
Mia seir� Fourier pou den sugklÐnei pantoÔ

Jètw nk = 22k
kai

qk(t) =

nk∑
m=1

1

m
(exp i(2nk −m)t− exp i(2nk + m)t)

= exp i2nkt

nk∑
m=1

1

m
(exp i(−mt)− exp imt) = 2i exp i2nkt

nk∑
m=1

1

m
sin mt

MporeÐ na apodeiqjeÐ ìti

|qk(t)| = 2

∣∣∣∣∣
nk∑

m=1

1

m
sin mt

∣∣∣∣∣ ≤ 2 + π

gia k�je t kai k ('Askhsh!).
'Estw ak > 0 me

∑
k ak < ∞. Epeid 

∑
k |akqk(t)| ≤

∑
k ak gia k�je t, h

seir�
∑

k akqk sugklÐnei omoiìmorfa, �ra orÐzei suneq  sun�rthsh:

f(t) =
∞∑

k=0

akqk(t).

UpologÐzw ta f̂(n). Lìgw omoiìmorfhc sÔgklishc,

f̂(n) =
∞∑

k=0

akq̂k(n)

gia k�je n ∈ Z. All�

qk(t) =

nk∑
m=1

1

m
(exp i(2nk −m)t− exp i(2nk + m)t)

�ra q̂k(n) =

nk∑
m=1

1

m
(δ(2nk −m, n)− δ(2nk + m, n))

ìpou δ(i, i) = 1 kai δ(i, j) = 0 ìtan i 6= j. Gia na èqw q̂k(n) 6= 0 prèpei na
up�rqei m = 1, . . . nk ¸ste n = 2nk −m   n = 2nk + m all� ìqi kai ta dÔo.
Kutt�w ta diast mata [nk, 3nk] :

[2, 6], [4, 12], [16, 48], [256, 762], [65356, 196608], . . .
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EÐnai xèna giatÐ nk+1 = 22k+1
(22k

)2 > 3 · 22k
= 3nk.

a) An n ∈ [nk, 2nk) tìte δ(2nk + m, n) = 0 gia k�je m = 1, 2, . . . kai
δ(2nk −m, n) 6= 0 an kai mìno an m = 2nk − n:

n ∈ [nk, 2nk) =⇒ q̂k(n) =
1

2nk − n
.

b) An n = 2nk tìte δ(2nk +m, n) = δ(2nk−m,n) = 0 gia k�je m = 1, 2, . . .:

n = 2nk =⇒ q̂k(n) = 0.

g) An n ∈ (2nk, 3nk] tìte δ(2nk −m, n) = 0 gia k�je m = 1, 2, . . . kai
δ(2nk + m, n) 6= 0 an kai mìno an m = n− 2nk:

n ∈ (2nk, 3nk] =⇒ q̂k(n) =
−1

n− 2nk

.

d) An n /∈
⋃

k[nk, 3nk] tìte tìte δ(2nk + m, n) = δ(2nk −m, n) = 0 gia k�je
m = 1, 2, . . ., �ra q̂k(n) = 0. Telik�:

An up�rqei k ∈ N me n ∈ [nk, 3nk]\{2nk}, tìte f̂(n) =
∞∑
i=0

aiq̂i(n) =
ak

2nk − n

An ìqi, tìte f̂(n) = 0.

f̂(n) =
∞∑
i=0

aiq̂i(n) =


ak

2nk−n
, an n ∈ [nk, 3nk]\{2nk}

0, alli¸c

'Eqoume t¸ra

Sm =
m∑

n=0

f̂(n)en

|S3nk
(0)− S2nk

(0)| =

∣∣∣∣∣
3nk∑

n=2nk+1

f̂(n)

∣∣∣∣∣ =

∣∣∣∣∣
3nk∑

n=2nk+1

ak

2nk − n

∣∣∣∣∣ = ak

∣∣∣∣∣
3nk∑

n=2nk+1

1

2nk − n

∣∣∣∣∣
= ak

nk∑
m=1

1

m
≥ ak log(nk) = ak2

k log 2.

Jètontac ak = 2−k, exasfalÐzoume ìti h f eÐnai kal� orismènh, all�
|S3nk

(0)− S2nk
(0)| ≥ log 2, �ra h (Sn(0)) den sugklÐnei.
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