCyn) =0
yla kdfe n € N, doa
n
A{f#gh) =A (U{lf— gl > 1/n}) =0.
n=1
AnAadn, f = g oxed6v mavtov cto E.

55. ‘Ecto f:[0,1] — R odokAnpdciun cuvdptnon. YmoOstovue 0Tt yia kKAIwolo KAEIGTS GUvoAo
A C R woyver to ggric: yia kdbe E C [0,1] ue A(E) > 0 woxver

te ::J fdA € A.
E

AciEte 61 10 guvoro Z ={x € [0,1] : f(x) & A} éxel uérpo undév.

Ymobeign. Apov 1o A glval KAELGTO, LIToEovue Vo, yRdwouue TO0 GUUTIANQ®UG ToU Gav aBpncLn
fvoon £6vev avolkTodv Stactnudtov:

(e.¢]

R\A = J(aK by).

k=1

Iopatnencte 6T
Z={xcl0.1:f(x) g A} = {x celo.1:f(x) e (ak,bk)}

- U{x € [0,1] : f(x) € (ax, bi)}.
K1

Ymobétovue 6t A(Z) > 0. Téte, vudpyer k € N ¢date T0 GUvoAo
Zy :={x €[0,1] : f(x) € (ak, bx)}

va €yel Yetikd uétpo. Epapuotovtog tnv vitdbeon pe E = Zy BA&mrovue 611

1
A(Zy)

ty = J fdA € A.
Zy
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Ouwg, ax < f(x) < bk yua kdbe x € Zy. Apa,
axA(Zy) < J fdA < brA(Zk),
Zy

Tt 4TTov ETEeTal OTL

1
ag < ty = J fdA < PBx.

AZy) Iz,

AnAadn, ty € (ak, bk). Aga, tx € A, To otoio ival dtoTo.

56. Eotw f,fn : R — R 0AokAnpdaiues Guvaptnoels Tétoles ddate, yia kdbe n € N,

J If(t) — fn(t)] dA(t) < iz
R n

Aetéte ont f, — f gyedov sravtod.

Yméberén. Amtd to Jewpnua Beppo Levi €xovue

oo [e¢]

1
JZIf 01D = 3 | Ifalt) = fOIAAD) < 3 5 < oo
n=1"k n=1
Aga, n cuvdgtnon Y o [fn — f| elvon oAokAngaown. “Estetar 6t n oepd
o
D Ifn(t) = f(t)]
n=1

ouyKrAivel 6yedbv Tavtov. Ewikdtepa, fr(t) — f(t) — 0 oxeddv mavtov.

57. 'Ectw Ty : [0,1] = R 0AdokAnQdoiues GuvaQTHGELS TTOU KAVOTTOLOUV Ta £ENHG:

(@) Ymdpyer un apvntiki olokAnpdaown h: [0,1] — R dote: yia kdbe n ioxvet [fn| < h oxedév
TovTod.

(B) Ta kdbe ouveyri cuvdetnon g : [0,1] — R woyve

J fngdA — 0.
[0,1]

AgiEte T yia kdfe Borel cuvolo A C [0,1],

J fndA — 0.
A

Ymobeign. ‘Eotw ¢ > 0. Apov n h egivaw odokAnpaown, vrtdeyel & > 0 tétowo wate: av E eivon
uetenowo vitocvvoro tov [0,1] kaw A(E) < 8, td1e IE hdA < e.

"Eotw A Borel vitogivolo tovu [0, 1]. Miopovue va Beovue cvumayés K ko avorktd U C [0, 1]
dote KC A C U kar AU\ K) < 8. Xpnowomowdvtag to Anuua tov Urysohn Beickovue cuveyni
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ouvvdptnon g : [0,1] — R tétowa wote 0 < g <1, g(x) =1 yia kdBe x € K kaw g(x) = 0 yia kGbe
x € [0,1] \ U. Todeo ypdeouue

J fn d\ = J faxa dA = J fng d7\+J fnlxa —g) dA,
A [0,1] [0,1] [0,1]

Kol TToQartnoovue 4Tl

’J fulxa — g) dA
[0,1]

<| albea—gldr< | hixa - glax
[0,1] [0,1]
:J hIxA—gldA<J hdA < e,
U\K U\K
ot xa — g =0 oto K kaw oo [0,1]\ U, [xaA — gl <1 oto U\ K, raw A(U\ K) < b. "Esteton 611

J frn dA
A

SuoT J‘[O,l] fngdA — 0 amd tnv vitéBeon. Aol to € > 0 Atav Tuxdv, GuuTepalvouue 6T

lim sup
n—oo

< lim H fng d)\‘ +e=c¢,
(0.1]

n—oo

lim sup
n—oo

J fn d)\' =0,
A
KoL €ITETOL TO TNTOVUEVO.

58. ‘Ectw Ty : [0,1] — R uetpriciues cuvapticels tétotes bate T — 0 oxeddv wavtoy, kat
J I (x)[2dA(x) < 10
[0,1]

yia kdbe n. Aeiéte 0T
J If(x)] dA(x) — O.
(0.1]

Ymodeign. o kdbe o« > 0 pstogovue va ypdpouue

J IntdA:J Ifn|d7\+J [fnl dA
[0,1] {Ifnl<od {Ifn|>oc}

2
[fnl d)\—i-J Il dA

J
{Ifnl<ecd {Ifnl>a) &

10
< ocj dA + —
{Ifnl<oc} x

10
= O(J X{|fnl<a) dA + —.
[0.1] x

[Magatneovue OTL Ol gn = X{|f, |<a} PRAGGOVTOL QITG TNV OAOKANQ@OGWN Guvdgtnon g = 1 6To
[0,1], kot amwd Tnv vITdbeon Ot [ (x)] — 0 oxeddv mavtov émeton 0T «|fr(X)] < o TEMKA»
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oxed6v TavTov, SnAadn «X(|f,|<a}(X) = 0 TEMKA» GXeS6V TTAVTOU, SNAASH X{|f, |<a}(X) — O
oxed0v Tavtov. AT To Jewpnuo Kuelaexnuévng GUykALonG,

J X{fnl<a} AA = 0.
[0.1]

Amé To Topamdve émetal 0T

10
lim supJ [fnl dA < —.
[0.1] x

n—oo

AotV to o > 0 Atav Tuxdv, PERVOVTAS TO & — 0O Jtalpvouue

lim supJ [fn]dA =0 dpa lim J [Tl dA = 0.
[0.1] n [0.1]

n—oo —00

99. Eotw f: R — R odokAnpdaiun cuvdgtnon. YmoAoyicte To

lim nJ In <1+ lf:}z) dA(x).
R

n—oo

) o [F(x)I2 HE
Yrodeign. Iapatnovpe 0t 1+ —7— < (1 + ) , apa
f(x)? f(x
nln <1+ If( 2)| > <2nln (1+ |()|> < 2I1F(x)],
n n
, f f , ,
av yenollotomcouye ko tnv ln <1+ @) < % Anladn, av dewprcovue TS gn(Xx) =

nin (14 L

H f eivonr olokAnpocwn, doa [f(x)] < oo oxeddév moavtov. Tuvemag,
2 2 2
If(x)] > < AT F(x)

|gn(x)|:nln<1+ 2 i —0

), éxouvue |gn| < 2/f] yia kdBe n € N.

oxedév mavtol. AnAadn, gn — 0 oxeddév Tavtov. Amd To Jewpnuo rvelaynuévng GUyKAMong
émeTan OTL

[F(x)[? B
nin(1+ 5 dA(x) = | gn(x)dA(x) — 0.
R n R
60. 'Eotw f:[0,1] — [1,00) odokAnpdaciun cuvdptnon. Agifte 6T

J flnfd)\>J fd)\-J InfdA.
[0.1] [0,1] [0,1]

Ynéeign. Oétovpe o = | oy f dA > 0 ko dewpovye tn cuvdptnon g = f/«. Tapatnpovye 4Tt
(y—1lny=>0yardbey >0 (@vy<ltotey—1<O0rulny<0,evdoavy >1tétey—1>0
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kat lny > 0). XZvvemdg, ylny > Iny ywa kdbBe y > 0. Apov n g malpvel detikég Twée, €xovue
glng > 1Ing oo [0,1], doa

J glngdA >J In g dA.
[0,1] [0.1]

Apov g = f/x, éxovue 6TL

f f f f
J (lnf—lnoc)d?\zj lnd7\>J In — dA
[01] & oy & & 01 &

>J lnfd?\—J In o dA :J InfdA —1ln«,
[0,1] [0,1] [0,1]

Sniadn

£ dA
IJ flnfdA — Jion fax
[0,1] x

lnoc>J InfdA —1ln«,
o

[0,1]

agrd Tnv oTrola TTEOKVITTEL OTL

J flnfd?\?ocj lnfd?\:J fd?\-J In f dA.
(0,1] [0,1] [0,1] (0.,1]



Kepalaro 3
Xweot Lp

3.1 Oudda A’

1. ’Eotw E uetpricio cvvolo ko é6tw 1 < p < oo. Av f € L, (E) Seiére ot yia kdbe o« > 0

Al > o) < (”f'P)p
0.8

Ynddeién. ‘Ecto oo > 0. ITapatnencte ot

[ L [F(x)[PdA(x) > J oPdA(x) = oaPA({f] > o).

{Ifl>a}

LGYUEL

2. ’Eotw E upetpriciwo cvvolo ue 0 < A(E) < oo kat é6tw 1 < p < 00. Av f: E — R eivau

uetpricun cvvdptnon, deiéte om f € Ly (E) av kar uévo av

D> nPA(n—1<fl<n}) < oo

n=1

Ymé6eién. Ta kGBe n € N détovue B, ={x € E:n —1 < [f| < n}. Tapotnpncte 6L

(m—1DPA(En) < J [P dA < nPA(En).

n
Emiong, apotv ta B, elvor g€va, agtd tnv mTocheTikGTNTA TOU OAOKANQMOUATOC €X0oVUe
o0

> J [P dA = JUDO

n=k n n=k En

[fIP dA < J I[P dA
E

L
1

n—
izp —1)PA(En)

n=2

yio kdBe k > 1. YmoBétovue moota 6t f € Ly (E). Téte, agpov

inp)\(En) < i <n“_1>p( _1)PA(E
n=2

n=2

< 2P ZJ |f|PdA<2PJ [P dA < 0.
n—2 En E

< 2 yia kdBe n > 2, €xovue
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YUVETIOC,
Z nPA({n—1<|fl<n}) = Z nPA(E,) < co.
n=1 n=1

AvtioTopa, av n ToaITdve Gelpd GUYKALVEL, £xouue

Iflpd)\—ZJ IfIP<ZJ np
JE n=1 En n=1 En
= Z nPA(EL) = Z nPA({n—1<[fl <n}) < oo,
n=1 n=1

doa f € Ly (E).

3. ’Eotw E uetpricyo ouvoldo kal £6tw 1< p < oo. Av i, f € L, (E) kau £, — f oxeddv mavrov
oto E, Seléte ot
[fn —fllp = 0 av ka uévo av |fn|lp = [If]lp-

Yri6eign. A6 tnv TRIyovikin avicdtnta yioo v || - ||, éxovue
Hifnllp = lfllp T < [1fn = flp-

Yovemag, av ||[fn — fl|p — 0 éxovue |[fnllp — [|fllp — 0, Sndadn |[frllp — [|f]p-

INa v avticTpoen avicdtnta, xencoitowovue thy Ackncn 30 tov Kepadaiov 2 (yevikevon
Tov YewpEnuatog kuplaEnuévng coykMong). Optgovue gn = 2P ([fn [P + [f[P) kv g = 2P TLf|P.
"Exouue

[fn = fIP < (Ifnl + )P < (2max{[fnl, [P = 2P max{[fn [P, [f[7}

<
<2P(IfnfP + ) = gn.

IMagatneovue 6TL gn — g oxed6v mavtov Buét fr, — f oxeddév mtavtov). Emiong, gn, g € Li(E)
@uoT [fn|P, [fIP € Li(E)) ko

J Ign| dA = 2P <J [ [P dA+J ks d)\> —>2P+1J [£|P d?\:J g dh,
E E E E E

816t [[frllp — [[fllp-
A@o? |f, — fI[P — 0 oxeddv mavtov, amd tnv Acknon 30 tou Kegodaiov 2 cuuttepaivouue
ot
J [fn — fIP dA — 0,
E

dnAadn ||fn —fl|p, — 0.

4. ’Eotw E petprciuo cvvolo kol €0tw 1 < p < 00 Kol q 0 Guiuync ekbétng tou p. Av fn — f
otov L, (E) kau gn — g otov L4(E), Seiéte 611 frngn — fg otov Li(E).
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Ymébeién. Tlogatnprncte 4Tt

[fngn —fglli < [[fnlgn = gl + [[g(fn = Ol < [Ifnllpllgn = gllq + [[fn = fllpllgllq
agd Ty TEyOVIKA avicétnta yia thy || - [[; kar tnv aviedtnta Holder. Emtiong, agov
Hfnllp = lfllp [ < [[fn = fllp =0,

éxovue lim ||fn|p = ||fllp, doa n akodovbia (||fn|lp) elvonr peayuévn: vmdexer M > 0 date
1fnllp <n;/looywt KGO M. AT6 v vmébeon €xovue emiong |fn — fllp = 0 kaw |[gn — gllq — O,
doa

Ifrgn —fglli <Mlign —gllq + Ifn = fllpllgla — 0.

5. ’Eotw E uetpriciwo avivodo pe 0 < A(E) < 0o kat éo0tw 1 < p < q < o0.

(@) Av f: E — R elvar yetpriciun cuvdptnan, Sei§te 6T1

1 1

[fllp < [[f]lqACE)P 4.

=}

B) Aeigre 6m Ly(E) C Ly (E).

(y) Asikre 6 Lq(E) # Ly (E).

Ynébeign. (o) ko (B) Ymobétovue ot ||f|lqg < 0o, adldg To Segud uéhog amelpigetanl Ko Sev
éxovue timota va detovue. Av f € Lg(E), umwogovue va ypdpouue

p/4q 1—-p/q
J IfIP - 1dA < (J Iflqd7\> (J 1 d7\>
E E E

= |If||5 (A(E)) P/,
yencottolwvtag Ty ovicotnto Holder yio tig |f|P kot 1 ye exBéteg % KOl q%p avticToya. Aga,

_P
IF[1D < 15 (A(E))' ™0 < +oo,

am émov €meton ot f € LP(E) wau [[f]|p < ||f]|q[A(E)] J» 4.
(V) 'Ecto 1 <p < q < 0o. Oa opicovue f € L, (E) \ Lg(E). Apov 0 < A(E) < oo uiropovue va
)

Boovue géva uetpriowa En C E pe A(En) = (n KO E = Un_; En (€gnyiote ywotl). Oempovue

wa guvdptnon f: E — R, tnc popoeng

0
= Z anXE, (X)
n=1

6oV a,, > 0 TTov Ya emmAeyovv katdAAnAa. “Exyovue

Hqu—ZA Jad  ka Hqu—ZA
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Av opicouue

an = on/q
T01TE
2 1
119 = AE) Z o M _ 5o
n=1
AV
00 1 / 0 1
P _ _~ .onp/q _ - -
I =AY D g 2"/% =A®) ) oy gy < o0
n= n=

(Exovue 6 = 1—p/q > 0 &éT p < g, KO N YEWUETEKN GeRA we Adyo 2-=p/a) = 278 1
GUYKALVEL).

6. Ectw E uetpriciio ouvvodo kol €6Tw 1< p < q < T < o0o. Aeiéte 6T kdbe f € Lg(E) yodpeTou
otnv popen f = g+ h yia kdmoles g € Ly (E) rar h € L (E).

Yrédeign. Oewpovue to ovvoro B = {|f| > 1} ko opitovue tic g = fxg, h = f — g. Am6 Tov
oploud elvar @avepd 6t f = g+ h. Iagatnpovue ot [f(x)|P < [f(x)|9 yua kGbe x € B, 86Tt p < q
kat [f(x)] > 1 av x € B. Mmwogotue Aortév vo, ypdpouue

J IgIPdA = J [f[Pxp dA = J [P dA < J 1£9 dA
E E B B
< J 19 dA = || f]|9 < oo,
E

diom f € Lg(E). Aea, g € Ly (E).
lNo v h sogatngodue 6t h = fxg\g, ka [h(x)| < 1 yia kdBe x € E\ B. Xvvemde,
h(x)|" < [h(x)|9 ywa kdBe x € E\ B, 8id1L g < r. MItogovue Aowarév va yedpouue

J [h|"dA = J |f|TxE\B dA = J [fI" dA < J [f]9 dA
E E E\B E\B

SJ If|9 d\ = Hf||g < 00,

E

dom f € Lgq(E). Aga, h € L (E).

7. 'Ectw E uetpriciuo ouvodo kat €6Tw 1 < p < 1 < 0o. Aegikte 6t av f € Ly (E) N L, (E) tdte
felLq(E) ia kdbe p < q <.

Ymdbeign. Mmogovue va vrobécovue ot p < q < 1. Wrmdpyer t € (0,1) tétolog wote q =

(1—t)p + tr. Xonowomowdvtag tnv avigétnta Holder yia tig cuvapticeig [f|1~YP kon [t ue

1
t

1 1—t 1 t
J £ dA :J [0 dA < (J (lf\(H)p) o d?\> (J (IffT) d)\>
E E E E
1—t t
= (L lflpdA) (L |f|fd7\) = [Ifll5 P IFIE < oo,

ekBéTeg 17% KoL + ovtigToua, yedopouue
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Aga, f € Lq(E).
8. ’Ectw E petpriciwo oivolo ue A(E) =1 kar éotw f € L, (E) yia kdrolov p > 1. Aeiéte 6m

In[[f]|p >J In|f] dA.
E

Yméberén. Ilapatnovue 6T

1/p 1
n|f]lp = In [£]P dA =—In(| [fPar),
P E 1% E

omdTe n ¢ntovuevn avigdTnto elvon loodvvoun pe tnv

In <J [f|P d7\> > pJ In|f|dA = J pln|fldA = J In([f|P) dA.
E E E E

Oétovtag g = [f|P €éxovue 6L n g elvon un apvntikn, g € Li(E), ka 9éhovue va delgovue dtu

In (J gd?\) >J In g, dA.
E E

Todpovue g = e™, émov h = Ing. Téte, aprel va deifovue 6Tt
In (J e d?\> > J hdA.
E E

to :J hdA.
E

Opfltovue

YmoBétouvpe 6L tg € R (av tg = —oo Sev €xovue tiTmota va deifovue, kaw tg < oo SéTL h =
Ing < g—1ran g—1 eivaw odokAnpwcwn 6to E). H cuvdgetnon u(t) := e' eivon kvpth, doa

yla kdBe t € R éyovue
t to / _ oto
et —e =u(t) —u(ty) 2w (t)(t—to) =e™(t —tog).

AnAadn,
el(X) _eto > eto(m(x) — to).

OAokAngavovtag 6to E ko yencomoldvtag thv vitéfecn 6t A(E) = 1 staipvovue
J e ™) dA(x) J et dA(x) > e'o U h(x) dA(x) J to dA(x)}
E E E E
= eto [to — t())\(E)] =0.
YUVETIOC,

J e an(x) > J e dA(x) = e'o,
E E
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amt émou gmeTan 6Tl

In (J ehx) d?\(x)) >t :J hdA.
E E

9. ’Eotw E uetpriciuo guvolo kai €6Tw Ci,...,Cm > 0 ue ¢+ -+ +cm = 1. Aeilte o112 av
f1,...,fm : E = R eivar yetpriciues guvaptricels, 16te
m m Ci
J <H|fi|°i) aa<]] <J Ifild?\> :
E\izt iz1 \WE
Ymoberén.  Av [ [fildA = 0 yio kdmwowo i = 1,...,m, téte fy = 0 oxedév mavtoy, dea
[T, Ifi]€t = 0 6xed6v TavTov, kar Ta §Yo péhn g gntoduevng avicéTnTag eivar (6o we undgv.
YmoB<touvue AotTtdv 6L fE Ifi] dA > 0 yia kdBe 1 =1,..., M. OewEovuUe TIC GUVAQTAGELS
1
i = ——f4, =1...,m
FT TR A
Tote, IE lgildA = 1 yio kGPe 1 = 1,...,m. XQEROWOTOLHVTAS TO Yeyovdg 6Tt n x +— lnx eivon
koiAn ato (0,+00) Ko Thv Z;ll ¢j = 1 PAémrovue oL (av [gi(x)| > 0 yia kdbe i =1,...,m)

In(lg1()[“g2 () - - - [gm (x)[™) = crln(lgi(x)]) + co In(lg2 (X)) + - - - + cm In(lgm (X))
<In(ergi(x)] + calga(x)| 4 - - + cmlgm (X)),

SnAadn

|

lg1(x)[“Ug2(x)[? - - - lgm ()™ < cilgi (%) + calga(X)| + - - - + cmlgm (X)I.

H tedevtaia aviedtnto oyver TOQOVAOS Kol 6TV TERiTiTtoon Ttov gi(x) = 0 yw kdwoto i.

