
L mma 1 An oi suntelestèc Fourier miac oloklhr¸simhc sun�rthshc f i-

kanopoioÔn f̂(k) = O( 1
|k|), an dhlad  up�rkei mia stajer� M ¸ste

|f̂(k)| ≤ M

|k|
, k 6= 0,

tìte ta merik� ajroÐsmata thc seir�c Fourier thc f eÐnai omoiìmorfa fragmèna.

Apìdeixh Xèroume ìti oi mèsoi ìroi

σn(f, t) =
n∑

k=−n

(
1− |k|

n + 1

)
f̂(k)eikt =

1

2π

∫ π

−π

K(s)f(t− s)ds

ikanopoioÔn

‖σn(f)‖∞ ≤ ‖f‖∞
1

2π

∫ π

−π

|K(s)|ds = ‖f‖∞

gia k�je n. All�

Sn(f, t)−σn(f, t) =
n∑

k=−n

f̂(k)eikt−
n∑

k=−n

(
1− |k|

n + 1

)
f̂(k)eikt =

1

n + 1

n∑
k=−n

|k|f̂(k)eikt

kai epomènwc

|Sn(f, t)− σn(f, t)| ≤ 1

n + 1

n∑
k=−n

|kf̂(k)| ≤ 2n + 1

n + 1
M < 2M

gia k�je n ∈ N, afoÔ |kf̂(k)| ≤ M gia k�je k ∈ Z. 'Eqoume loipìn

‖Sn(f)‖∞ ≤ ‖σn(f)‖∞ + 2M ≤ ‖f‖∞ + 2M.

Par�deigma 2 Ta merik� ajroÐsmata thc seir�c

∞∑
n=1

sin nt

n

eÐnai omoiìmorfa fragmèna.1

1Gia mia �llh apìdeixh, bl. [Ap 30.16].
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Apìdeixh Jètoume

f(t) =


−π − t, −π ≤ t < 0

π − t, 0 ≤ t < π

kai parathroÔme ìti

f̂(k) =


0, k = 0

1
ik

, k 6= 0

epomènwc |kf̂(k)| ≤ 1 gia k�je k ∈ Z.
All�

Sn(f, t) =

(
−1∑

k=−n

+
n∑

k=1

)
1

ik
eikt =

n∑
k=1

(
eikt

ik
+

e−ikt

−ik

)
= 2

n∑
k=1

sin kt

k

�ra apì to L mma èqoume∣∣∣∣∣
n∑

k=1

sin kt

k

∣∣∣∣∣ =
1

2
|Sn(f, t)| ≤ 1

2
(‖f‖∞ + 2) =

π

2
+ 1.

Parat rhsh 3 Parìlo pou h akoloujÐa (Sn) twn trigwnometrik¸n poluw-
nÔmwn

Sn =

(
−1∑

k=−n

+
n∑

k=1

)
1

ik
ek

eÐnai omoiìmorfa fragmènh, to {jetikì}   {analutikì} thc komm�ti

Pn =
n∑

k=1

1

ik
ek

den eÐnai, giatÐ Pn(0) =
∑n

k=1
1
ik
.
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