OAokAnQwvovtag, JTaipvouue

m
J <H|gi|ci) d7\<ClJ' |91|d7\+"'+CmJ Igmld?\:cl+---—|—cm:1.
E \i E E

AoV

SO S
_
[Tl = e o)

L (]nf[l |fi|ci> dA < f[l <L ] dA) "

i

greTal 0Tl

10. ‘Eotw E petpricwo ovvolo kal éotw p,q = 1. Avt € (0,1) kaw v = tp + (1 —t)q Seilte o1
yia kdbe uetpriciun cuvdptnon f: E — R igyvet

1—t
1T < IFIP 1S,
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Yméberén. H avigdtnta agrodelyOnke yia tny Acknon 7. Xencwottowwvtog tnv avicdéTnta Holder

Yl Tig Guvapticelg |f|tP ko 1f|1-8)9 ue exBéteg % KOl ﬁ ovticToya, yodpouue

1 t %t 1—-t
7 = | PO an < (| (1) T da J (1710=19) ™" an
E E E E
t 1—-t
= (J rran) ([ mean) = e,
E E

11. ’Eotw E petpricyio gvvodo, éotw p > 1 kaw é0tw (fr) axodovbia otov Ly (E) pe ||fnllp <1
yio kdbe n € N. Av f,, — f gxedov wavtov oro E, Seikte o f € L, (E) kau ||f]|p < 1.

Ymré6etén. Aot [fr|P — [f|P oxedbv mtavtoy 6to E, amd to Aypa tov Fatou éyouvue
15 = J [f[P dA = J lim |fu|P dA < lim'me IfnlP dA <1,
E E N—o0 n—oo Jg

oot
J [P dA = £ 2 < 1
E

yia kdbe n € N, asd tnv virédeon.

12. ’Ectw (fn) axodovbia un agvnukdv cvvapticewv otov Li(R) ue [fn dA = 1 yia kdbe
n € N. Ymwobérouue ot yia kdbe & > 0,

lim J fndA =0.
N—=00 Jix:|x|>5}

Ael€te 6T yia kdbe p > 1,
nlgnoo [frllp = oo

YndSeign. ‘Ecto p > 1 kow q 0 Guguyng ekBétng tov, Sndadn 1/p + 1/q = 1. Xtabepottolovue
& > 0 kot Yeweovue Tn guvdetnon gs = X[_s.s5]- ATS tnv avicdtnta Holder saipvovue

1/q
(2609 = ( [Igsl dx) Ifullp >

frn d)\:an dA—J{x:Ix > O}fn dA

[ fns dx‘

J'{lexsé}

=1— J fn dA.
{x:|x|>d}

ATt6 tnv vIr6Beon vITdExel N = N (d) € N dhote: ya kdbe n > ny,

1
J fndA < —.
(x:|x|>5) 2
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Yuvemdg, i kdfe n > np(d) €xovue

T S B

H TLHP > 2 (26)1/q

"ETteton ot . 1
.. Si1_1
liminf [fnlly > 5 G574

yia kdBe & > 0, ko agrivovtag o & — 07 maigvouvue liminfy [[fr|lp = 4o00. Aga,

fullp — 0.

13. ’Ectw E petpriciwo oivoldo, é6tw p > 1 kau €otw f € Ly (E). Aeiére om

J If[P dA =p J ” tPTIA({x € B |f(x)] > t}) dAg(t).
E 0

Yrodegn. Epapudgovue to dedpnua Tonelli. Tpdpouue

J, 00 ara = [ 6xe ) ar
r 1T (x)]
- (j ptv! dmt)) xe () A
JRd 0
= [ (o xosren 0 ano) xe v a)

JL, xe 0o 6] A0 ) peot any
JRd X{xeE:If(x)[>}(X) dA(X)) ptP T dA(t)

= | A(x € E:[f(x) > thptP LdA(t).
JO

14. Ectw E uetpriciuo guivolo, é6tw p > 1 kai £0tw () akodovbia otov Ly (E) ue ||fr—f|lp —
0. Eotw (gn) ouolduopea @eayuévn axolovdia uetprciuwv cuvap- ticewv 6to E ue gn — ¢
oxed6v mavtov gro E. Agi€te o |[fgn — fgllp — O.

Yrédeign. Amté tnv vméBeon vardexer M > 0 d0Te |[gnllcc < M Vo kGOe M € N. AgoV gn — g
oxed6v Tavtoy, evkoda eAéyyovue OTL ||gllec < M (uTtdoxer Z C E pe A(Z) = 0 dote, yo kdbe
x € E\ Z woyxvouv ot [gn (x)] € M yua kdBe n kaw gn (x) — g(x), dea ywa kdbe x € E\ Z éyouvue
g(x)] < M.

Ba yencwoTtomcovue v amin moeatienon 6t av u € L, (E) kaw v € Lo(E) téTe uv €
L, (E) kou

vl = | il ah< | P IvlE @ = Il

Snladn
[wollp < [[Vlloollullp-
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Todgouye

[frgn —fgllp = [[(fn = F)gn + f(gn — ) llp < [(Fn —Fgnllp + [flgn — 9)llp
<l gnlloollfr —fllp + If(gn — Pllp < M[fn —fllp + [If(gn — g llp-

Io Tov TedTo 60 GTo BeEd Uéhog €xovue ||fn — fllp — 0, doa M|fn —fl|, — 0. T Tov
8eUteQo 60 xENGWOTIOLOUUE TO TeMENULO KUELOEYXNMUEVIG GUYKAMGNG: €X0UUE

[f(gn — g)IP = IflPlgn — gI” <IfP(Ignl+ Ig])P < (2M)P[f|P

oxed6v mavtov, kaw n (2M)PIf[P eivoaw ohokAnpdown, St f € L, (E) (wg || - [|p-dor0 Twv
fn € Lp(E)). Emiong, [f(gn — g)IP — 0 oxedov mwavtov, St [f(x)| < oo oyedbv maviov ko
gn(x)—g(x) = 0 oxedbv ovtov. MItopolvue AOLTTOV VoL EQAQUOGOVUE TO FedENUA KUELOEYNMULEVIG
GUYKAMGNG, KoL £XOVUE

L [f(gn —g)IP dA — 0,

dnAadn ||f(gn — g)|lp = 0. A6 Ta TaEATTAV® EmmeTar dTL

Ifngn — fgllp <M|[fn —fllp +[If(gn — g)llp — 0.

15. ‘Eoto f € Li(RY). INa kdbe t € RY opicovue fi(x) = f(x +t), x € R, Asikre du:
(@) Ta kdBe t égovue fr € Li(RY) rau [fy = [f.

® lim [If — . =0.

Ynédeién. (o) Oeweovue TedTa Thv f = X, 6Tov E uetenowo vitostvvodro tov RY ue A(E) < oo.
"Eyovue fi(x) = xe(x + 1) = x—t+e(x), doa fr € Li(RY) ko

th dA = A(—t + E) = A(E) :dex.

Adyw yoouuikdTnTag, cuumepaivouue eVkola 6Tt av ¢ eivar wio At oAokAnpaooyn cuvdetnon,
161 Vo kGOe t € RY woyver by € Li(RY kan

Jcl)td?\—Jcl)dA.

‘Eotw tdoa f € Li(RY) ue f > 0. Oewpotue akoAovdic ammAdy 0AOKANQOGIL®V GUVAQTAGE®V By
ue ¢n N f. ‘Eoto t € R, "Exovue (dn )t € Li(RY, (dn)t 7 fr, ko

J(¢n)t dA = Jd)n dA.

ATt6 10 Jewpnua povotovng cUyrkMGng,

th dA = lim J(q>n)t dA = lim J% d)\:deA.
n—oo n—oo
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‘Etor pAémovue 6L fr € Li(RY) kar [fe=]1

Ytn yeviki gepittoon, émov f € Li(RY), yodgovue f = fT — f~ ko epapuécovyue To moon-
YOUUEVO VIOl TIG OAOKANQWGIES Guvapthcelg f ko .
®) "Ectw &€ > 0. O 3600¢ C¢(RY) TV GUVEXGV GUVAQTAGE®V e GUUTTOYH POQEEQ ELVOL TTUKVEG
otov L'(R), dpa umopovue va feovue g € Cc(RY) date ||f — g|l1 < &. "Ectw K = supp(g). H g
elvar guveyne, ue @opéa to guuttayés K, dea eivor ogorduoppa cuveyng. Ymdeyel & > 0 date av
Ix —y| < & téte |g(x) — g(y)] < ﬁ Tdte, yio kdBe [t| < & éyovue

lo =91l = | otx) = g+ 0] @A) = LU(K_U 1900 — gl + D dA(x) < e.

Toea, yodeouue
1T —felli < [f—glli + [lg = gelli + lge — fells < 3e,

xenowoztotdvtag ko v ||f — glji = ||t — gi/l1, n omola woyver yia kGbe t amé to (o).

16. ‘Ectw E uetpriciwo virocuvodo tov RY ue 0 < A(E) < oo kat é01w f : E — R uetpricun
ovvdgtnon. Aeigte 0T limy, o0 [|f]|p = ||f]|co-

Yrodeign. 'Eotw 0 # f € Lo (E). Hagatneovue 6T, yio kdbe 1 < p < oo,
191 = | 1760P ar < | 112,08 = IMIZAE) < o,
E E
doa f € L, (E). Emiong,

I1Fllp < [[flloc AENYP = [[f]loo

KABGS o P — 00, dea limsupy, o [|fllp < [[f][co-
Agté v dGAAn TTAevEd, av 0 < € < ||f||oo, TOTE TO GUVOAO B, = {x € X : [f(x)| > ||f]|c0 — €}
€xel Jetkd U€To, Ko

17 > JB [F()Pd A > (|[flloo — £)PA(BS).

€

timinf [|f]lp = ([|[fllo — &) lim A(B)IYP = |[f]|oo — &
p—o0 p—o0

A@ov 10 € € (0,

flloo) TAV TUYXOV, GuuTEQAivouuE GTL liminfp oo |[fllp = [|lco, kU EmETOM GTL
Lo [ = [1llc.

17. "Ectw 1 < po < p1 < 00. Adote srapadelyuata uetprioiwwv cuvaptricewv f : (0,00) — R gov
LKAVOTTOLOUV TA £ERG:

(@ feLp(0,00) av kar uévo av po < p < pi.
®) e Lp(0,00) av kar uévo av po < p < p1.

) feLp(0,00) av kar uévo av p = po.
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Aokydate cuvapTtricels tng poppric f(x) = x| Inx|®.

Yr6Seién. (o) Oewpovue v f(x) = ﬁX[o,u (x) + Xl/%mx[l,oo)(x). Hopatneiate 6TL av po < p <
P1 ToTE

00 1 00
J If(x)lpd?\(x)zj L dA(x)+J L A < oo,

0 0 XP/P1 1 xP/Po
Emiong, av p < po €xovue

© 1

(o 0]
P —
L If(x)[PdA(x) > L Y dA(x) = oo,
EV® OV P > p1 €xovue
0 1
1
P —
L [f(x)|PdA(x) = Jo =Y dA(x) = oo.

(B) Oewpovue v f(x) = ﬁX[o,ﬂ (x) + Xl/m,“n(,l(ﬂ))z/p(,)([l,oo) (x). Magatnernaote 6Tl av po < p <

P1 TéTE

1 (o.¢] 1

dA(x) < oo.

Joo P ane) = |

0 0 xP/P1

dA(x) + J

1 xP/Po(ln(x +1))Zp/Po

Emiong, av p < po €rovue

o o0 1
P =
Jo If(x)[PdA(x) > L P /Po(In(x 1 1))2°/P0 dA(x) = oo,
EVQ OV P > P €xouvue
00 1
1
P _
L [f(x)|PdA(x) = Jo =Y dA(x) = oo.

() Oeweriote T f(x) = X0 (X) + Xl/po(m(iH))ypOXu,oo)(X)-

18. ‘Eotw E,F uetpriciua vocvvoda tov RY ue 0 < A(E), A(F) < oo.
(@) Aeikte 0TL 1 XE * XF €lval guvexnic guvdpTnaon.

(B) Asiste 6m vardpyouv xg € RY kar € > 0 éote: av [x —xg| < € 6te A(EN (F+x)) > 0.
Andadn, 1o E—F éyel un kevo ecwteplio.

Ymobeign. (o) Tpdpouue

l(xe *xF)(x) — (X *xF)(Y)| =

|, xetx—2) —xely = 2erzanE)
< J Ixe (x— 2) — xe (y — 2)|dA(2).
Rd

Av 9¢couvue f(z) = xe(x —z), 101 XE(Yy —2) =Xe(x —z— (x —y) = f(z + (x —y)) = fx—y(2)
ue tnv ogoAoyia tng Acknong 15. Aot A(E) < oo, éxovue f € Li(RY). "Emetar 6T

lim J Ixe(x —z) —xe(y — z)|dA(z) = lim J [f —fx—yldA =0
Rd Rd

Yy—x X—=y



72 - Xeror L,

agtd tnv Acknon 15 (B).

(®) Mapatnpovue TEGOTO 6T VTTAEXEL X9 € RY date
AMEN (F+x0)) > 0.

O¢tovue F; = F+ xo. H ouvdgtnon

f(x) = (X—g *XFr)(x) = JRd X—e(x —z)xF,(z) dA(z) = M(x+E) NFy)
elval guveyng, amd To TEMTO QTN ‘OUwd,
f(0) =A(ENF) =AEN(F+xp)) > 0.
Apa, vrrdxel € > 0 date: av [u| < & téte
f(u) =A(E+u)N(F+xp)) > 0.

Edidtepa, yio kdbe [u| < € éxovue EN(F+xo—u) = —u+ (E+u) N (F+x0) # 0, kow détovrog
X = Xo — U éxovye 6T yia kéBe x € RY ue [x — x| < € woyver EN (F4x) # 0.

3.2 Oudda B’

19. Ectw {f,} akodovBia un apgvntikdv cuvexwv cuvaptricewv 6to R. Yrrobétovue 6Tt kdbe
undevicetar £€w agrd to [0,1/n] kat

1/n
J fo(t) dt = 1.
0

‘Eotw g € L1(R). Opitovue gn = fn * g. Acikte 61 ||gn — g||1 — 0 kabds T0 N — 0.

Yméberén. "Exouvue

lgnll = JR Ign ()] dA(x) = jR

| gix= vt dm)’ aA(x)

R

< J J g(x — 1)/fn (£) dA(E) dACx) = J flt) (J |g(x—t)|dx(x)) aA®)
R JR R R

:Jan(t)\|g]]1dA(t).

AnAodn,
llgnlli < [Igll < +o0.

Apykd Selyvouue 4TL

lgn — gl < j f(t)llge — gl dACL),
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6mov gi(x) = g(x —t). Hpdyuatt,

lgn () — g0l < JR g — 1) — g(x)[fn (1) dA(1),

7

dea

lgn — gl <J ij(x—t)—g(xnfn(t) dA(t) dA(x)

R
:J ft) (J |g(x—t)—g(x)|d7\(x)> e
R R

—J 19t — gllifn (t) AA(D).
R

‘Eotw € > 0. Amé tnv Aoknon 15 (@) vitdoyer d > 0 odote av [t| < & tote ||gr — g1 < €. "Eotw

1

ny € N oote - < 0. Ia kdBe n = ng éyovue

lon =gl < | llge = glifa(® A0 = | g = glitnlt) AV
R [0,1/n]
< aJ fa(t) dA(t) < g,
[0,1/n]
KO €eTol OTL limn 00 ||gn — gll1 = 0.

20. ’Ectw p,q,7 > 1 ue 1—|—% = -+

fxge L (RY) kat

% é. Aeigte 6t av f € Lp(RY) kar g € Lq(RY) toTe

I+ gl < [Ifllpllgllq-

Yméberén. Oétovue a = 1 — }% kaw b =1— % IMapatngovue 6TL T = p KAWL T =  AMdyw TV
1_ 1,1 _ 1 = PT =19 T

: ) 1 / rT=p Ty 1. Opltovue p1 r—p KW P2 = =g Téte, pr,p2 =1

Kav o + P2 + ;+ = 1. Tedgovue

vrroBécewv oL p, T, q = 1 raw

(Fxg)(x)] = Uf(x—y)g(y) aA(y)

< J(mx—ywﬂ|g(y)|1b)|f(x—y)|ﬂ|g(y)|bdx(y).

Xonowomot®vtag tnv Acknon 9 €youvue

1/r 1/p1
(Fxg)(x)] < (j |f(x—y)“—amg(y)“—b“dx(m) ( | |f(x—y)|“max(y))
1/p2
‘ <Jg(y)|bP2dA(y)>

1/r
:(jmx—yn“amg(yn“b)rdw) 1718, gl
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Iagatneovue 61t (1 —a)r = p kot (1 —b)r = . YWdVOVTOC GTNV T KOl XENGWOTTOLOVTAS TO

Yewpnua Fubini saipvouye
I+ ol < 5. Iolp, || ([ 11x - viranca ) ttanty]
< IIf1&5, lgllep, IFIB gl .
‘Ouwg, ap; =p kaw bpz = (. Aga,
15 glly < IFIBTT gl d+o" = [IFl[5 1l gl

SnAadn,

e gllr < fllpligllq-

21. ‘Ectw E petpricio vmwocvvolo Tov R ue 0 < A(E) < oo kau éotw f : E — R uetpriciun
ouvdptnon. Ymobétovue 6T vdpyovy p > 1 kat gtabepd C > 0 1é€T0100 DGTE

Ax e B f(x)| =t} < t%

yia kdBe t > 0. Aeiste 6t f € L (E) yia kdBe 1 < 1 < p.

Ynddeién. 'Ectw g < 17 < p. Xonoworowdvtag tnhv Acknon 13 ypdpouue

J [f(x)|" dA(x) = [~ Mt TIA({x € E: f(x)] > t}) dA(t)
E JO

N

= | rt"IA({x € E:|f(x)] > t}) dA(t)
0
[T rt"IA{x € E: [f(x)] > t}) dA(t)
rl o0

" IA(E) dA(t) + L rtf—ltip dA(t)

N

JO

1 00
=A(E) L rt"ldA(t) + Cr L tTPLAN(t)

AE) + - <o,

oo MT—P 1 1
J tTPTLAAN(E) = lim ( >:

1 Moo\ T—p T—p p—r1’

SéTL

apov T —p < 0.
‘Emteton 61 f € L-(E).

22. ’Eotw v > 1 kar fn @ (0,1) — R uetpricwes ovvaptrioceis ue |[fnllry < M yia kdbe n.
Ymobétovue ént f, — f oxedov mavtov oto (0,1). Acilte 6T yia kdbe 1 < p < T woyvet
[fn —fllp — 0.
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Yméberén. Ilagatngovue TTedTo OTL, atd To Anuua touv Fatou,

1 1
J If|" dA < lim ian Ifal" dA < M7,
0 0

o [|[f]|y < m yio kdOe n. ‘Estetan 6Tt

1 1
J Ifn — f|" dA < J 2" (Il + IfI7) dA < 27 7M.
0 0

"Eotw 6 > 0. Apov fr, —  oxedbv mavtov, vitdoxet E C (0,1) ue A(E) > 1— 5, té1010 ddate

fn — f ouowduoppa cto E. Ta tuxdv 1 < p < 1 ypdpouue

1
J Ifn—flpd?\:J Ifn—fpdA+J [fn — f[P dA
0 E c

< | [fn — fIP dA + A(EC 15( fn—fr>r
<[ ttn— P an M (| 10—

1 =
< J [ — f|P dA + 81 F (J Iy — fl‘”)
E 0

< J [ — f[P dA + 8 F2THIMT
E
‘Ectw ¢ > 0. EmAéyovue 6 > 0 odate

SIFortIMT < %,

kot uetd ng € N dote [fn(x) — f(x)[P < % yio kGBe n = 0 ko yia kéPe x € E. Tdte, yia kGOe

n > 0 éyovue

! _P 1 eP ¢€P
Jlfn—fldeJ [ — P AN+ 8 T2 MY <« 4 S = ¢P
E

0 2 2

SnAadh ||fr — |, < e. Aga, [[fn —f]lp — O.

’

23. Aivetar peayuévn Lebesgue uetpriowun cvvdptnon f : R — R grov undevitetar é§w amé to

[—1,1]. Ia kdbe h > 0 opi¢ovue tn cuvdptnon ¢y : R — R ue

1 x+h
(M0 = o j ) At xeR

Aeigte o || dn ()2 < |[f]l2 kat [[Pn(f) —f]]2 = O dTrav h — 0.

Yméberén. Agtd tnv avicotnta Cauchy-Schwarz €youvue
2
1
oy
1
"~ 4n?

x+h
= J 2(t) dA(t).

x+h
zlhj R

x+h
J 2(t) d7\(t)> - (2h)

x—h

x+h x+h
J 2(t) dA(t)) (J 12 d)x(t))
x—h x—h
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Todgouye

dA(x)

1 x+h
(%J N 2(t) dA(t)) dA(x)

lbn(DI = j

ZZLR Xbe— xR (1) dAe )) dA(x)
_ i :R (1) <JRX[X xR d?\(X)) aA(t)
_ % "R £2(t) <JRx[t—h,t+h](x) d)\(x)) dA(t)
_ % :R £2(t)(2h) dA(t)
= | oo =z

Avté agrodewviel v || dn (f)]|2 < [|f]2.

Ia to Sevtepo gpaTnia TToQATNEOVUE TTEATA OTL av N g €lvol GUVEXAG (L€ GUUITOYIL POQREN
t01e On(g) — g ouotduoeea kabms to h — 0 kaw [[dr(g) — gll2 — 0 agov dr(g) — g = 0 €5
atd kdsowo kAewotd Sidotnua (v .y 0 < h < 1). Katdmwv, dewpovue € > 0 ko felokovue g
ouveyn, ue ouuttayn @oéa, wate ||f — g|l2 < e. Hagatngovue 61t O (f —g) = dn(f) — dn(g),
KOl XENGULOTIOLOVTOS TO TIRWTO £QOTNULA YRAPOUUE

[dn(f) = fllz < |dr(f) — dr(g)ll2 + [[dn(g) — gll2 + [lg — fl|2
= ||dn(f—g)ll2 + [[dn(g) — gll2 + [[g — |2
<|[dnlg) —gllz +2[lg —fll2 < [[dn(g) — gll2 + 2e.

Agrivovtag to € — 07 sraigvouue
limsup [|pr(f) = fllz < lim [|dn(g) — gll2 + 26 = 2¢,
h—0+ h—0t+
Ko aprvovtag to € — 01 éyovue
limsup [|dn (f) —f[l2 = 0,
h—0*
SnAadn Hd)h(f) — sz — 0.

24. ’Ectw E uetpriciuo vitootivolo tov R, ue 0 < A(E) < oco. Agite 6T n - (XE * X[0.1 /n}) — XE
axebov mavtoy kabwg n — oo.

Yméberén. Ilopatnprncte 4T

xe (o) = an xe ()X to1/m(2) dA(2).
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Agté to Jewponua TTagaywyiong tov Lebesgue €youue

In(xe * Xjo,1/m)) (%) —Xe(X)] = ’n JR [Xe (x — z) — Xe (X)IX[0.1/n)(2) dA(2)

1
Sin J[O,I/n] X (x —2) —xe (x)ldA(2)
1

= n J[x—l/n,x] e (1) —xe(x)]dA(t) — xE (%)

yio kdBe x € Leb(xg), dnAadn oyedév mavtov cto R.
25. ‘Ectw ¢ : RY — R petpricun cuvdptnon. YmoBétovue 61 yia kdfe f € Li(RY) woyver
f-gc Li(RY). Asikre 61t g € Lo (RY).
Yrrodeign. Ymobétovue 6L g ¢ L. T kdbe n € N éxovue A(A) > 0, dmmov Ay = {x :|g(x)| =
n}. Opigovue

— 1

fx) = 3 ——sign(g(x))xa, (x).
n=1

ITapatnpovue ot

1001 < Y ryxan )

n=1

KO, XENGWOITOLWwVvTag To Jewonua Beppo Levi, 6Tt

Jo ronane < |3 oot anm = 3| o
e 1 — 1
_ nz_l IR N A = nZ_lnz < o0
Aga, f € Li(RY). "Ouwg,
e 1
Joo 00800 000 = [ 19001 3 2, )
=3 | i (s A
>> » nnZMIA XA () dA(X)
n=1 n
(9] o0 1
- ;nnZ}\ AN An) = nZ_l — =00,

TO 07toflo elvon AToITo ATO Th VITGOESN.

26. Ectw 1<p < ook f € Lp [0,1]. Ta kdbe n € N opigovue

gn

fro=2" > ank(fX),..
k=1
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07OV Jn x = [% 2%) Kol an x(f) = f]nk f dA. Aeikte 6t

lim ||f —fnllp =0.

n—oo

Yniébeign. YwoBétouue 0L 1 < p < oo. Aeixvovue modta 6Tt ||[f — fnllp < 4[/f|jp. Av q elvar o
GUTUYNG ekBETNG TOV P, €xouue

gn

IF=talp =3 | 100~ 2an0F A
k=1 ]n,k
2n P
= 2mp f —f dA dA
kZ_l L Lnk( (x) — fy)) dA(y)| dA(x)

o
Is Z 2mP J
k=1

,
_ Zzw.znv/qj | 1160 =ty anty) ar

n.k n.k

_ZZ“J J If(x) — f(y)[P dA(y) dA(x)

nk nk

< J 1) — F()P dA ) AT )T/ q) dA(x)

nk

<ZZ“L L 2P (IF()P + If(y)P) dA(y) dA(x)

omn

=Y 2w ) J ()P dAGx)
k= n,k

= 2P ! ZJ X)[P dA(x)

nk

= 2P FF]|p < 4P|If]1D.

Avté amodewcvier v [|f — ||y < 4|f]]p.

Y1n guvéyela opatnovue 0Tl av n g elval Guveyng kal av opicovue avtiGToya TS gn, TOTE
lg — gnllp = 0. Hdyuat, yio To TUXOV € > 0 uarogovue va Peovue & > 0 wate av x,y € [0,1]
ko [x —y| < 8 va éxovue |g(x) — g(y)| < e. Bplokovue ng € N ye 1/2™0 < 9, kan yia kdbe n > ng
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€youue

on

lg— gnll} = ZJ 19(x) — 2" anac(g) P dAGY)
k=1"Jnx

3 g J
k=1 J

gn
s} 2“"] ( J 190x) — g(y)IP AA(Y)ATn i)/ Q> dA(x)
k=1 ]n,k In,k

P

JI (g00) — gly) dAly)| dA(x)

n.k

2T|.
<y o J AUJni)eP 27P/9 dA(x)
k=1

]n,k

SnAadn ||g — gnllp <.
Bzweovue toea f € Ly[0,1] ko yia Tuxév & > 0 Bolokovue cuvexn g ue ||f — gflp < e
IMoapatnenate 6Tl axn (f — g) = axn(f) — axn(g), doa (f — g)n = frn — gn. ZuveTadg,

If—fnllp <IIf—gllp + 19— gnllp + llgn — fullp

If—gllp +1lg = gnllp + [[(gn —fn) = (g —Dllp +1lg —fllp
=[f—gllp +11g—gnllp + (g —Fln —(g—llp +lg—flp
<|[f=gllp +1lg—gnllp +4llg—fllp + llg —fllp

<6e+ (g — gnllp-

N

Aopnvovtag To n — oo Taipvouue
. B <l _ _
tim sup [[f —fn [l < lim [lg = gnllp + 6e = Ge,
Ko aprvovtag to € — 01 éyovue
limsup ||[f — fr|lp =0,
n—oo

dnaadn ||f —fnllp — O.

27. Ectw 1 < p < o0 kat é5tw f € L, [0, 00). Aciéte 611

1
< [Ifflpx' "7

JX f(t) dA(t)

0

yia kdbe x > 0 kot OTL
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Yrnodeign. 'Ecto q o guguyng ekBétng tov p kot £6Ttw X > 0. XEnoWoToiwvtog Ty aviGOTnTo

Holder ypdpouye

Jx f(t) dA(t)

0

X o0

< J IF(8)] dA () = J ()Xo (1) dA(E)
0 0

_ 1

< Il lixoxlla = IFlpx/9 = [£lpx'F.

XEnoWoTonGaue tnv

00 1/q
osilla = (| o 1)

g

T To 8evtepo epadTnua, dempovpe Tuyxdv € > 0 kot eTtidéyovue & = x(e) > 0 TéTol0 WGTE

00 1/p
HfX[oc,oo)Hp = <J |f|p d7\> < €.
o

Mitopovue va Beovue tétotov &, ST [f[PX (.o  [fIP KaABDOS TO 0x — 00, koW ATTd TO Yedonua

00 1/q
[ xaaat) =i
0

uovdTovng GUYKAMGNG €xouue

o o x
lim J [fIP dA = lim <J [f|P dA —J Nils d}\> =0.

X
Ia kdBe x > « yropovue va ypdypouue

[0 4

! < e | i+ i [ a.

x1/4

(%)

r f(t) dA(t)

0

ATt6 TNV eMAOYR TOU & €youue

1 (* 1
[ 010 < S o el
x
(x — o)V/d
= 7a IMXtaxlle < lIfxiaxillp

< X (oo0) lp <€

ya kGbe x > «, doa n (x) dive

1 x 1 &
. L O A < o L ()] dA(L) + ¢
ylo kGfe x > . ‘Ouwg,
ro
X“_)“lo 7a ), [f(t)]dA(t) = 0,
dea
X
limsup —— J f(t)dA(t)| <0+ e=¢
X—00 Xl/q
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AoV to € > 0 fitav TUOV,

. 1
lim sup ——

X—00 x1/4d 0

KOl €TTETOAL TO TNTOVUEVO.
28. Ymobétovue omi f € Ly (R) yia kdbe 1< p < 2 kou emigmAéov 6Tt

sup |If]lp < +o0.
1<p<2

Agikte 6n f € [9(R) kat

[fll2 = tm [[f]p.
p—2

Ymobeign. Amé tnv vvéBeon vrtdoyer M > 0 dote
J [f[P dA < MP
R

vy kGbe p € [1,2). Apa, yo kdBe n € N oyvet

J 2T Ay < M2V

R
A6 o Migua tov Fatou kaw améd to yeyovog 6t |fI2 ™ — |2 oxed6v mavtov, maipvouue

J [f* dA < lim 'me 271 dA < liminf M2Y™ = M2 < oo.
R n—o0 R

AvTd amodewkvierl 6T T € Lo(R).
o va Sel€ovue 6L limy, o [[f||p = [[f]|]2 aprel va Sel€ouvue 611 yio kGBe Py € [1,2) ue pn T2
LGYVEL
tim [fllp, = £
INo to oromd avtd apkel va detgovue dTL
J [f[P dA — J If* dA.
R R

Katdmw, Ja €xouvue

1 1
Pn 2
i = ([ a0)™ = ([ an) =
R R

L % Bewpovpe Tig akolovbieg cuvogticewy f, = If\ZX{|f|<1} + [P X £51) KL gn =

P
[F2x (1513 + [FIPMX( £ <13» KW TTQQOTREOVYE OTL:

SéTL

(@) fn < [fIP™ < gn yio kGBe N, doa

J fnd7\<J [P dAgJ gn dA.
R R R



82 - Xearor I_p

®) H (fn) eivar avEovoa GoT n (pn) elvar avgovca) ko fr, 7 [f> oxedév mavrov, doa, aird

70 Jedpnuo wovdtovng GUYRMGNG £meTal 0Tl
J fr dA — J If]? dA.
R R
) H (gn) etvar @Bivovca ko gn \, |f|* oyedév mavtov. Emicng, éxovue
J gld)\<J |f|2d?\+J [f[P1 dA < M% 4+ MP! < oo,
R R R
doa, amrd To Yewenua povdtovng cuykAong yia T (gr — gn ),

J gn dA — J 1% dA.
R R

A6 Ta (o), (), (V) Ko aTd TO KELTAELO LGOGUYKAIVOUG®Y akOAOVOL®OVY GuuTtepaivouye OTL

J [P dA — J |1 dA.
R R

29. ‘Ectw f € 14[0,1] ue tnv &&ric ibidtnta: viwdpyer C > 0 dote
J If] dA < C/A(A)
A
yia kdfe Lebesgue uetprioyo vioguvvodo A C [0,1]. Aegiére ém f € L,[0,1] yia kdfe 1 < p < 2.

Eivar avaykactied n f otov 12[0,1];

Yrr66etén. Amtd thv viréBeon kot amwd tnv avicdtnto Markov, av Ay = {|f| > t}, t > 0, éyovue

AL < j [fldA < C V/A(AL),

At

SnAadn

‘Ecto 1 < p < 2. Tpdopouue
1 00
J P =J PP > £) dA®)
0 0

= Jl ptP TN > ) dA(t) + ro ptP AU > t)) dA(t)
0 1

1 00 00
<J ptPldA(t) +J ptP 4 CQ'pJ tP3dA(t) < oo
0 1 1
diom p —3 < —1. Aga, f € L([0,1]).

30. Ectw f: RY = R uetpriciun cuvdptnon, yia tnv omoia 1Gyvel

(*) L exp (f(x)) dA(x) =1
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6mov E = supp(f). Amodeiste om f € L, (RY) yia kdbe 1 < p < 0o Kkau |f]lp < Cp, 6mov C >0
wa awéAvtn otabepd. Adote srapdderyua uetpricuns cuvdptnong f swou tkavomolel thv ()
aAld f ¢ Loo(RY).

YréSeién. Bempovue v cuvdptnon g(t) = tPe t, t > 0. "Exovue g'(t) = (ptP~! —tP)e~t, doa
n g €xeL uéylaTo Gto to = p. Andadn,

P
P < Pt
eP

yio kG0e t > 0. Tére,

|17 < 2 ettt anco = .

3

dea

P.

o© | =

Ifllp <
T to 8evtepo epdtnua, éva Topddetyua ustoel va eivor n f(x) = c+1In % ato (0,1), 61OV TO
c € R emAéyetan €161 WGTE
e [ 1
Jy e —e 2

H f 8ev elvan @payudvn, apovd limy_,o+ f(x) = +oo.

dA(x) =e€-2=1.

31. Ectw f € L1((0,1)). Ia x € (0,1) opitovue

1
g(x) =j ™ anw,

X

Agiste 61 g € L1((0,1)) kaw

Ymobeign. To va delEouye 6TL n g elvar oAokAnpaciun ypdgouue
()

E () dA(x) = E i
< Jl Jl |f(tt)| dA(t) dA(x)

0Jx

rl IM
uojo t
1

_ f(tt)|7\({x L0 < x < ) dA(t)

JO
rl

= | [fOIdA(t) = [[f]}1 < oo,
JO

X(x,1) (1) dA(t) dA(x)
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yoncwotowwvtag to dedonua Tonelli. Aga, g € L1((0,1)). Thpa wIrtopovue Vo YENGULOTIONGOVUE
To Jewdpnua Fubini ko, akoAlovBwvtag tnv (o Togela, £xovue

1 il o/l
J g(x) dA(x) = (J f(tt) d?\(t)> dA(x)
0 dO

1 1
_ J ) () aAD) A
JodJo t

rl 1

_[fv <J X () d)x(x)) dA(t)

Jo t 0

1

_ f(tt)?\({x L0 < x < 1)) dA(1)
dO
rl

)

1

= | f(t)dA(t) = J f(x) dA(x).

JO 0

32. ’Eotw f : (0,1) — R Lebesgue uetpriciun cuvvdptnon. Av n g(x,y) = f(x) — f(y) eivar
oAokAnpdéaun oto (0,1) x (0,1), Seikre 6m f € L1(0,1).

Yrtédeikn. Aot [f(x)] < oo yia kdbe x € (0,1), vtdexer m € N tétolog date 10 A = {x €
(0,1) : |f(x)] £ m] C (0,1) va éxer detkd uétpo. Oétovue B = {x € (0,1) : |[(x)| > m}. Tdte, av
(x,y) € B x A, éyouue

If(x) = f(y)l > [fx)] = [f(y)] > [f(x)] —m > 0.

ATt6 10 Jewponua Tonelli,

j ) — F(y)| A y) > J (%) — F(y)l dA(x.y)
(0,1)x(0,1) BxA

>J (1f()] — m) dA(x, y)

BxA

=j (10| — m) dA(y) dAGx)
BJA

~A(A) JB(If(x)I ~m) dA).

"ETteton 4Tl

llglls
JB [f(x)] dA(x) < A + mA(B) < 0.

ApoV f <m cgto A, guumepaivouue 6TL

- lglix
J(o,n f(x)] dA(x) = JA [f(x)] dA(x) + JB [F(x)[ dA(x) < mMA(A) + )+ mA(B)

_ lglli gll1
=m(A(A) + A(B)) + AT = m+ NA] <%

Apa, n f elvar oAokAnpawacun.
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33. Eogtw 0 < p < 1. Opitovue Tov (PVRTIKG QUTH Th QOoEd) Uiy ekBEtn q Tov P Ao Th
oxéon % + % = 1. ’Ectw E uetpriciwo virocivodo tov RY. Av f,g: E — [0, 00] Seiéte om

Jfg dA > (pr d7\>1/p (ng d?\)l/q
(J(H g)? dA)l/p > (pr d?\> v + (J gP d?\) l/p.
1

Ymé6eién. Egopuocovtog thv avieétnta Holder yio tig (fg)P kow g~ P ue exBéteg r = p Kt

s = ﬁ, yedpouye

KOl

pr dA = J(fg)pgp dA

<(Jos) (o)

(o) (Jsr)

SéT —% =qrul—p= —% a@ov oL p kar g elvar cutuyels exbétes. ‘Emeton 6T

P

(Jroo) < (Jro) (o)

Kol vVYPOVovTag gty 1/p malpvouue To gntovuevo.
Ia tnv Sevtepn avicOTNTO XENGYOTTOLOVUE TNV OVIGOTNTO, YENGLOTTOLDVTAS TNV Tieonyovue-

1/p 1/q
(J fP d)\> <J(f—i— 9)_(1—P)q d)\> < Jf(f+ g)—(l—‘p) d\

1/p 1/4
(J gP d?\> <J(f+ g)~(-=Ppld d7\> < Jg(H— g)~ =P,

TTpogBétovtag katd uéin saipvouue

[(J " dA) e (J o dA) l/p] (J (f+g) P dx> N

< J(f +9)(f+g) P dA = J(f +g)P d\.

vn ypdpouue

KOl

AoV —(1—p)q = p, kataliiyouue Gty

1/p 1/p 1-1/q
<pr d?\> + (J g d)\) < <J(f+ g)P d?\>
1/p
= (J(H g)?P d)\) )
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34. Aciéte 6mt avl < p < < 00, TOTE O Lq[O,l] elval TEOTNG KATNYoRLOS VITOGUVOAD TOU
Ly [0,1].

Ynodeitn. Xonowosowpvtag tnv avicdtnta Holder fAmovue 6t av 1 < p < g < oo TOTE
Ifllp < [Ifllq Vi kdBe ueternown cuvdenon f : [0,1] — R. Apa, yia kdbe f € L4[0,1] €xouvue
f € L,[0,1]. Andadni, Lq4[0,1] € L, [0,1].

Oempovue Ty 0u<07\006L0L ouvédwv Fr ={f € L,[0,1] : ||f][q < n}. TIpogavas woxver

1= Fn
n=1

Agxel Aourév va Setéovue Tl kdBe Fyy elvan woubBevd mtukvé vitogivodo tov Ly, [0,1]. IMagotn-
povue Ta €ENG:

(@) Tw kdPe n € N 10 Fyy elvan || - ||[p—kAewot6. Iedyuatt, av (f) eivonr wo akolovbia Gto
Fn, Sndadn [[fi]lq <y kdBe k € N, ko av |[fi — ||, — 0, téTe pwopovue va detovue Tl

Ly
[fllq <1t agot fry — f, amd v avieétnta Markov €xouvue
Alfic — 1l > &) < e P|fic — fI|},

Ve A ré z 7, Vé e e 7
doa fr — f katd uétpo. Aga, vidpyxer vmakolovdia (fi,) e (fi) dote fi, — f oxeddv
wavtoy. ‘Emetan 6t [fi [T — [f|9 ko amwd o Mupa tov Fatou staipvovue

J|fq dA < lim'mfjlfksq dA < nd
S—00

816 ||y |l <M. Aga, f € Fpy

(B) To Fy, éxel kevd ecwTepkd: yia kdBe f € Fpy kow yia kGBe € > 0 woyvel
B(f.e) ={g € Lpl0.1]: | — gllp < ¢} & Fn.

[Mpdyuatt, otabegomoovue f € Fp kaw € > 0. EmAéyovue o € (1/q,1/p) ko opictovue tn

cuvdotnon

e(1— ap)/P
2tx

n omota avikel atov L, [0,1]\L4[0,1] (€AéyEte 10). Aga, n cuvdpinen f+h € L,[0,1] kou udMota

f+h e B(f,e) 8ion ||h|p =¢€/2, ald f+h ¢ Fr, agov h ¢ L4[0,1].

h(t) =

>



Kepalaro 4
Ye1p€¢ Fourier

4.1 Oudda A’

1. ’Eotw T(x) = vo+ >_p (Vi cos kx + py sinkx) toywvouetpikd molvdvupo. Asiéte o
(@) Av 1o T eivar regurtii ouvdptnon, 16te vie = 0 yia kdbe k =0,1,...,n.
@B) Av 10 T eivar dptia cuvdptnon, ©0te W =0 yia kdbe k =1,...,n.

Ymrobeién. (o) Tvweltovue 6T, yio kG0 k =1,...,m,

7T
Vg = T[J T(x) coskx dA(x).
—7

Aot to T elvan TrepLiti guvdptnon, éxouue

1 (™ 1 (™ 1 (™
J T(x)coskx dA(x) = J T(—y) cos(—ky) dA(y) = J [—T(y) cosky] dA(y)
T T T) _n
1 Tt
= —J T(y) cosky dA(y) = —vx.
Tt —7T
ATo T vie = —vy émetan 61 vi = 0. T k = 0 ypdpouue

vo= [ Tood = = [ T(—y) )
2 ) _ . 21

1 (™ -
— 5| T Aty =,
dea, vo = 0.
(®) Tvwplitovue 411, yio k4B k =1,...,n,

7T
U = 1 J T(x) sin kx dA(x).
TT)—m

Aot to T elvar detio cuvdgTnon, €xovue

% J_ﬂ T(x) sinkx dA(x) = % J_ﬂ T(—y) sin(—ky) dA(y) = % J_W[T(y) (—sinky)l dA(y)
1

7T
= —J T(y) sinky dA(y) = —px.
) 7
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Ao v U = —Y €mmetan 0t wy = 0.

Zkx = p(cosx) yia

2. Aeikte 61 yia kdbe k € N vmdyer moAvdvuuo p(t) Babuov 2k daote sin
kdbe x € R.

2

Ym6Seign. Me emaywyrh og 1eog k. “Exouue sin?x = 1 — cos?x = pi(cosx), 6mov py(t) =1 — t2,

JroAVOVULO Babuot 2.

2k

YmoBétoupe L vIrdyer woAv@dvuuo pi(t) Babuot 2k dote sin®* x = py(cosx). Tdte,

S-Ln2k+2 2k 2

X = sin““ x - sin” x = py(cos x)pi(cos x).

IMopatnencte 4Tl To TOAVDOVLUO

Prr1(t) = pr(t)pi(t) = pr(t)(1— %)

2k+2

éxel Babud 2k + 2 ko sin X = Pr+1(cosx).

3. (@) AsiEte 61 To GUvodo {e** 1 k € Z} eivau C-ypauuikdos aveEdpTnTo.
(B) Atvovtar ot srpayuatikol aifuol 0 < W < Hg < - -+ < Un. AelETe OTL Ol GUVOAQPTHGELS

elux eihax  olknX

eivar C-ypauuias ave&dptntes. Xpewdgetar n vwébeon ot 6AoL o W elvau JeTucol;

Ymébeitn. (o) Oewpovue ky < kg < - -+ < Kk € Z vou vroBéToupe 6Tl yia kATTOoUE ty,...,th € C
LGYVEL
tetkx 4.4 et =0,

Téte, yio kdbe s =1,...,n €govue

7-[ . TL . TL 7-[ .
0= J g thsx Z t e | dA(x) = Z t J etlki—ksx g (x)
- j=1 j=1 T

= 2mtg,
s [T et TkIXdA\(x) =0 av j # s kw 27 av j = 5. ‘Emeton 6Tt = -+ =ty = 0. Avté
Selyver 611 To Gvvolo {etF* : k € Z} eivan C-ypaukdg aveEdeTnTo.
(B) XpnowoTotovue Udvo To YeYovog OTL Ol Ly,..., Uy €lvar Siakekpuuévol. YTroBétouue OTL yio
KkATTOLOUG 1y, ..., tH 1OYVEL
tietM* 4 tpeth 4t et =0,
TTapaywyitovtac 1 — 1 @oeés wg Treog x kot Jétovtas x = 0 Jraipvouue To guGTNU
titto+ -+t =0
ity + pete + -+ pntn =0
W+ bty + ity =0

T A SR PR Ty ML)
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H opltovca tov guatnpatog eival un undeviki (€Enynagte ywatt). Xvvemtog, ty =ty = =1, =0.

4. ’Eotw f € 14(T). Aciéte 6 yia kdbe a < b oto R,

b b+27 b—27
J f(x) dA(x) = J f(x) dA(x) = J f(x) dA(x),

a a-+27 a—27

kat 7T s +a
J f(x + a) dA(x) = J f(x) dA(x) = J f(x) dA(x).

—7 —7+a

Ymoébeikn. Kdvovtog thy aviikatdotaon Yy = X + 27 waipvoupe

b+27 b+27

fly) dA(y) = J 10 dAfx)
a+7‘t

Jb f(x) dA(x) = me fy — 27) dA(y) = J

a a+27 a+27

ot f(y — 2m) = f(y) ywo kdBe y € R. Kdvovtag tnv avikatdoetacn y = x — 27 waigvovue

b—27 b—27

fly) dA(y) —J f(x) dA(x),

a—27

Jb f(x) dA(x) = Jbzﬂ fly + 2m) dA(y) = J

a a—27 a—27

St f(y + 2m) = f(y) yio kGbe y € R.
Kdvovtag tnv avtikatdotacn y = x + a maipvouue

+a

| txraam =] fwaw = | fwaw =] fa.

—n+a
ot
—7i+a T+a
| rwaw = aw

atd tnv 27-megrodikdtnta tng f, doa

+a r7T T+a
j fydw) = fly) d) +J fly) dA(y)

—7+a J—m+a 7T
+a

— f(y) dA(y) +J f(y) dA(y)

J—m1+a —7t

= f(y) dA(y).

5. 'Ectw T € L1(T). Acifte 61

lim r If(x +t) — f(x)?dA(x) = 0.

t—0

Ynodeién. 'Ectw € > 0. Tvwpitovue 6Tl vmdgyel cuveyig 2m-megrodikn cuvdptnon g : R — R
WGTE
7T
J [f(x) — g(x)|2d7\(x) < €%/3.
—T7T



90 - XEIPEX FOURIER

Téte, yio kGbe t € R,

J—T7T
7T

P 1/2 - 1/2
(J [f(x +t) — f(x)lzd?\(x)> < ( If(x +1t) —glx+ t)lzdh(x))

1/2
g(x +1)— g(xn?dx(x))

J—T7T

7T 1/2
+ ( 1g(x) — f(x)Fde))

J—T7T
1/2

(] 1atx+ 0= gtaParm)

7T 1/2
+2(j |g(x)—f(x)|2dx(x)>

i 1/2
<(] gt 01— grparm) -+ %

OTTOV XENGLULOTIOGAUE TO YEYOVOS OTL, Adyw Tng 27-meprodikdtntag tng f — g,

s s
|| 0= gt tifare = | i) — gloanix)
7 —7T
ylo kdfe t € R.
H g elvan cuveyiig kai 27t-wepLodikn, doa elvar ogoldpoeea cuvexnig. Ymdpyel Aowmtdv tg > 0

aote: av [t| < to 1éte [g(x +t) — g(x)| < 3\;271 vy kGbe x € R. Tdte, av [t] < to éovue

7‘ 1/2 T g2 1/2
([ sro-gmram) < ([ 5am) =

1/2

<r |f(x+t)—f(x)|2d7\(x)> <e

(e}

"ETteton 4Tl

yuo kdBe [t] < tg. Apa,
1/2

lim (Jﬂ [f(x +t) — f(x)zd?\(x)> =0,

t—0

SnAadn to gntovuevo.

6. 'Eotw T € 14(T). Acite ot

(@) Av n f elvar dpTia, TdTE f| (—k) = F(k) yia kdOe k € Z kar n S(f) elvar oeipd cuvniitévov.
@) Av n f eivar reputTh, T6TE F(—k) = —?(k) yia kdBe k € Z ko n S(f) eivar oelpd nutévov.
(y) Av f(x + m) = f(x) yia kdbe x € R ©d1¢ F(k) = 0 yia kdbe TTEQLTTS aKEPaLo K.

(6) Av n f qwaipver wpayuatikés tués tote f(k) = f(—k) yia kdbe k € Z. Av, emarAéov, viwols-

govue 0Tt n f elvar guveyric, TOTe LGYUEL KL TO QVTIGTQOPO.
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Ymodeikn. (o) Kdvovtag tnv avikatdotacn y = —x faigvouue

fl—k) = i Jn f(x)e {ERxXgA(x) = % r f(—y)e Y dA(y)

o~

— 5|l ) = T,

(B) Kdvovtag tnv avikatdotoon y = —x Jtaipvouye

f(—k) = % Jj f(x)e HTRXaA(x) = % E f(—y)e YdA(y)

—5n | =He M any) = o,

(v) Tedgouue

f(x)e " *dA(x) + Jn f(x)e ™ *dA(x)
0

Jﬂ f(y _ ﬂ)efik(yfﬂ)d)\(y) +J f(X)eiikXdA(x)
0 0

us

= etkm Jﬂ fly)e N YdA(y) + J f(x)e X dA(x)
0 0

= r f(x)e ™ dA(x) + J f(x)e R dA(x)
0 0

=0,

sion fy — ) = f(y) yia kéBe y € R amé tnv virébeon, kot et = —1 av o k eivar mepLrToc.

(©) Tedpouue

(k) = J f(x)e~HxdA(x) = J f(x)etxdA(x)
2 ) _ . 2 ) _ .
1 (™ 1 (™ :
= LT flx)e™ dA(x) = - LT f(x)e XA (x)
= f(—k).
AvticTpopa, av vrobécovue 6T n T elvon GuveXng kot A(k) = A(—k) yia kGbe k € Z, téte amé

™nmv

?(k):% J f(x)e_ik"d?\(x)zlﬂj F(x)etxdA(x) = F(—k) = (k)

BAémouue 6TL n Guvexig cuvdptnon g = f — f éxel cuvtedectés Fourier

o~ ~

G(k) = F(k) — 7(k) = (k) — T(k) =0,

cuvemos g = 0. ‘Emetan 6t f = f, dpa f(x) € R yia kdPe x € R.
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7. ’Ectw f € L{(T). INa kdbe a € R opitovue
Ta(x) = f(x — a).

Hepiypdwyte 10 yodpnua s T4 o oxéon ue avtd tng f. Eival n Tq meprodikn; Ex@edote Tous
ouvtedectéc Fourier tng Tq GUvaQTHGEL Twv GuvtedeaTdv Fourier tng f.

Ymdbegn. To ypdpnuo g Tq elvan uetopod tou ypapnuatog tng f katd a. To onueio (x, f(x))
uetapépetan 6o (X + a, Tq(x + a)) = (x + a, f(x)). "Exouvue

Ta(x+27m) = f(x —a+2m) = f(x — a) = Tq(x)

yla kdBe x € R, dpa n t4 elvon 27t-mweprodiki. TéAog,

_ (" . a1 (7 .
Talk) = J f(x — a)e ¥ dA(x) = e_lkaJ f(x — a)e HROx—a)gp(x)
21 T 27 —TT
1 (T . N
= elkaJ f(x)e ™ ¥dA(x) = e (k).
21 J_ .

8. Eotw f € L1(T). I'a kdbe m € N opitovue
gm(x) = f(mx).

Iepypdpte T0 yodpnua tng gm e gxéon ue avto tng f. Efval n gy, meplodiki; Exk@pedate Toug
ouvtedectés Fourier tng gm Guvapthoel Twv cuviedeotv Fourier tng f.

Yrodeign. H gm €xer mepiodo 2t/m (dea kow 27r) kow To yedonud tng eivar to ypdonua tng f
GUUITIEGUEVO: GE Vo, BLAGTRU WAKOUS 27T «eTtavalouBdvetor» m-@opés. Av m | K, xonoyomoud-
viag To yeyovog 6t n f(y)e Y/ ™ givon 2m-mepLodiki, yodpouue

1 Tt ik 1 TTm ik /
a= (k) = —1ikx — —iky/m g\
Gl = 5 | flmae an) = o | fgle My

~

= i Jﬂf(y)ei(k/m)ydx(w = f(k/m).

Av 0 m 8ev Sioupel Tov Kk, 1éTe YonGwoToldvTag To yeyovég 6L n f(my)e HRY givar 2m-mepiodiki

yed@eouye

1 (™ . 1 T—27t/m )
gmk) = — J f(mx)e ™ ¥dA(x) = J f(my + 2m)e W2/ M) g\ (y)
2m —7T 27 —7mt—27w/m
) 1 mT—27/m .
_ eleﬂ/mJ f(my)eflky d}\(y)
2m —7m—27r/m
1 Tt
— p—i2kt/m f —iky A
e om | (my)e”"*YdA(y)
— efiZkﬂ/mg/;l(k)‘
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Aot o m Sev Stoupel Tov k, éxovue e KT/ M £ 1 Goa g (k) = 0.

9. 'Ecto f,f, € L1(T) M € N) cuvaptricels o1 omoieg ikavoItolotv Thv

n—oo

lim Jn [f(x) — frn(x)] dA(x) = 0.

Aci&te OTL

fu(k) = f(k) dravn — oo,
ouolduoppa ws mEogs k. AnAadn, yia kdbe € > 0 vmdoyet ng € N dote yia kdbe n > ng kol ya
Kkdbe k € Z,
Ifn(k) — f(k)| <e.

Ymrobeén. "Ectw € > 0. Amté tnv vmtébeon, vrtdpyel ng € N date yia kdbe n > ny,

i rﬂ £ (x) — £(x)] dA(x) < .

Téte, yia kdBe N > ng kK o kKABe k € Z,

=Tl = |- [ e ™ ane - o [ ftie ™ an

- | & J:t(fn(x) — f(x))e R dA(x)

<o | 10— 1001l aA )

_ % rﬂ I (x) — F(x)] AA(x) < .

10. Opigouue f(x) = m—x av 0 < x < 2m, f(0) = f(2nr) = 0, kar emwekTeivovue thv f oe wa
2m-meprodikni guvdptnon ato R. Aeiéte 61t n oepd Fourier tng f elvar n

= sinkx
S(f.x)=2) ——.
k=1

Ymobergn. Eivou o BoMké va dewpncovue thy f 6to [—71, 7). “Exovue f(x) = m—x av 0 < x < 7t
kar f(x) =f(x +27m) = —t—x av —7t < x < 0. IMapatnenote 6T

f(—x) = —m+x=—(m—x) = —f(x)

yio kdBe 0 < x < 71, SnAadn n f elvon weELtth oto [—7, 7). Tuvemdg,

ag(f) = TltJ':T f(x)coskx dA(x) =0
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vy kGbe k € N. Ouoiwg, ap(f) = 0.
YmroAoyitovue Toug GuvtedeaTég by (f): apov n f(x) sinkx eivar dotia, €xovue

be(f) = L r f(x) sinkx dA(x) = 2 Jﬂ(n ) sinkx dA(x)

s T Jo
_ _2(7T—x) coskx|”™ N 2J’7T cos kx AAx)
Tk 0 0 k
_2n [2 sin kx} T
ik k? |,
_2
=
"Eteton 6TL
> > sin kx
S(f,x) = ap(f —|—Z f) cos kx + by (f) sin kx) Z ”
k=1 k=1
11. @swpovue ™ cuvdptnon f(x) = (m—x)? 610 [0, 27] Kar TNV eTEKTEIVOUUE GE ML 27TT-TTEQLOSIKT
ouvdptnon opiouévn 1o R. Aeiste o1
2 (0.0}
cos kx
S(fx) =5 +4) =5

Ymébeikn. Mapatnpnote ém f(0) = f(27), dpa n f emekteiveton 6e cuveyh 27-TreQLOSIKIL GUVAQ-
tnon. Etvar 0 BoAkd va dempricovue v f 6to [—7, 7). “Eyovue f(x) = (m—x)? av 0 < x < 7
kaw f(x) = f(x +2m) = (—1 —x)? = (m+x)? av —r < x < 0. Iapatneicte 6Tl

f(—x) = (m—x)* = f(x)

ya kGbe 0 < x < 71, dnAadn n f elvon doptia 6To [—7, 7). TuveTdg,

by (f) = TI[JW f(x) sinkx dA(x) =

yio kdBe k € N. Ta tov ag(f) yedgpouue
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Ymroloyitovue Toug cuvieleatés ax(f), k > 1. apov n f(x) coskx elvar dotia, égovue

1 (" 2 (™ )
ap(f) = — f(x)coskx dA(x) = — | (7r—x)*coskx dA(x)
T _n T Jo
_ '2(n—x)2smer+ 2J“ 2(7t — x) sin kx K]
i ik o Tlo k
_ 4J” (71— x) sin kx A (x)
T Jo k
[ Al —x) coskx n_4J“ cos kx
o L 7Tk2 0 7T Jo k2
_ A4
k2 k%
"Eteton 6T1
S(f,x)=a +i f)coskx +b (f)s’tnkx)*n—z+4iCOSkx
k=1 k=1
AoV
D (a4 by (f)]) = 5 T4 @ <too
k=1 k=1

n celpd Fourier tng f guykAiver opotdpoppa otnv f. AnAadn,

cos kx
ey e
yio kGBe x € R. Ewikotepa,
o
7'[ 1

art 6Tov Talpvouue

»MH

(e wz)_nz
k2 3) 6
k=1

12. ’Eotw 0 < « <1 kat €010 f : R — R, 2m-zreprodikit ouvdptnon. YmoOétovyue 6Tt vItdpxel
M > 0 date
[f(x) — fy)l < Mpx —y[*

yia kdbe x,y € R. Aei&te ot vwdpyet atabepd C > 0 date, yia kdbe k > 1,

C C

Iak(f)|<k7 Kal |bk(f)|<k7-
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Ymédeitn. ‘Eoto k € N. Kdvovtag tnv aviikatdotacn y = x + 1t/K, €xouue

1 (™ 1 ni+7/k
ax(f) = J f(x) cos(kx) dA(x) = — J f(x — 1t/k) cos(kx — 7r) dA(x)
T _ o ) —mtm/k
mi+7/k 7T
_ ! J ' f(x — 7t/k) cos(kx) dA(x) = ! J f(x — mt/k) cos(kx) dA(x),
TCJ)—m4m/k T)m

AOyw tng 27mt-tregrodikdtntog tng f. Tote, umopovue va yedpouue

an(f) = i Jn [F(x) — £(x — 71/k)] cos(kx) dA(x).

KO YENGULOTIOL®VTOS Ty vItéBecn maipvouue

()] < =

<o Jﬂ [f(x) — f(x — 7t/k)|| cos(kx)| dA(x) < % Jnn M|7rt/k|“dA(x) = <

ke’
—7T
6mov C = M7mt*. Me tov (8o tedmo Seiyvouue 6L |by (f)] < C/k*.
13. Ozwpovue tnv mepirTh 21-TTEELOGIKN GuvdpTnon f: R — R mov o1o [0, 7] opitetar amd thv
f(x) = x(7m —x).

Xyedidate thv ypagiki wopdotacn tng f, vwodoyicte Tous guvtedeatés Fourier tng f kot deikte

o1l
8 « sin[(2k + 1)x]
f(x)_né 2k + 18

~

Ymébeikn. Apov n f eivon sepurtii, éxovue f(0) = 0. Ta k # 0 ypdgouue

flk) = % r f(x)e ¥ dA(x) = — r x(70 — x) sin(kx) dA(x)

—n 7T Jo
» in(k 7T . oTT
i _mccos(kx) n msin(kx) . 1J X2 sin(kx) dA(x)
T k k2 0 T Jo
1Nk i [x? kx)1™ 21 (7
Sl L [k”] +m1jo x cos(kx) dA(x)
1k Nk . . us
_ i( 1) m B i( 1)*m n 2i xsin(kx) n cos(kx)
k k ik k k* o
_ 2i(=D* —1]
N k3

Yuvemdg, n oepd Fourier tng f eivar n

Z Meikx _ i Meﬂﬂ — i Zi[(;)k_ﬂe*ikX

k#0 ik k=1 7k’ k=1 ik
_ i 21[(_;]1]; —1 (etkx — gtk
k=1
- 8
=y k1 (2 100,



4.1 OManrA A’ - 97

S16m (—1)* —1=0 av o k eivan dTiog, KoL

2i[(—1)% — 1] (etZRFIx _ =1 ZRA1Xy — _44(2isin((2k + 1)x)) = 8sin((2k + 1)x).

14. ’Eotw 0 < 8 < 1. Oewpovue tn ovvdptnon f: [—m, 1] — R ue

_Ixl
f(x):{l 5 av|x|<d

0 avd < x| <

Xyedidote Tn ypoagiki mwapdatacn the f kal Seifte oT1

) — CoS k6
? +2 Z cos kx.

Ymobegn. Hopatnpnate 4t

s 5
i) = 1J flx)e kXA (x) = IJ (1 - "") e kXA (x)
o —5

27 27 5

= 1 r <1 — ||> cos(kx) dA(x) = 1 F (1 — §> cos(kx) dA(x)
27 J_p S 7 Jo )

1 [sin(kx)  xsin(kx)  cos(kx) ®

I { S A h

_sin(kd)  &sin(kd)  1—cos(kd)

T Tak mk T K

_ 1—cos(kd)

k2

Yuvemmg, n oelpd Fourier tng f efvar n

) 1— cos(kd) ) 2 1—cos(kd), ; s
f i 1kx — - SRV o ikx ikx
x) ~on + Z ok 21 + Z mdk? (e +e )

0 1— cos(kd)
= % + ZkZ_l W COS(kX).

Apov
SN — cos(kd)
k_Z_ )| = f+2z S < oo,

éxovue f(x) = S(f,x) ya kdbe x € R.
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15. Gzwpovue tnv 27m-mweEL0bikr cuvdptnon f: R — R swrov oto [—m, 7] opitetar amd tny
f(x) = |x].

Xyedidate thv ypapiki wopdotacn tng f, vwodoyiote Tous guvtedeatéc Fourier tng f kot deikte
om f(0) = /2 kan
A —1+ (-1
f(k) = #,
k2
Todwyte tn ogipd Fourier S(f) tng f cav oelpd cuvnuitévov kot nuitéveoy. Ostoviag x = 0 Seifte
on

k # 0.

o (e 9]

1 ue 1 m
Z(2k+1)2_ 8 at ZkZ_ 6"
k=0 k=1

Ymodeén. Iopatnpnate 4t

INa k # 0 yodopouue

1 71kx (" —ikx
— dA(x) = — [x|e dA(x)
21 2 |,
1 1 (™
J Ix| cos(kx) dA(x) = J x cos(kx) dA(x)
T on T Jo
1 [xsin(kx) cos(kx)]™
- -
T k k2 ],
_(=Dk -1
- mk?

7t (—D*—1 ikx Tt - (_Uk Lo ikx —ikx
2+Z k2 _2+Z k2 (e te )
k#0 k=1
o0
m 2[(—1)k —1]
=3 + Z oz cos(kx)
k=1
s > 1
=——4 _ 2k +1)x).
7 42 w2k p 2 cos(Zk 1Y)
k=0
Apov
= T > 2
fk)==+2 _— ,
2 [fkl=5+ Zrc(2k+1)2 < foo

éyovue f(x) = S(f,x) yia kdBe x € R. Edikdteqa,
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onAodn
5 i
S ==
= (2k 4+ 1) 8
Téte,
o0 o0 o0 o0
1 1 1 w1 1
Tl mrr T mPE 8 Ti i
k=1 k=0 k=1 k=1

Tt éTou ETeToL OTL

16. 'Ectw f € L{(T).
(o) Agiéte ot

27T
lim J [f(x +t) — f(x)] dA(x) = 0.

t—0 0

(B) (Ariyua Riemann-Lebesgue). Aei§te 611, yia kdbe n € N,

27T

J'Z7T f(x) sinnx dA(x) = —J

f(x + E) sinx dA(x).
0 0 n

KOl GUUITEQAVATE OTL

27T
lim J f(x) sinnx dA(x) = 0.
n—oo 0

Ymobeién. (o). YmoBétouue mpodta ot n f elvon guveyng. E@dcov, elvon kot 27t-mreprodikii da
elvar opolduopea cuvexng 6to R. Av € > 0 tuydv, vitdexel & = d(e) > 0 dote av [t| < § Téte
[f(x +1t) — f(x)] < € yia kGOe x € R. Emouévwg, av 0 < [t| < & tdte,

s

Jﬁ [f(x +t) — f(t)] dA(x) < J e dt = 2me.

—T7T

AvTto agtodeikviel To ¢ntovuevo GTny TTeRlTTTmon Tov n f elval Guveyng. Xtnv yeviki meQimtwon,
7 7 7 s 2 7t 7 7
Yewpovue Tuxov € > 0 kou e Guveyn 27-TTEQLOSIKA OGTE ffﬂ [f —fe] < &. Tote, ue xpnon tng

TELYWVIKAG AVIGOTNTAS TTO{QVOUUE:

s

Jﬂ If(x +1) — f(x)[ dA(x) < J If(x +t) — fe(x + t)] dA(x)

+ r Ife(x + 1) — fe(x)[ dA(x) + J Ife (x) — F(x)[ dA(x)

—7T
7T

_ 2[“ (%) — o ()] dAGY) +J o (x + 1) — Fe (x)] AA(X).

—7T

"Erteton o7,

7T 7T
limsupJ [f(x +t) — f(x)] dA(x) < 2£+limsupJ [fe(x + 1) — e (x)] dA(x) = 2¢.
t—0 —7T t—0 —7T
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Kabwg, to € > 0 ritav tuxdv To ¢ntovuevo £TeTal.
(B) Me tnv aldayn LeTaPAnTing x =y + 7/n €youue:

_nt
TT—x

J:{ f(x) sin(nx) dA(x) = J

—m—=
TT—x

t(y+7) sinm+ny) dA(y)

_ Jﬂ £ (e 2 sinfrve) dAGo).

Emouévwg, umopovue va yedypouye:

% rn ‘f(x) —f(x+ g) ‘ dA(x).

<

Jﬂ f(x) sin(nx) dA(x)

Toeoa, to cuuTtépacua éretor aTté to (o) yo t = m/n — 0.
17. (@) Oswpdvtac tny weELTTh emtékTacn tng cosx aid 7o (0,7) oro (—7, ) \ {0} Seikte 61

8 — ksin(2kx)
COSX = — _—
Z 4k2 —1
k=1
yia kdbe 0 < x < Tt
(B) Oecwpdvtas thv detia eméktacn g sinx amwd to (0,7) oto (—7m, ) Seifte 61

ee]

. 2 4 cos(2kx)
sinx = -2 pEoq
yia kdbe 0 < x < T
cos X, 0<xm
Ymobeién. (o) Emextelvovue v f: [l — R ue f(x) = 0, x =—m, 0,1 og Wwa
—cosx, —Tm<x<O0

271-mreuodikn cuvdptnon ¢° 6Ao to R. Emouévwg, elvar ax (f) = 0, apov f sepurti ko

7T

by (f) = f(x) sin kx dA(x)

Al= Al A=

J—TT
r7tT

cos x sin kx dA(x)

JO
s

[sin(k — 1)x + sin(k + 1)x] dA(x).

JO

Av o k glvon TteQLTTog, ToTE PAETTOUUE EUKOAL OTL by = 0 eved av o k = 2s TdTE

8 s
bos(f) = — .
ZS( ) 7_[452 _1
Yvugtepatvouue 4TL
8 — ksin(2kx)
S(f,x) = — —_— .
(=20 ey
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A@ov n cepd S(f) cuykAiver ouorduoepa kou n flo ) elvou cuvexiic, émetar (egnyncte yuatl) 6t
av 0 < x < 7 téTE

Z k sin(2kx)

4k —1 -
k=1

cosx = flg.n)(x) = S(f,x) =

I to (B) SovAevovue avdloya.

4.2 QOuado B’

18. (o) I'ia kdbe k € N dérovue

Aeigte ot av k > m 1d71¢

ALlX) = A ()] € T
yia kdfe 0 < x < 7.
B) Av A\ = Ay = -+ = Ay >0, Seléte 6t
- m+1
J%H}\j SRS | sin(x/2)]

yia kdfe n >k >m > 1 ko yra kdfe 0 < x < 7.

Ymoben. (a) ‘Ectw k > m. T'pdeouue

k
Ar(x) = Am(x) = > sin(jx) = i i 72 Z sin(x/2) sin(jx)

j=m+1 el
k
T2 sm(x/2) Z [COS (J - 1/2)X — cos (J + 1/2)x]
m+1
2 Smix/Z) [cos (m +1/2)x — cos (k +1/2)x] .

A6 v |cost| < 1 émmeton 1

2 1

[Ak(x) — Am(x)] < Asin(x/2)] - |sin(x/2)|
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(B) Xenowottotovue dBgoton katd uéon: eivor

Z Aj sin(jx) Z A ( Aj-1(x))

j=m+1 j=m+1

= MAKK) = AmpAm(X) + D> (A = Aj)A;(x)

j*m+1
= Me(Ax(x) — Z Aj1) (A (x) = Am(x)),
j=m+1
oot
Ams1Am(x) = [Ax+ Z A | A ().
j=m+1
Tote,
k
> Aysin(ix)| < AdA(x) — Am(x)] + Z A 1)IA; (%) = A (%)
j=m+1 j=m+1
1 k—1
<S———— | A A — N
g/ (Mt 2 A
j=m-+1
_ )\m+1
|sin(x/2)|

19. Ecton e Nkat M > 0. AvA; 2 A2 2 --- 2 A 2 0 kot kA < M yia kdbe k = 1,...

Sei&te o1

+1)M

yia kdbe x € R.
YroSetén. Matogovue va vtobécouue L 0 < x < 7 (egnynate ywatl). Tpdeouue
Z?\k sinkx = Z?\k sin kx + Z Ax sin kx,
k=m-+1

6mov m = min{n, |7t/x|}. Twa To TEWTO dBOLGUA Exouue

m
M sink Mk
0< kZ_lAk sin(kx) < kZI %" < Z X _ Mmx < M.

T To Sevtepo dbBpolGua ¥ENGLLOTIOOVUE Thy TTEonyovuevn doknon: eival

)\m+1 M <M
sin(x/2)  (m 41 sin(x/2)

7n7
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didtt m+1 > 7t/x, doa
Tt 2%

(m+1)sin(x/2) > —— =1
X 27
agd v siny > 2% 0<y<m/2
20. (Aruua tou Steckin). ‘Eotw f(x) = Ag + Zgzlo\k coskx + i sinkx) tolywvouetpikd wo-
Avdvuuo kal €6t X € R ye tnv ibidtnta
f(x0) = [|f|loc = max{|f(x)]:x € R}.
T0TE

Aeikte 6t av [t < T

f(xo +1t) > [[f]|co cos(nt).

Ym6Seign. Oétovue A = ||f||oo ko 0pitouue

g(t) = f(xo +t) — Acos(nt).

Av vTroBécovue 6Tl To gntovuevo Sev oxvel, TéTe LITdEXel 0 < [s| < T wote g(s) < 0. Xwelg
TEQLOQLOUS TNG yevikdTnTag vItoBéTovue 6Tl 0 < to < 7. T kdbe k = 0,1,...,2n dérovue
t = kf Kol éyovue

g(tx) = f(xo + tx) — A cos(km).

Iagatneovue 6t f(tg) = f(xo) =0, f(s) < 0 kaw yia kdBe k =1,...,2n €ovue g(tx) >0 av o k
elvar sreprrtog kaw g(tx) < 0 av o k eivan dptiog. "Egtetan 6t n g(y) = 0 €xel TtovAdyotov 2n+1
pltec oTo dudotnua [0, 271). Autd elvor AToTTO: £val TELYWVOUETEIKG TTOAVOVULUO Babuod 1 éxel To
TOM 21 plteg oo [0, 271) (enynote yati: n StdoTaon Tou YHEOL AVTHV TV TTOAOVUL®Y lval
2n+1).

21. (Avieétnta tov Bernstein). ‘Ectw f(x) = Ag + ZE:I(AK cos kx + py sinkx) Toryovouetpikd
ToAvdvuuo. Agiéte 1L
1llco < I floc-

Ymobeign. Iaipvovtag av ypetactel To —f atn 9€on tou f, Yewpovue x¢ Té€T010 MGTE
/ /
f'(x0) = ||| co-
7 7 _ 7 ’ 3 3 7T 2
Hagatnericte 6Tl f(xo) = 0. A6 tnv TEoNyovuevn doknon, yia kabe [t| < T €xovue

f'(x0 + t) > ||f']|oo cos(nt).

TN (TN [, o[
f(xo+2n) f(xo 2n>—J_ﬂf(xo+t)dA(t)>||f||mJﬂcos(nt)d)\(t)

2n T on

sin(nt)

mo 2
{0

n

. [
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"Eqtetar 4TL

1]lo0 <

(I (o )l [ (o=50) )

n
2
n
5 " 2lflloc = 1{[flloo-

N

22. ‘Ectw [a,b] kA&GT6 SidoTnua 70U TEQLEXETAL GTO £GWTEQIKG TOv [—T, 7], Ocwpovue Tnv
f(x) = X[a.p](X) 7OV 0plteTon oTo [—T, M| A Tic f(x) =1 avx € [a,b] ka f(x) =0 allidg, kat
v eqrektelvouue 2m-mrepodikd oto R. Aegilte 6T n ceipd Fourier tng f givar n

b—a e—ika _ o—ikb
S(f,x) = el
(f.x) 27 + kZ;eo 2mik

Acitte 6mt n S(f) Sev cuykdiver agtoAvtws yia kavéva x € R. Bpeite ta x € R yia ta omoia n
S(f,x) ovykAivel

Ymodegn. Iogatngovue ot

~ 1 (™ 1 (° b—
f0) = J f(x) dA(x) = J dA(x) = — ¢
2 ) _ . a 27
Av k # 0, égouue
R 1 . e—ika _ o—ikb
f(k) = J e AANx) = ————
27 ) ik

‘Emtetal 6T ) )
R e—itka _ o—ikb

~ . b—a .
S(F.x) =F(0) + )_fll)e" =——+) —————e'.
k#0 k#0

H S(f,x) 8ev cuykAivel agtoAMiTtog yio kavévo x € R. Oa émpete va GuykAivel n Gelpd

—ika __ efikb| ik(b—a) __ 1|

b—a le b—a le
o +kZ¢O 97K = +Z 9rKk]

b—a
27t

ouéveg To TANB0G TWES, OAES SLaPOoQETIKES ATtd 1, evad av o

H celpd ovtn agtokAiver: av o

elvaw entog téte n akolovbio {elk (b—a)y TCOLfQVSL :rte:ItSQOL—

b—
27

(etk(b=a) eivar opolduop@a Kataveunuévn otn uova&ma TEQUPEQEELQL, KOL OVTO GUVETTAYETAL
6L o ABog v [k| < N yia toug omoioug [etk(P—a) — 1| > % elvar peyadvtepo amd N yo
kdarolo otabepd ¢ > 0, doa

N |eik(b4—a)__

Tt logN = oo,
omlK| 2108 0

k=—N

23. Eotw T(x) = Y 1_ ¢k et toywvousToikd molvdvuno. Ymobétovue 6t To T maipvel
DeTikés TEAYLATIKES TWWES. AelETe GTL VTTAPYEL TELYWVOUETELKG TToAvdvuro Q dote
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yia kdfe x € R.

Yrobeign. Xwplig meuoQuond tng yevikdtntog vitobétovue 6Tl ¢y # 0. Iogatnencte 6t c_y =

Ck Y kdBe k =0,1,...,m kot 6Tt

co = % JnﬂT(x) dA(x) > 0.

Oecwpovue To Wyadikd TOAVOVUULO

n
P(z) =z" Z ez =cn+ernz+ - +en™
k=—m

ITapatngovue 4t

n n
Piz= Y crto Y otk

k=—m k=—m
n n n
— § Cisznfk — E szmfn — Zfzn § CmZern
k=—m m=—mn m=—n
=z "P(z2).

"Ewetan 6L P(z) = 0 av kow uévo av P(1/z) = 0. Emiong, P(0) # 0 kow P(w) # 0 yia kéBe w € T,
S16TL av W = e'* 161e P(W) = e"™*T(x) # 0 agwé tnv vmdéPeon 6L to T Sev undevicetar. Aga, ot
pltec Tou P eivan n gevyn zy,1/Zc ue 0 < |z| < 1. (k =1,...,n). Andadn, vitdeyer a € C daote

P(z) :aH(z—zk) (Zzlk)
k=1

k=1

O¢tovue Pi(z) = []i_,(z — zk) ko apatnovue 6t

k=1 m
()
= i 2(- -z
Z1 Zn vl z
1 n,n 1
()
ZyZn z
Aga, av |z| =1 éovue
—_— _1 nsn 1 P
Pt = P = [0, (1) - R
Z1: " Zn z |z1- - znl

Tohea yedpouye

[Pa(et)|

T(x) = [T()| = e~ ™ P(e™)] = |aPi(e™)Py(e™)| = [a] - [Pi(e™) :
21 2nl
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KoL av opicouye

€xovue
T(x) = |Q(X)|2, x € R.

KOl

(B) Ectw (tx) @Bivovca arxolovbio Jetikdv mpayuatikdv apifudv ue ty — 0. Aeifte 61 o1
0elPés Y no gt coskx kar Y po gtk sinkx cuykAivouv katd onueio oo (0,27) Ko opolduoepa
oe kdBe Sidatnua [5,27 — O], dmrov 0 < & < 7. Xuugtepdvate 6Tl 0QIOVV GUVEYEIS GUVAQTHTELS
oo (0,2m).

Ymodeign. (o) Todoouue Ay (x) = %—i—ZE:I cos kx kot xpnaoyoolovue tnv Tavtdtnta 2sinacosb =
sin(a —b) + sin(a + b) wg egng:

2sin(x/2)An(x) = sin(x/2) —i—ki_l [sm <f — kx) + sin (% —i—kx)] =sin (n—i— ;) X

TN kaBe x € (0, 27) eivon sin(x/2) > 0, doa

sin (n+ %) X

Anlx) = 2sin(x/2)

Av 0<d<mibte YLOL kG0e x € [, 2m1—0] chvst sm(x/Z) sm(6/2) Emouévwg, éxovue |An (x)| <
= cos(a—b)—cos(a+Db)

KO €QYATOUATTE AVAAOYOL.

®) T va Sef€ovpe Tnv kotd onuelo kot opolduoeEn ciyrAion Jo xenoyYloITONGOUUE TO KQLTAELO
Tou Cauchy yio GelREQ TTEAYLATIK®OV AELOULOV KOl GUVOQTAGEMV avTiGTOoLXa. Od XENGLLoITTONGouUE
To koutipuo Dirichlet: Av (en) eivar @Bivovsa axkoAovBio un aEvVRTIKOV 6wV ue €, — 0 Ko
Y 0| Un GELQ4 TIQOYLOTIKMV aQLOL®V Ue @Eayuéva ueikd abgolouata, Sndadn vitdexel ctabed
M > 0 dote ug+ - + un| < M yia kGOe 1 € N, 16T n GeWRd Y | €nlin GUYKALVEL

Toea, T0 yeyovos 6T n cewpd Y g ti coskx elvan GuykAivovsa efvon duecn cuvémela Tov
(o) og ouvdvaouod ue to kertiglo Dirichlet. o tnv ogowdpopen GUykAGn oQKel vo TTAQATNENGEL
Kkovelc 0Tl n VITEBeGN TWV OUOLOLOQEPA PEAYUEVEOV ABQOLGUATOV O TTEOS T OEKEL VO AVTIKOL-
TaoTofel Ao Ty VITEPeGn TWV OUOLOLOEEA EEOYUEV®Y 0BQOLCUAT®V K¢ TIEOS L KL WS TIROS
x € [8,2m — 5.

Mua GAAR, TT10 dpecn arddeten (n ogroia duws aroAovbel tnv (St 1Wéa) Ya Atav n egng: 'Eotw
x € (0,271) tux6v add otabepd. Oswpovue v celd aEudy Y po tx coskx. Iapatnpnote
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amd to () 6t coskx = Ay(k) — Ax_1(x) ue Ag(x) = % Téte, av 1 < 1 < m uiwopovue va

yoedouue:

m m
Z ty cos kx| = Z tr(Ak(x) — Ax—1(x))
k=n+1 k=n-+1
m—1
= |~tnrAn() + ) (b=t Ak(X) + tmAm (%)
k=n+1
m—1
<tnplAn(¥)+ ) (= tir A ()] + tmlAm (X))
k=n+1
J[n+1
<2t A S —=
n+1n+”11<2]1<x<m| k()i sin(x/2)

amd 1o (a). Kabog, txy — 0 émetan amd to kettigo tov Cauchy 61l n cepd Ziozl ty cos kx

ouykAivel. Iopatnpnote 6t av x € [5, 2t — d], tte

i t
t kx| < -,
Z ke €08 sin(6/2)
k=n-+1

OUOLOUOREO. WS TTROS X, ETLOUEVHS N GELRA Zle ty cos kx GuykAivel ogotduopea Gto [6, 27T — d).
Aot éyouue GelRd GUVEX®V GUVAQRTAGEWY, £TeTol 0TI dBoloud Tng eivar Guveyng cuvdetnon
oto [6,21 — 8]. Emedn to & € (0,71) fitav tuydv, éxovue 6Tl n cuvdptnon f: (0,21) — R ue
f(x) = > poqti coskx eivar cuveynic. T Ty dAAn Gelpd eQyagouacTe avdioya.

25. Eotw f € L1(T) kot g € Lo(T). Acikte 6T

lim IJ f(x)g(nx) dA(x) = £(0)g(0).
T

n—oo 270

Ymobeign. Agkel va Selgovue to Cntovuevo GTnv Tegitttwon mov n f elval TEY®WVOUETEIKO
moAvdvupo. Téte, odokAnpdvouue Thv aTédelEn og efig: av f € LY(T) ko & > 0, Poiokouvue
TOLYOVOUETEIKS TTOAVOVULO Pe TéTOWo doTe ||f — pe|l1 < € kaw yodpouue

1 J fx)g(nx) dAx) — ?(0)5(0)’
T

27
<L J 1£(x) — pe ()] g (x)] dA(X)
27'[ T

1

+ g | peblgtmaanco —152(0@0)] +1p2(0) = (0} [g(0)
T

< It pelullals + [, |pexIgtmxiante) - 5E(0)g0)| + Ip. ~ o)

<ellglloo + GO + ';ﬂ | petgmaaria —am)a(m',
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KOl OPRVOVTOS TO M. — 00 Jtalpvouue

lim sup < e(]|gllee + [g(0O)]).

n—oo

1 ~
o || Tgmx)aAx) — F0)g(o)
T
Aot to £ > 0 Atav Tuxdv, €meton OTL

lim | LF f(x)g(nx) dA(x) — F(O)g(O)' ~o.

n—oo | 27T

YmoBétovpe Aoty 6L n f efval TELyoVOUETERG TTOAVOVULO, Kol AdY® YQAUUWKOTNTOS TOV Cn-
TovUEVOL WG TEOS  uIropovue va, vItofécovue 6Tl f(x) = et yia kdmowov k € Z. Av k = 0
elvar @aved o6TL

11

% Lr gAY = 1 on J_m 9(y)dA(y) = % -ni Lr g(y)dA(y)

1 ~
2nJT9(9) (y) =g(0)
yio kdBe n € N, Adyw tng megrodikdtntag tng g. Mével va delgouue oTL, yia kdbe k # 0,

(%) lim 1J e *g(nx)dA(x) = 0.
T

n—oo 271

ITapduoto emixelpnuo ue To aQykd delyvel Tl uropovue va vITobécovue 6t n g elval TEywvo-
UETEIKG TTOAVDOVUUO. Y€ QUTAV Thv TieplmToon eAdéyyouvue thv (k) ue agtAég TpdEgets.



Kepalaro 5

IIgoGeyyiGelg Tng Hovadag kat
AOQpolcuotnta

5.1 Oudda A’
o0
1. 'Ectw cr osglpd mpayuatikdv aplbudv. Opitovus Sy, = €1+ - - - + Cn. Agifte dT1
Qa JTRaYH QoYU LSOV,
k=1
o
(@) Av n celpd Y_ cx ovykAiver 6Tov s, ToTe eivar Abel abpoiciun GTov s.
k=1
o0
(B) Av n cepd Y cy eivar Cesaro abpoiowun ctov s, téte eivar Abel abpoicun otov s.
k=0

Ymébeitn. () Amodewkviovue TEOTA OTL

(%) chrk = (I—r)Zskrk.
k=1 k=1

®<tovtag sg = 0, €xovue

YmoBétovue TTEATA OTL Sy = ¢+ -+ + ¢y — 0. Emewldn n (sx) elvar cuykAivovoa eivor kot
eoayuévn: vrtdxert M > 0 dote [si| < M yua kdBe k € N. ‘Ectw € > 0. A@oV s — 0, vrtdoxel
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ko € N @ate av k > kg 161¢ || < €. ITalpvovtag agtdéiuteg Tiwég atnv (*) éyovue

00 ko 00
chrk < (l—r)leklrk+ (1—) Z |sy /™
k=1 k=" k—ko+1

(I—T)MT

—l—s (1—1) Zr
<M(1—rk°)+e.

Av guAégovue 1o € (0,1) dote M(1— r 0) < g, TOTE Yo KABE To < T < 1 €xovue

o0
> et
k=1

T0 omoto Selyver 6T Y §o ckr® = 0 kaBdg T — 1.

< 2¢,

YTn YEVIKA TEQITTOON, YENOGWOTTOWWVTAS Thv (), yedeouue

o0
Z (1—1) Zskr

k=1 k=1
[o¢] (e ¢]
=1-7) Z(sk — )4+ (1—1) Zsrk
k=1 k=1
> T
=1-r — ) (1—1)s - ——
(1=71) ) (s—s)r+(1—1)s
k=0
—+0+s=s.
T to B): astodetkviouye TEOTA GTL
o0 [o.0]
(%) chrk = (I—r)ZZkark.
k=0 k=1
‘Eyouvue OTL Opqq = w Apa, détoviag op = 0 éyovue sy = (k + 1ok — kox ya
k=0,1,.... Téte, yENGWOTOLOVTOS KOL TNV TEOTN TOVTATNTA ATTO TO (), EXOUUE
o o
Z Ck 1—r Z skr
k=0 k=0

o
1—r Z 1oy — koyrk
k=0
o0 o0
(1—1) Z kcrkr Z kcrkrk
k=1 k=1

o0
(1—r1) 2 Zk(fkr
k=1
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‘Emetal 6T
o0 o0
Z ekt = (1—1)? Z koyr®
k=0 k=1
o0 o0
=(1-1)? Z(O‘k —s)kr® + (1—1)? Z skrk
k=1 k=1
o
=(1-1)? Z(O‘k — s)kr® + s,
k=1
OITOV YENGOTTOLOVUE TNV TAVTOTNTOL
> X
D k= s —l<x<l.
(1—x)
k=1

AoV n Z?:o ck elvan Cesaro abpoicun ctov s, éyovue o —s — 0. Eidwkdtepa, n (o — s)
efvar @eoayuévn. Anndadn, vmtdexer B > 0 dote |ox — s| < B yua kdbe k. Aol ox —s — 0,
vrtdeyel ko € N oote av k > ko tdte |0} — s| < €. Mwwopovue va ypdwouue

00 ko 00
S et —s| < (1= o —shkr*+ (1—-1)% Y Jox—slkr¥+[s — 3]
k=0 k=1 k=ko+1

<(1—1)koB(1—150) + er+ (1—1)[sl.

"Ectw 19 € (0,1) dote Bko(l—rg") < e rar (1—71g)ls| < e. Tdte, av 19 < 1 < 1 épovue

o0
> e
k=0

Avté Selyver 6T Y 5o T — s KaBdS T — 1.

<e+ter+ (1—r1)s| < 3e.

2. ’Eotw f,g: T — C odokAnpaciues cuvapticels. AgiEte 6tL, yia kdbe n € N,

(sn(f)) * g =sn(f*xg)="~x*(sn(g)).

Ymr66etén. Ouunbdeite 6L s (f) = (f*x Dy ) kow 6TL n TRAEN * Thg GUVEMENG £lval TTROGETAQLGTIKA

KoL UeTAOETIRA:
sn(f)*g=(f*Dn)xg=Fx(Dnxg)=Fx*x(g*Dn)="F*xsn(g).
‘Ouola Selyvouue ko Tnv dAAN eéTnta.

3. Eotw {Ks}s=0 uia okoyévela kalov suprivov. Asifte 6t yia kdbe p > 1,

1 s l/p
lim ||K =l — K PdA = .
tim ksl = tim (5[ KsIPaAR) = boc
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Yrodeign. "Eoto p > 1 kot q 0 Guguyig ekBétng tov, dndadn 1/p+1/q = 1. Twa kdbe 0 <n < 7
Yeweovue T GUVAQRTNON gy = X[—nn]- A6 Tnv avicétnta Holder mwalgvovue

1 1/q

/sl = (5 [ om0 a0 ksl > 5

on

| Kotignt0 areo

AT6 v dAAN TAELEA, ATTO TIC WOLGTNTES TWV KAADV TUERV®V Jtalpvouue

1

7| Kslxlgalx) aAx)

_ ‘1_ IJ Ks(x) dA(x)
n<|x|gm

27

‘Eoto M > 0. Ymdoxer n € (0,7) dote (m/n)/9 > 2M. EmmAéov, vitdoyel 89 > 0 dote
av 0 < 0 < &g ToTE ‘ﬁfn<\x|<n Ks(x) d?\(x)‘ < 1/2 (ggnyncte ywotl). Tuvdudgovtas 6Aa Ta
TTaEATTAVE PAETTOVUE OTL av 0 < & < g TdTE
1 s 1/]9
K = = K PdA > M,
ksl = (x| _Iks a0
10 omoto Seiyvel 6T || Ks||p — +oo kabwdg & — 0.

4. ’Eoto f : [-m,m — R dpnia odokAnpdoun cuvdptnon ue tnv i8idtnta: ax(f) > 0 yia kdbe
k > 0. Aciéte 6Tt

o
Z ax < +o0.
k=0

Ymébeign. Av Pewpricouvye 10 N-o6Td pepikd dbpotcuo Cesaro tng f tdte yia kdbe n € N
UIToQOUVUE VO YEAWOUUE:

1 2n—1 1 2n—1 1
Oon-1(f,0) = 5= Y sm(f,0) > o= > sm(f,0) > Zsn(f,0),
n o n = 2

86T s, (f,0) = ap/2+ a1 + - + am kA ax = 0 yua kGOe K, Gpa sm (f,0) > sn(f,0) yia kdGbe
m=n,n+1...,2n — 1. Awé tnv dAAn TTALLEA yvmEitovue AT

|0an—1(£,%)] < [[f % Faniloo < [[f]lool[Fan—1llt = [Ifllo

yia kdbe x € R. ‘Etot, ta peikd aboolouata tng ) o dn elvan dve @eayuéva:

n

D <250 (f.0) < 4f .
k=0

JTOU OTTOSEKVUEL TN GUYKRALON TNG GELRAC.

5. ’Eotw f: R — R guveyric guvdptnon sov tkavostolel tnv

f(x) = f(x +1) = f(x + V2)
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yia kdbe x € R. Aeikte 6Tt n f eivar otabepn.

YnéSeign. Oewpovue v g(x) = f (5%). AT v vitébeon éovue 6TL n g efvan 27-TEQLOSIKA,
ko g(x) = g(x + 2v/27) yio kGBe x € R. Ta kdBe k € Z éyouue

T T+2 /27
~ 1 ik 1 ik(x—2v2
gk) = J g(x)e " *dA(x) = J g(x — 2v2m)e  tk(x=2v2m) q)\(x)
2 ). 21 ) _ni2von
. 1 T+2 \/QTE . . 1 7T .
— e1k2 Vo L J g(x)e_lkxdk(x) — elkZ V2 b J g(X)e_lkxd)\(X)
21 ) o on 21 )

— eik2 \/ﬁn/g\(k)

Av k # 0 éyovue etk? VIR 4, doa g(k) = 0. "Emetan 67 g(x) = g(0) ywa kGBe x € R, SnAadri n
g elvon atabepn. Apa, kaw n f elvow ctabepn.

6. Eotw f € L1(T) ovvdptnon. Ymobétovue 6T, yia kdgtowo x € R vtdpyovv ta mlsvpikd dpia

f(x—0):= lim f(t) wkar f(x+0):= lim f(t).

t—x— t—xt
Agi§te 6T n oelpd Fourier S(f) tng f eivar Abel aBpoiciun 6To onueio X: JTl0 GUYKEKQIUEVQ,

lim A, (f)(x) = lim (f*Py)(x) = f(x —0) +f(x—i—0)'

r—1— r—1- 2

Yrédeign. "Ecto € > 0. Ymdoyer & > 0 dote: av 0 <y < 6 t6te [f(x —y) — f(x — 0)| < &£/2 ko
av =8 <y < 0 tote [f(x —y) — f(x + 0)] < &¢/2. Xpnowomoudvtag To yeyovos 6Tt n Py elvon
deTia, un oQEVRTIKN cuvdetnon ue uéon twi 1, ypdeouue

(4P — TEAEIEZO 7 b it —y) aay) - IO
0
— le[JﬂPr(y)[f(X-y)—f(X-l-O)] dA(y)
N ;TEL Pr(y)[F(x —y) — f(x — 0)] dA(y).

T Tov TTedTo 60, £xouue

1 (° 1 [
J Pr(y)[f(x —y) — f(x +0)] dA(y) <27[J6 Pr(y) [f(x —y) — f(x + 0)| dA(y)

) .

1 -8
bgm | el Il y) — fle 0 dhfy)

[Mapatngovue éti av —d <y < 0 tote [f(x —y) — f(x + 0)| < &¢/2. Xvvemwg,

1 (© ¢ (0
%L Po(y) [f(x —y) — f(x + 0)| dAly) < 47:L—, P (y) dA(y)

£ £

< MJN Prly) dAly) = 7.
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A6 v AN TAgLEd,

1 -5 1 —d
%Jﬂ Pr(y) If(x —y) — f(x + 0)[ dA(y) < ZT[JW Pr(y) (If(x —y)| + [f(x + 0)| dA(y)
—5
< 2”2];'[“’ J_ﬂ Pr(y) dA(y) — 0

KRAOOS To T — 17 (eEnynote ywotl). Tuvertdg, vitdeyel To € (0,1) dote, yua kdbe 1o < T < 1,

5
Zlﬂj_ﬂ P (W) If(x —y) — f(x + 0)| dA(y) <

N ™

Yuvudgovtog ta ToATdve, PAETTouuE dTL

0
| Pl —y) = flx+ 0) Ay 0

kaBwg To T — 17. Me Tov {810 TedTo cuumepaivouue 6Tl

3 || Pewlx—y) —x 0} arfy) - 0

kabwc to 1 — 17. IIpogBéTovtag, TTaipvouue To ¢nTovuevo.

7. Tia kdBe n € N opigovue

Quit) = on (F1221)

o0gtou n Jetikni aTabeRd oy ETIAEYETAL £TGL DGTE va €youue

IJ Qn (1) dA() = 1.

2 ),
Aeikte ot av f: R — C eivar ouvexric 2m-meptodikii cuvdptnon, TOTe
0,
FxQn 21
Hapatnpricte 611 AUTO Sivel akoua Ui asrodelin ToU «TEIYWVOUETOLKOU» JTROGEYYL- GTIKOU Jew-
priuatos Weierstrass.

Yrodeign. Aeiyvouue 6t n {Qn} elvar arkolovbio KOAGY TTUERVEOV. ATTG TOV 0pLoUo6 Tng, kdbe Qn
, 7 7 7 , s , 7
efvar GeTio, un aEVNTIKA GUVEQETNON KoL IKOVOTTOLEl Tnv ﬁ J7 Qn(t)dA(t) = 1. Agrel Aowrdv

va Set€ovue 4T, yio kdbe 0 < & < T,

J Qn(t)dA(t) = 2 J " On(DdA() =0 Stavn s oo,
S<|tIkm 5

"Bt 0 < & < 7. Iapatngodue 6T HCT"S“ < w <1y kdBe t € [5,71]. Tuvemag,

1—|—c0s6>n

r Qn(t)dA(t) < 2moy <
5 2
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Oa Seifovue 6Tl o, < 4(n 4+ 1), omdte To Tntovuevo fmetor amd tnv lim (n 4+ 1)0™ = 0 yo
n—oo
0 — 1+02056 <1

Tpdpouue

2 7T 1 n 7T /2
o 2J (J“C"St) - 2J cos? (t/2)dA(t) = 4J cos?™ y dA(y).
on 0 2 0 0

H f(y) = cosy eivaw koiAn ato [0,7t/2] kou f(0) = 1, f(71/2) = 0. Tuvemdg, cosy > 1 — 2713 yio
k@Be y € [0, 71/2]. TuvBudLovTtag Ta ToEATTEvVe TTaigvouue

27 /2 2y\ 2" ! 4r
>4 = dA(y) =2 1—s)?"ds = )
J, (%) oo =anfamamas =

2n—+1

AnAadn, o < 5

AoV n {Qn} elvar akolovbia KAV TTLUEARVKOVY, Yo KEOe cuvexn 27-TeQLoSIk GuvdpTnon
f:R — Coyver fxQn & f. Té\og, apatnpovue 6t kdBe Q elval TELY®VOUETEIKS TTOAVDVULO.
Apa, ou cuvagticels f* Qn elvon TEywvouetEkd ToAvdvuna (egnynate ywatl). ‘Etal, €xovue
ATTOBELEN TOV «TELYWVOUETELKOU» TIROGEVYLGTIKOU Jewpnuatog Weierstrass.

8. Ia kdbe n € N opitovue

omov Fy elvar o n-0016¢ grugrivag tov Fejér. Aeiéte 6t av T € T elval ToIy®wVOUETELKO
ToAvavuuo Babuov uikedtepov 1 {Gov aTd n, ToTE

T(x) = =2n(T * Gn)(x)

yia kdfe x € R. Yvumepdvate 6Tt

T () < 2nT]loo

yia kdbe x € R. Avti eivar wa «acBeviig» éxdoon tng avicétntas Tov Bernstein, n omoia
wyveigetar 6T || T ||oo < M| Tlloo V1t kdbe T € Thy.

YnéSeign. To §vo uéin tng weétntog T/ (x) = —2n(T * Gy )(x) elvan yoouukd wg pog T, aprel
Aoréy va v emtainfeicouue yio OAES TIS GUVOQTAGELS Ty (x) = et k| < n. "Exouvue

Ty (x) = iket™
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Kal
1 Tt
(TexGu)ix) = 5o | Telx—y)Gnly) dA(y)
—7T
1 (™ ik
o | VIR ) sin(ny) an(y)
—7t
n—1 |S| 1 7T . .
_ < _n) ZﬂJ (1) 15U gin (ny) dA(y)
s=—n+1 -7
n—1 71 in —in
_ ikx _ sl 1J sy e — e ™
- Z < n) 21 |_ o 21 dA)
s=—n+1
1 e« SN 1™ is—krn)y _ Lils—k—n)
_ 1 ikx T i(s—k+n)y ts—k=mJy] gA(y).
. SZM< n) =l e J dA(y)
"Exouvue
(" i(sfk+n]yd}\ 0
| e () =
eKRTOC av s = k — . ko
I i(sfkfn)yd}\ 0
] e (y) =

ektog av s = n + k. To medTo uiopel va cuuPel uévo av k > 0 kow to Sevtepo uévo av k < 0.
Yuvemtwg, av 0 < k < n €youvue

1 —k k —ik .
(Tk * Gn)(X) _ felkx 1— L _ felkx — ;elkx.
21 n 2ni 2n

Av — < k < —1, éyouue

1 . ) —ik .
(T # G (x) = —o-etox (1 22X L L.elk" _ Wik,
21 2ni n

Ye kdbe meplmtwon, av k # 0 waipvouue
(%) Ti(x) = —2n(Ty * G (x).

Av 7t k = 0, ta 8Yo uéin tng (%) elvan (oo ue undév. “Etol, €xovue amodeiger tnv T (x) =
—2n(T * G )(x) yo kGOe TEYOVOUETEIKG TTOAVGVLULO Babuoy wkEdGTEQOL N {Gov aTtd N.
Tdte, yia kdbe x € R €youue

Tl = 2T« G0l < 2ng | [Tx =yl Faly) sinnyl dA(y)

1 7T
p znnTuoozﬂj Fa(y) dA(Y) = 20 Tllco.
—7

9. ’Eotw f : R — R ovveyric 2m-mepiodikri guvdptnon kol €070 ay, by ot cuvtedeotés Fourier

wng f. Av
1 n
. /.2 2 _
nle nkg_lk ay +by =0,
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Seikte 0T s (f) —  ouoiduoppa oto R.

Ytédeign. Oewpovue Ty gn := Sn (f) — on41(f). Xenowosowdvtas tny oy, = w KOL TV

vTdbeon, da Sel€ovue 6Tl gn — 0 opoduopea oo R. Ilpdyuatt, uropovue va ypdypouue

l(so —sn) + (s1—sn) 4+ (sn—1—sn)l
n

lsn(f,x) —on(f,x)] =

n
Z ay cos kx + by sin kx)
k=]

M=

1
n

=
l
-

Sl

k

Z 1] (ak cos kx + by sin kx)
j=1

k

M= 1>

(ak cos kx + by sin kx)

Sl

—_

k|ay cos kx + by sin kx|.

YA\
3=
M= 7

~
I

Av yonoworomcovue v GTorelddn ovicétnta |acos 0 + bsin 6| < va + b2 yia a,b € R ko
0 € R, 161¢ Pplokouue:

1 n
|sn(f) = on1(f) |l < n E k (1]2< + bi — 0,
k=1

KRAOOE N — 00. AT To Jedpnua tov Fejér gpovue ||f — ont1(f)||cc — 0. AT6 Tnv TEIYOVIKA
avigétnta

I = sn(f)lloo < [If = ons1(floo + |on+1(f) = sn ()l

£€TETAL TO CNTOVUEVO.

10. ’Eotw f € L1(T). Aei&te 61 0 tedeotriic T : L1(T) — Ly(T) swov opitetan uéow tng T(g) = f*g
£xel vopua
[Tl = sup{lIT(g)llx : lglls < 1} = [If]]s.

Yne6Seign. T kdBe g € LY(T) éyouvue

TG = lIf* gl <|

doa o T eivan @eayuévos tedeotng ko ||T|| < ||f|l;. Hopatngovue 6T yia kdbe n € N woyder
[Fnlli =1, doa
ITI = [[T(F)l[ = [IFn o gl = llon(g)

1

AoV |lon(g) —glli = 0, éxovue ||on(g)|li — |91 Zvvemog,

1> tim llow(g)ll = llglh.
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~

11. "Eotw f € Ly (T) ue tnv ibidtnta [kf(k)| < A yia kdbe k € Z. Agikte 611, yia kdbe n ko yio
kdbe x € T 1oxvel
[sn (f, %)) < [[f[|oo + 2A.

Ymébeikn. "Exouvue

onpi(f.x) = Y <1 'k'> fk)e™ wa sn(f.x)= )  fke' ™.

k=—m n+l1 k=—m
Apa,
LT
sn(f,x) =0 f,x) + —f(k)e'"™™ .
n(f.%) = onpa(f.x) kg;{n+1()
AoV kaA(k)I < A yua kdBe k, émetan 6T
n ~
IKf(K)I, i 2n+1)A
f, < f, —|e"™| < f —_
sn60] < lowattl+ 3 SR < oDl +

< Jonnl]loo +2A.
A@oV ||on41(f)[leo = |If * Frtilloo < |Ifllool|Frt1llt = ||f]lco> Taigvouue to tntotuevo.
12. ’Ectw p > 1 kau €0t f € L, (T) ue v iétnta
T}HnoonHGn(f) —f|lp =0.

Agiéte ot n f eivon cTtabepn.

Ymré6etén. Ta kGOe k # 0 kaw n > || éyovue

WﬁﬁlﬂWL—O—m)ﬂm—ﬂmz—mmm
n n
Apa, N . )
IF0)1 = g 1(on () = ) < g llon (F) =l < ollon (F) = fl.
ATté v n|on (f) — f[|p, — 0 émetan 6T
If(k)[ < ﬁ nfon(f) —fllp = m .0=0,

~ ~ o~

dnAadn f(k) = 0. "Emeton 6t f = f(0) (6Aol ov cuvtedectés Fourier tng £ — 1(0) elvon (ool ue

~

undév, kaw f —f(0) € L, (T)).
13. ’Eotw (fn) axodovbia otov Li(T) ue tnv ibidtnta: yia kdbe g € Ly(T),

lm [lg =g fnfi=0.
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o~

AciEte 6T limp 00 Tn(K) =1 yia kd6e k € Z.

Yrié8eikn. ‘Eotw k € Z. Twa kdbe g € LY(T) éxovue

—~

(g—9g*fn)(k) = §(k) — (g * Fn) (k) = (k) — §(Kk)Fn (k) = G(K) (1 — Fn (K)).
Apa,
g —fr(k) =g —g*fn)(K) < [lg—g*fnli — 0.
Ozwodvtag v g(x) = e** (i v omoia g(k) = 1) wwaipvovue |1 — a(k)l — 0, dnAadn

liMn o0 fn (k) = L

14. Eotw f € L4(T). Aeifte 610 yia kdbe uetpriowo A C T, n cepd
> f(k) J etktA(t)
” A

elvan Cesaro afpolon oo [ , f(t) dA(t).
Yméberén. Ilapatnpovue 6T

n

Su= 3 09

k=—mn A

( > A(k)e““> dA(t) =J sn(£.1) dA(1).

YUVETIOC,

I
_ﬁ
p
VR
:
+>—k
p—

w
3
-
=t

v;

o
=
=

I
%

o]
3
x
-
=

o
=

AoV ||on41(f) — flj1 — 0, maipvouue

U Gn+1(f,t)d7\(t)—J f(t)dA(t)
A A

<[ Jona(r.0 = (0] a0
A
< H0—n+1(f) — le — 0.
Aoa, oni1 — [ f(t) dA(t), SnAadn n cewpd )y (k) A €™tdA(t) elvar Cesaro abgoiown Gto
J A () dA(t).

5.2 Oudda B’

15. ’Ectw f: [—m, 7] — R avovoa cuvdptnon. Asiite 6t vitdpyer M > 0 wote

~ M
fl<
K|
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yia kdfe k € Z \ {0}.

Ymodeign. Xonoyoirolovye tnv maQatignon 6t n f poceyyigetol agtd GUVOQTAGELS TNG LOEPNS

N
(+) 9() =D X[, .bs.1 (%),

k=1
6mov —T = by < by < -+ < bnyt = TR —||flle0 € B € of < N € |fllor T TV
aTTédelEn avToy Tov LoXVELGUOY, XWEIGTE TO [—||f||o, || f]lcc] 08 M Stadoxkd Sractiata Iy, ..., Iin
Tou Wlov unkoug, kol Jewenaote to J, = fYI), r = 1,....,m. Emewdn n f eivar avgovaoa,

kdbe ], elvar Sidotnuo 1 wovooivodo 1 To kevd gUvolo (egnynate ywatl). IIgokuTitel £TGL pio
Suauéowon —t = by < by < -+ < bnyg = © tov [~ 7T, dmwov [bg, bsiq] elvan exkeiva T I
Tov elvan Sactiuata. Av opicovue ts = inf{f(x) : bg < x < bgy1}, toTE [f(X) — ts] < % GTO
(bs,bs41). Emiong, —|flloc < t1 < -+ < tN < ||[f[loo, S0TL N f elvanr avEovca. Av opicouue

N .
gm(X) - ZS:l tSX[bS,bSJA}(X)’ TOTE

1 (™ 1
() on |0 = gm0l dx < —.

T A m
Av 8elgovue 6TL vitdyer otabepd M > 0 doTe yuo kKGOe GuvdpTnon g Tng woEENGS (*) Kot yio
kGBe k € Z va woyver |kg(k)] < M, té1e aaté tnv (*x*) saipvovue

o~ o~

kf(k)| < [kgm (k)| + [Kl[f(k) — gm (k)]
1 (™ 1
< M+IkJ 1£(x) — gom ()] dx < M+ k|-
2 |, m

yia kdBe m € N, kot aghivovtag to m — oo, BAéwouue 6Tt Ik?(k)l < M.
YrtoAoylgovue Toug GuvtedecTés Fourier guvaQTicemy tng WoReNns h = X, b, : av k # 0,

€youue
—ikbs _ o—ikbsi

2mik

—~ 1 bst1 .
R(k) = J e tkxgy = &
21 bs

7 z N
Emeton 611, yio tnv g(x) = 3 tsX b, b, 1 (X)s
N
2mikg(k) = ) to(e tFPs — e kPsn)
s=1

N
— tle—lblx N e—leHx + Z e—1kbS (ts . tsfl)-
s=2

YUVETTOC,

N
2rkg(k)| < il + [t + D (ts — te1) = [tal + ltn] + (tn — 1)
K—2
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8oL tNn — t1 < ||f]loo — (—|If]|oo) = 2|f]|co- “Emtetan to gntovuevo, ue M = 2||f|s /7.

16. Eotw 0 < « < 1 kat éotw f € L4(T). Ymobérovue 61t yia kdwoto t € T n f ikavosroiel Tny
ouvOrikn Lipschitz

If(t 4+ x) — f(t)] < Alx|%, Ix| < 7t
Agigte ot av & < 1 107¢
m+1 A
lon (f,t) = f(O)I < —— —,
l1—an«

eved av & =1 10Te

1 1
o (1) — £(1)] < 27A %

Yrobegn. Egetdcovue uovo tnv mepimtoon & =1 (n mepimtoon 0 < o < 1 eivan wagduota). Av

. 2
Fn(x) = % (si?&/?)) o Tuenvag Tov Fejér téte umwopovue va ypdwouue oy (f)(x) = (fx Fr)(x).

Emouévmg, av x € R 161¢

on(fx) — F(x)] = ;ﬂr [Fx — t) — £(0)]Fn (t) dA)
Mf [HFn (t) dA(H)

N

27

M J" [t| sin?(nt)
_x |sin

o w2 sinty2) L

4Tovu €youue yenowoTioticel Ty cuvinkn Lipschitz yia tnv f kow to 6Tt n {F} elvar okoyévela
’ 7 ’ 7 7 ’ 7 t ’ ’
KOAOV TTuenvev Tov Taipver detikés twés. Kabwg, n guvdptnon t — sty Elvar yvnolog
, ’ t a ’ 7 .
avgovca Gto (0, 7), maigvouue Iml < 7y kGO [t| < 7. “Etol, Belokouue:

M (™ | sinnt
on(f) —flloo < — —— | dA(t),
fonlf) e < g || S0 oo
o [sinnt| < 1. Télog, av wwnBovue tnv arddelgn tng
1 7T
IDnl1 == ZJ Dy (t)] dA(t) < Clogn,
T n
urogovue va deigovue OTL
U . t
J & dA(t) < Clogn
| sin(t/2)

Kol T0 guuTtépacua €rmetal. ITpdyuatt, witopovue va yedaouue, XENGLLOTIOLWVTOS TV aviGoTnTo
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sin(t/2) >t/myia 0 <t <,

7T . t 7T : t
J st o) <o SmUE g
| sin(t/2) Jo t
rTLTT . t
< o[ S
Jo t
t (k+1)7T | o3 t
< 2n ﬂdx +2nZJ |ST|d7\(t)
JO
DT i g
< 2’ 42 J dA(t)
kZ k7t k7t

N

n—1
2ﬁ2+ZZkJ [sint| dA(t)

=1

n—1

2 + 4
k=1

N

< clogn

&l

ylo. kdgtoto apiuntiki atafepd ¢ > 0. "Exovue Aotmtdv

logn
on (f) — flloo < c’'M—21

17. "Ectw {an

s OKOAOVOlQ Un aQVRTIKOV TTEAYUATIKOV apliuwy ue Tic €ERS 1810TNTES: ()

a_n = an yta kdbe n, B) limp oo an =0, kot (y) yia kdbe n > 0,
zan < Op—1+ An41

Aciste 6T vardpyet un apvntiki T € 14(T) ue ?(k) = ax yta kdbe k € Z.

Ymébeikn. Amd tnv vmdbeon €xovpe 6tL n by, = an—; — an elvar @eBivovca axkoAovBio un

OQVITIKMOV TTQOYUATIKOV 0QLBUMV KoL

00 00
an Zanl —(.10<OO.

n=1 n=1
Apa,

lim n(an —ans1) = lim nbyy =0.
n—oo n—oo

Oeweovue Tnv guvdetnon

o0
D n(an—1+ ani1—2an) Fo(x).

n=1

AotV F, > 0 kat fT x)dA(x) = 27 yia kGBe n > 1, amwd To Yedpnuo Beppo-Levi éyovue

1

ZJ f(x)dA(x :Znan 1+ any1—2an) :Zn n — bni1).
T n=1 n=1
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‘Ouwc,
N N o
Z n(bn - bn+1) = Z bn - NbN—l—l — Z bn-
n=1 n=1 n=1

Apa, n f elvon oAokAnQoGun.

TéAog, vtoAoyicovue To

=~ L~ K]
f(k) = 1\1u—n>100 n(k) = Nlinoo Zlkln An—1+ Qn41 — 2an) <1— ?
o0 o0
= ) n(by—bny)—IK Z bui1) =Ikbpg+ D bu—lklbyy
n=|k| n=|k| n=|k|+1
o0
= Z bn = a|k|.
n=|k|+1

18. (@) ’Ectw € L{(T). Ymobgtovue 611 yia kdbe k > 0 1oxvet F(k) = —?(—k) > 0. Acikte 6T

>

k=1

‘“)

(k)

(B) AeiEre 6t av ax > 0 kar )y & = 400, T0TE n TEIYwVOUETOIKRI TelRd Y 5. Ax sinkx Sev
elvar gelpd Fourier kdiolac oAOK/anwGLung ouvdpTnong.

Ymobeign. (o) G)swgovus v awoAVTeg cuvexn cuvdgetnon F(t Io ds. H F eivon
2m-TreQLodikn, STt f( ) = 0 agté Ty vitdbeon, Gea F(2) =0 = F(O). Exouus

~ X —1ikx
R0 = 5 - Lr Fx)e ™% dA(x) = —— JTf(x) e i) = [

yia kdBe k # 0. Iagatngovue ot

ony1(F.0) =F(0) + ) (1— “") f(kk) — F(0).

k=—m

Apa, vTtdgyeL TO

GTTOV XENGULOTTOAGOUE TLG ?(k) = —F(—k) KOl 1?(0) = 0. Ouwg, ?(k) — 0 dpa
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"Eqtetar 4TL

"‘*)

= f(k)
>
k=1

®) Eotw f € LY(T) ue ceipd Fourier tnv Y 5o, ax sinkx. Térte, 2/i\f(k) = ak. O GuvteleoTég
Fourier tng g = 2if wavotolovv Tig vitoBéaels tou (o), doa

0]

kZ_1C;<k<—i-oo

19. Ectw f : [-m, 1 — R mepurmi odokAnpoowun cuvdptnon dote |f(x)| < M yia kdbe x €
[—7t, 7] kot by (f) > 0 yra kdbe k > 1. AeiEte o1

Isn(f,x)] <5M
yia kdfe n > 1 kot yia kdfe x € [—m, 7).

Ymodeign. EAEyxovue oot 4TL
[sn(£:x) = ona(f.3)] < Z Kby

Emiong, yvweitovue 6t |on (f, x)| < ||f|loc < M. Ipdyuatt, witogotue va yedapouvue

1 (™ 1 ("
on( < 5 | I U0 aA®) <My | Falt) aAD) = M.

21 —7 2n —TT
EqumAdov, etvan on41(f,x) = > 1 ( n+1)bk sinkx. Owmdte, o X, = 7v/(4n) kou 2n avti n
Jaipvouue

n 2n
k . k k
M > 0-2n+1(f,xn) = Z <1— m 1> bk sm(kxn) > Z (1 — T1—|—1> bkﬁ’

k=1 k=1
GTTOV €xouUe YENOGLWOTTOLAGEL Thy avicdtnta sinx > (2/7)x yio 0 < x < 71/2 kot T0 yeyovos 6Tt

br = 0. Zuvemag, elvor

2n
2nM>kZ_1<1 o +1> Z ~kby,

YXENGLLOTTOLWVTAS aKAUn U @oed To yeyovog 61t by > 0. 'Etat, kataliyouye gtnv

n
D kby <4nM.
k=1

Yuvbudgovtog ye Ta ToAITdve Beickouue:

1 AnM
f, f, —_— kb < M+ —— < 5M,
s (£, )] < o (f.x)] + +1Z kSM

TO 0TT0l0 OTTOJEKVVEL TO TNTOVUEVO.



Kepalaro 6

Lo-60ykAion cerpwv Fourier

6.1 Oudda A’
1. (@) Xenocwomowwdvtas tn cuvdptnon f : [—m ] — R ue f(x) = |x| kar v Tawtdtnta tov
Parseval, Seite 0T
(o) o0
1 it 1
2 Girices * Xia=a
k=0 k=1

(B) Xpnowomowdvrag tny 27m-yelodiki weQLTtit guvdptnon g : [—m, 1 — R ue g(x) = x(m — x)
oto [0, 71 kar tnv TautdTnTa Tou Parseval, Seifte dT1

o0

1 70 = 1 76

E —_ = KO g = o
6

2= (2k+ 15~ 960 2%~ 945

Yrnodeign. (o) Hagatnpnate dt

INa k # 0 yodopouue

fl) = lﬁj x)e X dA(x) = ;J e A x)
= ZIT[J [x| cos(kx) dA(x) = :EJO x cos(kx) dA(x)
1 [xsm(kx) n cos(kx)]

T k k2 ],
_ (=pk-1
k2
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A1d thy TowtdTtnTo Tov Parseval,

ud ad 4 1 (™ )
— 42y — = f(x)PdA(x) = —
a7 ];)TCZ(Zk—i-l)‘l 27:J7T|(X)| (x)
"Emtetal 6t
R
4—7.
k:0(2k+1) 96
‘Oung,
o0 o0 o0
1 1 1 s
S =Y Gt m et
=kt = 2kt ) k:1(2) 96
YUVETIOC,
1 16t nt

KT 1596 90°

o)
k=1

~

B) Ao n f eivan weprttn, épovue F(0) = 0. Twa k # 0 ypdpovue

~ 1 (™ ) i
flx) = J f(x)e ¥ AA(x) = — J x(7 — x) sin(kx) dA(x)
2 J_ . 7 Jo
_ ot [mxcosli) | msin(io) ] ir X2 sin(kx) dA(x)
T k k2 o TlJo
—D*m i [x%cos(kx)]™ | 20 (7
_ k) ”—711 [" C"E( X)]O +m1<JO x cos(kx) dA(x)
_ i(—1)"71 _i(—l)kn 21 [xsin(kx)  cos(kx)]™
N k k 7k k k2 0
_ 2i(-DF -1
- k3
Yuvemmg, n oelpd Fourier tng f efvaw n
Z 2[(—D* — 1]
k3
k0
ATo thy TowtdTtnto Tov Parseval,
3 i — L[ rtoran = 1 [ i witani =
= m(2k +1)° 2 o 3
‘Etteton 0Tl
i 1 o
s =
= (2k +1) 960
‘Ouwg,
21 > 1 = 1 ™ 1 = 1
2 6= 2 TP T @~ 960 64 2= i
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YUVETIOC,

ato [0, 27, elvon n
0 eikx

Z k+o

k=—00

E@apudtovtag tnv tavtétnta tov Parseval, cuumepdvate o1t

o0

Z 1 . 7'[2
il L )2 sin?(mor)’

Ymobeign. Todgpouye

flk) = J f(x)e —1kxd)\( ) = J : T eu‘toce—lx(cx—i—k)d}\(x)
27 27 sin 7t
wroc e*lx (x+k) emoc 1— e*ZTCi(X
~ 2sinma [ ik + ) }0 2sinmoe i(k 4+ o)
T 2isin 7o
B 21(k + o) sintx 2i(k + o) sin 7t
T o k+a

Yuvertog, n gelpd Fourier tng f elvaw n

e eikx
S k+ o
ATo thy TowtdTtnto Tov Parseval,
> Lo lfﬂ FrPaA() = —
S (k+x)2 21 ), sin?(moa)’
agov |f(x)] = m yio kGbe x.

3. "Eotw 0 < a < 7. O@ewpovue tnv cuvdetnon f: [—m, 7] — R pe f(x) = X[_q.q)(X).

(@) Asigre 6m £(0) = & kan F(k) = 2K gy ) 2 0,

7T

(B) Acitte 6T yia kdbe x € [—m, 7] \ {—a, a} oxvel

) = &4y Snlka) o

Tk
k#0
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(y) Yrrodoyicte to abpoicuata

o (e 9]
sin(ka) sin?(ka)
E K KOl E T

k=1 k=1

Ymobeién. (o) T k = 0 éyouue

~ 1 7T 1 a 9
f(0) = J f(x) dA(x) = J 1dA(x) = a_a
INa k # 0 ypdpouue
~ 1 7 1 a
f(k) = J f(x)e ™ dA(x) = J e XA (x)
21 ) 27
1 a
= J cos(kx) dA(x J s(kx) dA(x)
21 ) _q
_ [sin(kx)]®  sin(ka)
B Tk 0 N k-

®) Av x € [—m, 1] \ {—a, a} té1e n f eivar ToRaywyicwn 6to X, doa

ﬂﬂzSHmﬁ:;+Z:mﬁTkmy

) Oétovtac x = 0 gtnv wedtnta tov (B) €xovue

1= f(0) = a N Z sin(ka) a n zi sin(ka)
N T nk  m — mk

k#0

3

dea

o .

ZSLH <l_g>:7t—a
s 2

k=1

~

T to devtepo dBpolcua xenalwoTolovue Ty Tautdtnta Tov Parseval: éyouvue ?(k) = f(—k) ya
kG0e k, doo

(0.0} 2 00 . 9
£ o a sin®(ka)
1713 = FO)F +2 ) [fk)F = 55 +2) 50,

k=1 k=1

Apov
1 a
W@:J 12an(x) = &
2 ) _4 s

TeMKA €xouue

isinz(ka)_l2 a a\ ma o an—a)
= ¥ 2\n ) 2z 2z 2

4. Ecto f: R — R cuvexd¢ mapaywyicun 2m-meplodikii GUVAQTRON.
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(o) Acikte oTi

o la ()] + [bi(f)
If — sn(f)]loo < E .
k=n+1 k
(B) Acikte omi

lim vn[f —sn(f)]loo = 0.
n—,oo

Yrtédeign. Apov n f elvan cuveydg Tapaywyiown, yvweigovue 6t f = S(f). Zvvemaog,
0
f(x) —sn(f,x) =

D (ax(f)coskx +by(f)sinkx), x€R.
k=n-+1

Ioaipvovtog amdéivuteg TWES Kal KATOTV supremum Ttdve att’ 6Aa ta X € R, kotaliyovye gtnv

If=sn(lloo< Y (ax(f)+[bx(f]).

Tohea yenowomolovue Tn Gyéon Twv guvteAeatdv Fourier tng f ue toug guvtedeatéc Fourier tng
: fll=1 !

2 |aw ()] = b ()], [br(f)l = lax (f’)] ko Tnv avicédnta, Cauchy-Schwarz, Stadoyid, yia va
TTdeouue

oo oo

Z (lax (F)] + bk ()]) = Z <|ak(f/)| bk(f/”)
k=n+1

k
k=n-+1
x© 1/2 1/2
< ( > 1@) ( |y (f ) +< |bk(f’)|2>
k=n+1 k=n+1 k=n+1
o
< \/2/n( D k()P + by (f )
k=n+1
OTTOV €YovUE XENGWOTTOGEL TO YEVOVAOGS OTL
o0 o0 o
1 1 1 1 1
— < [ — - —
Y <X w2 ().
k=n+1 k=n+1 k=n-+1

KOl TV GTOXELOONn avigétnta v/a + b

< V2vVa+0. Emouévag,

) 1/2
VA= s (f)oo < ﬁ( S |ak(f')|2+|bk(f')2> |

k=n+1

AT v avicéTnta Tov Bessel éxovue 6T n cewpd Y po(lak (f)I* + [br(f')[*) cuykiiver kaw To
GUUTTEQAGULO. ETTETAL.

5. Eotw f: T — C cvveyds mapaywyiciun cuvdgtnon
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(@) Aeikte 6Tt vatdpxer otabepd C(f) > 0 dote |k1?(k)| < C(f) yia kdbe k € Z.

(B) Etetdote av lim |[kf(k)| = 0.
k| —00

o~

(y) Egetdote av ) o IT(K)] < +o0.

YnéSeign. H agtdvinon sivar kata@atikii 6 6Aa To epoTAwATo. AQykd Tapatngovue dt n f/

elvaw oAokAnpwaiun. Atrd tnv tavtdtnta tov Parseval,

e o~
Y PP =3 < +oo.

k=—oc0
T'vwpigovue 6T f/ (k) = ik?(k), GUVETTOG
> ~
> KHKP < +oo.
k=—o0

"Emteton o (B) (ko amwd avtd, 1o (a)): a@ov n Tapastdve Gelpd GuYKALvel, €xouue

~

lim [kf(k)| = 0.

k| =00

T to (y), agd tnv avigdétnta Cauchy-Schwarz sraipvouue

(Z |?(k)|>2 - (Z(kmk)ni)z

k#0 k#0
1 N
< (Z 1@) (Z k2f(k)|2> < +o0.
k#0 k#0
‘Emetal 6T -
> R =F0)+ Y If(K)] < +oo.
k=—oc0 k+#0

6. 'Eotw f: R — R cvveyws mapaywyicun 2m-mwepiobiki cuvdTnon e
7T
J f(x) dA(x) = 0.
—7T
Xonowomowwvtag thv tavtétnta tov Parseval yia tig f ko ' Seiéte dnt

| oranc < [ iroaranc

—T7T
ue wotnta av kar uévo av f(x) = acosx + bsinx yia kdmowovs a,b € R.

Yrmédeign. Tvopitovue 6T P(k) = ik?(k) yia kdBe k € Z. Emiong, amd tnv vwdBeon éyovue

£(0) = % Jj f(x) dA(x) = 0.
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A1t v TowtdTnTa Tov Parseval yia Tig f ko ' émeton dueca ot

o]

1 (" ~
— | FX)PAAX) = [Ifl5 = f(k)
| IHPON) = 11 Pl
- (k)
= Y o =y M
k#0 k#0
r 2 1 Tt / 2 A
< ! = — .
> PP =5 | WixPax)
k0
Ia tnv tedevtoia iGdtnta TOQOTNERGTE 4Tl
~ 1 (™ —f(—
/(0) = J f’(x)d?\(x) — M =0
2 J_ . 27

amd v 27-mreprodikdtnta tng f. Iodtnto wiropel va woyvel av kol uévo av £ (k) = ikf| (k) =0

yia kdfe k > 2 (ggnynate yatt). Isodvvaua av

~

f(x) = f(1)e™ + f(—1)e ™
yio kdBe x € R, dnAadn av vitdpyxouvv a,b € R dote f(x) = acosx + bsinx.

7. (@) Eotw f, g : T — C ovvexds stapaywyiowes cuvagtricels. YmwoOétovue 6T f(z)n g(t) dA(t) =
0. Aeiéte ot

2 27t 27T
<j |f(t)|2d7\(t)jo g (DRAA().

2T
J (gt ann) < |

0

(B) Eotw f: [a,b] — C cvveyws mapaywyicun cuvdptnon ue f(a) = f(b) = 0. Aeifte 6

b 2 b
| wropanw < 2R [ wpa,

a a

Ynodeign. (o) Améd tnv avigétnta Cauchy-Schwarz staipvouue

27T

2 27T
<J f(t)FdA(t)J g(t)RAA().

2t
J flg(t) dA(t)
0 0

0

Aot | 3” g(t)dA(t) = 0, amrd Ttnv JTEonyovuevn doknon €xovue
27T 27
| taoran < | g o,
0 0

KOL €ITETOL TO TNTOVUEVO.

B) Ymobétouvue mpwta 6t [a,b] = [0,71]. Agov f(0) = f(r) = 0, uswopovue va eTerTeivovue
Ty f 6e Guveyn 27-meELodiki GuvdpTnon we ff L T(t)dA(t) = 0, Bérovtag f(x) = —f(—x) ya



132 - Lz—ZYFKAIEH SEIPGQN FOURIER

x € [—m0]. H eméktacn tng f elval cuvexws Ttapaynyicwn ce kGOBe Sdotnuo Tng LWoEENg
(k7t, k7t + 7), k € Z. E@apudtovtag to () ue g = f, waipvovue

2 27T 27t
gJ If(t)lzd?\(t)J I (t)*dA(t).

27T
J IF(O dAL)
0 0

0

XEnowomoldvtag Kot To yeyovog ot n f elvon Jreprrtn, cuugtepaivouue 4t
7T 7T

(%) | e ae < | rEa
0 0

Av 10 [a,b] eivar Tuydv, dewpovue tnv F: [0,71] — C ue F(x) =f (a + b_Tax). Téte, n (*) woyvet

ax>

yia tnv F, SnAadn

T[ —
J f<a—|—b
0

2 7T 7T
dA\(x) = L [F(x)[? dA(x) < L IF/ (x)|dA(x)

- L 7Tza)z J” f' <a+ b ; ax)

0
Kdvovtag tnv adlayn yetafAntig t = a + b;ﬁax, Taipvouue

2
dA(x).

b . 2 rb
J I£(1)[2 dA(t) < “’“)J (1) [2dA ().
7T

2
a a

6.2 Oudda B’

8. Adate mapdberyua axkolovbiog {fn} odokAnpdaoiuwv cuvaptricewy fy : [0,271] — R dote

1 27T
lim — J [fn(x)?dA(x) = 0,
n—oo 270 0

aAld yia kdbe x € [0,27] n akodovbia {fn(x)} Sev cuyklivel.

Yédeign. Oewpovue wo akodovdia {1y, } virodiactnudtov Tou [0, 271 ue Tic akdAovbeg 8o TNTES:

(1) T kdBe x € [0,27], T gVvoda Ay ={n e N:x € I} raw By ={n € N: x ¢ 1.} efvar
dTtelpa.

(it) £(In) — 0, émov £(I) elvan To uhkog evég Sractiuatog 1.

"Evag 1pémog vo oplcovue wor tétola akoAovBio elvaw o egng: malpvovue Iy = 0,27, otn

cuvéyela yweitovue to (0,27 ce 8vo dradoykd Swaucthpata I ko I3 wikovg 7, 6Tn Guvéxewa

xweitovue to [0, 27 e téocepa Sadoykd Swactiyata Iy, ..., I7; wikovg /2 ko oUTw KABEENC.
Ooplgovue frn =X1,,, N =1,2,.... IHopatnerncte ot kdbe fr, elvaw oAokAnpacun Kot
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A6 Ty dGAAR TAgLEd, Yo kdBe x € [0, 27 éyxovue 6TL Ta Ay kal By elvar datelpa vitocuUvoia
Tov N, dpa prropovue va Beovue yvnelmg avsovceg akolovdicg @uekdv (Kn) kot (1) oTa Ay
kol By aviiotoyo. Téte,

fin (X) = %1, (x) =1 =1 v fy (x) =X1,, (x) =0 =0,
dnAadn n akolovbio {f(x)} ev cuykAivel.

9. Agikte oL

® sint T
— dA(t) = —.
L "L =7

Yrodeikn. Tvopitovue GTL TO OAOKARQ®UO TOL N-0GTOY TTVEAVA Tov Dirichlet 6to [—7, 7] elvan
{co ue 27t. AnAadn,

7T 3 l t
J sin(m+2) ) = 2
—7T

sin 9

Todpouue
T o 1y 4 T 1
27[:J Md)\(t) +J g(t) sin (n+ *)tht),
—n t/2 —7 2

. _ 1 1 . ‘ , , . , .
6mov g(t) = st — 172 Haeatneovue 0T n g umoeel va oeiotel 6To 0 wGTe va yiver Guvexig

cuvdptnon 6to [—7, 7 (eEnyncte yiati). Tuverdg,

r g(t) sin <n + ;) tdA(t) = Jn g(t) cos(t/2) sin(nt) dA(t)

—T7T

+ Jﬂ g(t) sin(t/2) cos(nt) dA(t) — 0

étav n — 0o, agrd to Anypo Riemann-Lebesgue yia Ti¢ cuvexeic cuvaptioelg g(t) cos(t/2) ko
g(t) sin(t/2). ‘Emeton 6T

Tsin(n+43)t
lim 2J Md)\(t):%c.

n—oo o t/2
‘Ouwg,
Tsin(n+ 1)t (n+1)m 9i
J Sm(Z)d?\(t):J TS (x).
0 t/2 0 X
‘ETteton 0Tl (nt1)
ntg )T o
J TR -2
0 X 2

étav n — co. XQENOWOTTOIOVTAS KoL TO Yeyovog OTL lim % = 0, umwoodue tdea va Sel€ovue
X—00

6Tl VITGEXEL TO

dA(x) = lim

* sinx M sinx
0 X M— o0

0 X 5

YUUTANQEAOGTE TG AETTTOUEQELEG.
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10. ’Eotw f : R — C oguvdptnon 2m-steprodiki, n omoia ikavosrolel thv cuvOrikn Lipshitz
[f(x) — fly)l < K[x —yl

yia kdbe x,y € R, dmmov K > 0 grabepd.

(@) Ta kdbe t > 0 opitovue g¢(x) = f(x +t) — f(x —t). Acikte 6T

1 27T 00 R
mj ge()PAAx) = > 4l sinkt/*[f(Kk)[?
0 k=—o0
KOl GUUITEQAVATE OTL
o
> Isinkt/? (k)P < K2
k=—o0

(B) "Eotw p € N. EmiAéyovtag t = m/2P T, Seikte om

2P—1<|k|<2P

(y) Adate dvew @edyua yio To

2P 1<k |<2P

kal cuusepdvate 61t n gelpd Fourier tng f guykAivel asroAvtws, dpa ouotéuop@a.

Yméberén. () Amtd tnv tavtdtnta tov Parseval €youue
o
1

27
3 | P = 3 gk

k=—o0

YmoAoyitovue toug Guvtedeatég Fourier tng g¢: elvan

o~

Gik) = f(x + 1) (k) — f(x — t)(k) = ¥ F(k) — e *tF(k) = (2isinkt)F(k).

YUVETIOC,
L 2 - 21771112
2nL lge()PAAx) = > 4fsinkt/*[f(k)[.
k=—o00
Xonowomotdvtag tnv guvinkn Lipschitz stalpvouue

S R 1 27T
Z |sin kt/2[f(k)[> = J [f(x 4+ t) — f(x — t)[*dA(x)
Koo 81 0

1 o 2 2 2.2
< — K“(2t)dA(x) = Kt~
87t 0

() Epapudcovtag o (o) yro t = 7t/2P ! éyovue

00
' R ' ~ K2m?
Z |SLn(k7T/2p+1)‘2‘f(k)|2 < Z |SLI’l(k7T/2p+1)|2|f(k)|2 < W

2r—l<|k|<2P k=—o00
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‘Ouwe, av 2P~ < [k| < 2P éovue T < ‘Zpﬂ{ . Aga, |sin(km/2PHY)| > sin(n/4) =1/vV2 w
AUTES TIC TWES ToL k. Emctgécpovtag GTnv :n@onyovuevn avieéTnta, Jaipvovue

1 ~ o Kim?
5 2 P < s
2P—l<|Kk|<2P

SnAadn

R K22
Y P <

22p+1°
2r—1<|k|<2P

(y) Apkel va defgovue oTL Zk_ (k)l < 4o00. Xpnocwomoldvtag To () ko tnv avigdtnta

—0o0
Cauchy-Schwarz, €youue
~ o 1/2
okl = > ) |f(k)|<Zzp/2 > )P
[k[>1 p=12p—1<|k|<2P p=1 2p—1<|k|<2P

N

< +00.

Z K Z
p/2 7T . K7t

\[ 22p \f i
"Eqtetar 4Tu

00 1
S = Y I+ Y (k) < 4o

k=—00 k=—1 [k|>1

11. ’Ectw o« > 1/2 kaw f : R = C cvvdptnon 2m-meplodikii, n omola tkavogrolel thv cuvOrikn
Holder
[f(x) = fy)l < Kx —y[*

yia kdbe x,y € R, émwov K > 0 otabepd. Acifte 61t n ceipd Fourier tng f cuykdivel ammoddtwg,
dpa opotduop@a.

Ymobeign. AxkoAovBovue tnv {Sia Swadikacia ue avtnv tng Acknong 10. T kdBe t > 0 opitovue
gi(x) = f(x + 1) — f(x — t) ka, yenowomolvtag tnv Tavtdtnta Tov Parseval, BAémovue dTu

1
J PN = 3 alsin k2K

27
k=—o0

Xonawomowwvtag tnv cuvinkn Holder staigvouue

o0

27T
> Isinkt/f(k)P = 8% L [F(x + 1) — f(x — t)PdA(x)

k=—0c0
1 27T
< J K2(2t)2*dA(x) = K2t2%,
87t 0
EmiAéyovtag t = /2P H, éyouvue

[e¢]

> Isin(km/2P PP < Y Isin(km/2P PP <

2P —1<|k|<2P k=—o00

K2 2
22oc(p+1)
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‘Ouwe, av 2P~ < [k| < 2P éovue T < ‘Zpﬂ{ . Aga, |sin(km/2PHY)| > sin(n/4) =1/vV2 w
AUTES TIC TWES ToL k. Emctgécpovtag GTnv :n@onyovuevn avieéTnta, Jaipvovue

1 R ) K27.[20c
5 2 0P < Gpry

2P 1< |k|<2P

oniadn 5
~ 2K=mre
2
Z |f(k)| < 920(p+1)°

2p—l<|k|<2P

Xonowomowdvtag tny avigotnta Cauchy-Schwarz, €xovue

1/2
o0 o0
oK =) ) HmI<) P2 > k)P
[k|>1 p=12p-1<|k|<2P p=1 2P 1< |k|<2pP
2Kt \/§K7t°‘ > 1
< 2p/2 VK <
Z 9ap+oc 9x pZ_l 2(0(_%)19 +00,

SoTL o — % > 0. 'Emeton 611

00 1
S ORI= > I+ > K < +oo.

k=—00 k=—1 [k|>1

12. ’Ectw f : R — R cvveyric 2m-mepiodiki guvdptnon Kal é6Tw Ay, by ot guvtedeatés Fourier

1 [ b
27{L (7t — x)f(x) dA(x) :Z?“.

g f. Agi€te o011

YréSeién. T tv g : [0,271] — R ue g(x) = 71— x épovue g(0) = 0 kau g(k) = % ylo. kdBe

k # 0. "Exouue f, g € Ly(T), doa

1 27t 0 ~
7 |, (=) ) = (g = 3 TG0
=Y L0 T =Y U
k=1 k=1

13. Ectw f : R — R cuveyric 2m-mreprodikii guvdptnon kal €6Tw dy, by ot guvtedeatéc Fourier
g f. YmoOBétouue 6t ag = 0. Aei&te o1

> ax 1
> =]

k=1 0

27t

f(x)In (25Ln ) dA(x).
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z z . X 7 7 z 7
Yr66eién. Emexteivouue v In(2sin 5) oe wa dotia 27t-1weplodiki guvdetnen g ato R. Egnyncte
TEOTA OTL, yevikd, av f, g € Lg(T) kaw ot f, g ;taigvouv Tteayuatikés Twés, tote

(0.¢]

| 099000 = SanlNaolg) + 3 (axlNarlg) + bilfbilg))

e
k=1
A@ov n g eivar dotia, €xovue bk (g) = 0 yia kdbe k > 1. Aga,

1 J f(x)g(x)dA(x) = ¥ ar(fax(g).
—1T k=1

us

TéNog, yia kdBe k > 1 €xouvue:

1 7T
J ln‘Zsm coskxd)\( )
Tt 7T
2 7T
J In( 2sm ) cos kx dA(x)
7t Jo
2 ”smkxcosf
N thJ 2 sin( x/2 M)
_ IJ sin(k 4+1/2)x + sin(k —1/2)x dA(x)
Ckm 0 2sin(x/2)
1 (™ Dx(x)+ Dy 1(x) 1
= dA(x) = ——.
ZkWJ i 2 ) ==

14. ‘Ectw f € LYT). Ymobérouvue 6Tt
(ee]
Z wy(f, 7r/n < 00,
n=1

oTTOoU
wi(f,x) = 21J [f(x +t) — f(t)] dA(t).
)T

Aeiste 6m f € L2(T).

YmdSeign. At o dedpnua Riesz-Fisher agkel va Seifovue 6t n ced Y po o [f(K)? cuykAiver.

"Ectw 0 # k € Z. Ilapatnpovue 6T

1

(- + m/k) (k) = % LP f(t + mt/k)e RtdA(t) = —5- Lr f(s)e tksds = —F(k).

(k)| = [f(-  7/k) (k) — F(k)| < % J If(t +7t/k) — £(t)] dA(t) = wi(f, Tt/K).
T
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XonowoTtrotdvtag kat thy wy(f,x) = wy(f, —x) (n omoia TTEOKRVTTTEL ATTé Thv GAAOYA UETABANTAG
s=x+1 agto IT If(x +t) — f(t)| dA(t)) éxovue

Fl) < /D)
- 2

~

yia kGBe k # 0. Emiong, [f(0)] < ||f]j;. Zuvemag,

00 N R 00 . o
> <o +2y PN ey LS n i < o0
k=1 k=1

k=—00

amd thy vITOOeoN.

15. ‘Ecto f € L%(T). Opitovus

% Jsn(f.x) — (xR
F(x) = Z m .

n=1
Aeitte 6Tt F € L2(T) rau ||Fl|2 < ||f]l2. Ewkdrepa, F(x) < oo axed6v savroy cro T.

Ynobeign. To kdbe N € N opltouue

3 lsnlfx) = o ()

gn(x) = -
n=l1
ITapatnpovue 6TL
L
sn(f.X) —onp(fx)= ) (et
k=—m
Apa,
] S5 = S wiar Y !
o | an(x) dA(x) = ———5If(k)[" = KI7If ()] —— 7
27 ) = = nn+1) T o n(n-+1)
Tpdpouue

a R 1 1
n_Z nn+1)? 2 <n(n—|—1)_ (n—|—1)2)

I n=/k|
N N+1
11 1
<Y (i) X wme
e n n+l ! nn+1)
1 1 Lo,
Tkl N+1 k41 N+2
1 1

ST S e
Kl([k[+1) [k
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YUVETIOC,
N N

1 ~ 1 ~
[ ontaanc < 3 wefOE 5= 3 ff0R <3
27 Jr k=—N |k| k=—N

AT6 10 Yewpnua wovétovng cuyrAiong maipvouue

o0

FIE = o). (Z e _f““(f’x)2> aN(x]

n=1

. 1
~ lim j gn () dA(x) < [

16. Ectw Xn,Yym € C, n,m > 0. Aeiéte om1

o 00 1/2 00 1/2
XnYm 2 2
2 imid “(Z"‘n') (Z"Jm'> -

n,m=0 n=0 m=0

Ynié6ein. Oswoovue v ¢ : [—m, ) — C pe d(t) = i(m — t)e  kou tnv emekteivovue Ge
2m-mteQLodikn guvdptnon oto R. Autd stov da yencoomicouue efvan 6L G(k) = k%rl VoL KGO
k>0 ka ||d|e =

INa kdbe N € N €youvue

N N
xXn| Yml o -~
> o= 2 allymldntm)
n,m=0 n,m=0
N 1 .
= Y Iallymly | o0 A
n,m=0 T
1 N . N .
= 27rJ (Z Ixnle‘“t> (Z Iymle‘mt> () dA(t).
T \n=0 m=0

AnAadn, av opicovue o (t) = ZEZO IXnle it ko B (t) = ZE:O lymle™ 1™, éxovue

N

xallyml 1

nmz_ow T o JT otn, (1) B (1) D () dA(t)
1

< gn |l (01BN 1) ()

<l lloolfoenl2l[ Bl
agtd tnv avigdtnta Cauchy-Schwarz. Apov

1/2

N 1/2 N
lan 2 = (Z |Xn|2> kv [|Bnllz = (Z Iym2> :
n=0 m=0
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Jraipvouue

Nl [yl Y v
XnllYml 2 2
> i Slels (Zw) (Z |ym|> .

n,m=0 m=0

Aot [|P]leo = T, éTtETAR GTL

5 bnlluml (5 v 5 v
Xnl|lYm 2 2
On+m+1 ( |Xn|> ( |ym|> '

n,m= m=0

Ewdwkdtepa, €xovue to gntovuevo.
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